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OHN Gamble Kirkwood was born in Gatebo, 
Oklahoma, on May 30, 1907. Two years later his 
parents moved to Wichita, Kansas, where he obtained 
his education through the third year of high school. 
While visiting in California in the summer of 1923, he 
became much interested in the California Institute of 
Technology. On the advice of A. A. Noyes, he skipped 
the senior year of high school and entered the Institute 
that fall. After two years, apparently as a compromise 
between his ideas and his father’s as to what a boy 
should get out of college, he transferred to the Univer- 
sity of Chicago, from which he graduated with the 
degree S.B. in December, 1926. From February, 1927 
to June, 1929 he was a graduate student at the Massa- 
chusetts Institute of Technology. His Ph.D. research 
was directed by Frederick G. Keyes. 

In 1929-30, Kirkwood was National Research Fellow 
with Keyes at MIT and with Slater at Harvard. In 
1931-32, he was International Research Fellow with 
Debye in Leipzig and with Sommerfeld in Munich. In 
1930-31 and 1932-34, he was Research Associate at 
MIT. He married the former Miss Gladys Danielson 
in 1930; their son, John Millard Kirkwood, was born 
in 1935; they were divorced in 1951. He became Assist- 
ant Professor at Cornell University in 1934 and Associ- 
ate Professor at Chicago in 1937. He returned to 
Cornell as Todd Professor of Chemistry in 1938, and 
went to California Institute of Technology as Arthur 
A. Noyes Professor in 1947. In 1951 he became Sterling 


Professor of Chemistry and Head of the Department of 
Chemistry at Yale University. In 1956 he also became 
Director of Science of the University. In 1958 he 
married the former Miss Platonia Kaldes. He was 
Visiting Professor at Princeton in 1946 and was Visit- 
ing Professor at Chicago and Lorentz Visiting Professor 
at Leiden in 1959. He was Thairman of the Division of 
Physical and Inorganic Chemistry and Vice President 
of the American Chemical Society in 1940-41, and 
Foreign Secretary of the National Academy of Sciences, 
1955-58. He was associate editor of many scientific 
journals, and scientific consultant to several industrial 
companies and many government laboratories and 
offices, and a member of several committees. He died 
of cancer on August 9, 1959. 

Kirkwood received the American Chemical Society 
Award in Pure Chemistry, at that time called the 
Langmuir Prize, in 1936, the Theodore William 
Richards Medal of the Northeastern Section of the 
American Chemical Society in 1950, and the Gilbert 
Newton Lewis Medal of the California Section in 1953. 
He received a Meritorious Civilian Service Award in 
1945 from the U.S. Navy and a Presidential Certificate 
of Appreciation in 1947. He received the Honorary 
Doctor of Science Degree from Chicago University in 
1954 and from the Free University in Brussels in 1959. 

More than a hundred sixty journal articles have 
appeared with Kirkwood as author or coauthor. They 
will not be listed here because there is not enough space, 
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because more papers are still appearing, and because 
the number of papers to which he has contributed 
greatly is much larger than the number which carry 
his name. It is important to note that there are sixty- 
four coauthors, mostly younger men who had received 
a part of their education from him. 

There are many who might have written this bio- 
graphical sketch and up to this point the sketches 
would all have been nearly the same. For the rest they 
should be very different, for none of us can cover 
Kirkwood’s whole career more than superficially. This 
sketch will concentrate on the part I know best. 
He was my student in a course entitled “Solutions,” 
but the fifteen years difference in our ages was forgotten 
by both of us before we wrote our joint paper two years 
later. I introduced him to Edwin Cohn and to Debye. 
Our joint paper in 1932 was Kirkwood’s first venture 
in liquids, in solutions, in electrolytes, and in proteins. 
It was also the first case in which he used his special 
skills to solve a problem which was baffling another 
worker; and it started a train which determined the 
direction of much of his work. 

There is a distinct pattern in Kirkwood’s career of 
return to a university where he had been a student or 
a staff member of lower rank. In his research there is a 
similar pattern of return to a field after some years 
with a more advanced or a more general treatment. His 
thesis and first two journal articles with Keyes were on 
the measurement of the dielectric constants of two polar 
gases, carbon dioxide and ammonia, as functions of the 
temperature and density. The last paper on the meas- 
urement of dielectric constant which I have seen ap- 
peared twenty-six years later. The fourth paper, with 
Slater, started a long series on the pressures of gases, 
polar and nonpolar, as functions of temperature and 
density. 

Our joint paper had two purposes: to prove that the 
Debye limiting law depended in no way on the distribu- 
tion of charges within the molecule, and to determine 
at what concentrations the effect of charge distribution 
might appear. We chose an extreme model, two spheres 
held a fixed distance apart by a bond which did not 
interfere with the distribution of other molecules, which 
we called the “dumb-bell model.” It was too extreme to 
describe the properties of amino acids very well, and the 
late Edwin Cohn used to pronounce it in a way which 
implied that the adjective might be extended to the 
authors. This was taken by Kirkwood as a challenge 
and, now entirely independently, he derived the equa- 
tions for the effects of dielectric constant and of salt 
concentration on a spherical molecule with any distri- 
bution of charges. The next challenge came immediately 
when a referee, misled by a misunderstanding of fluc- 


tuation theory, said that, since the very basis of the 
Debye theory was in doubt, there was no use in 
publishing an extension of it. This challenge led to the 
paper on the theory of strong electrolytes of which 
Debye said after the Langmuir Prize Award that it is 
not right to call it the “Debye theory” because it was 
only the “Debye guess” until Kirkwood came along and 
put it on a firm foundation. No one else would have been 
so grossly unfair to Debye, but the last phrase, which 
I have italicized, is an apt description of an important 
aspect of Kirkwood’s research—of research done after 
the remark was made even more than of that done 
before. 

The spherical model served very well for the simple 
amino acids. Kirkwood also made many calculations 
of multiply-charged molecules which might serve as 
models for proteins, but the possible charge distribu- 
tions were too many for a definite and satisfactory 
answer. Four years later he treated an ellipsoid of 
revolution with any distribution of charges or dipoles 
of infinitesimal length along the axis-of-rotation in 
order to treat the influence of substituents on the dis- 
sociation constants of organic acids; and in 1957 he 
returned to the spherical model for the smaller protein 
molecules in which the distribution of charges was by 
then better known. 

Electrolytes, even the complicated proteins, are 
special cases of solutes which have all the properties of 
nonelectrolyte solutes plus something else. A firm 
foundation for electrolytes required a fundamental 
treatment of nonelectrolytes. This was begun in 1935, 
and continued in the Langmuir Award address and in 
a long series of later papers. 

With World War II came the realization that we 
were woefully ignorant of the nature of explosions 
and many of our best scientists were enlisted in increas- 
ing our knowledge. Kirkwood made very significant 
contributions to the theory of shock and detonation 
waves in air and in water, and he was a very valuable 
consultant to several experimental groups. Much of his 
work in these fields was published after the war in a 
series of ten papers. 

In 1941, Kirkwood published a suggestion that pro- 
teins might be fractionated in a narrow perpendicular 
cell by differential electrophoresis across the cell com- 
bined with separative convection due to a thermal 
gradient. When he could return to this idea in 1946, he 
found that the density difference due to the change in 
concentrations by electrophoresis was sufficient for 
separation, and that a thermal gradient would even 
have been detrimental by preventing series operation. 
The theoretical and experimental development and the 
application of electrophoresis-convection are described 





in about twenty papers; and a closely related method, 
diffusion-convection, was also devised. 

If there are several groups on a protein molecule with 
approximately the same ionization constant and about 
half the groups are ionized, some molecules have more 
than the average charge, some less, and the fluctuations 
are large. They can be determined from macroscopic 
properties. The variation in position of the ionized sites 
in a single molecule, the effect on both number and 
position of these sites of the field of another molecule 
or an external field, and the importance of such changes 
in the chemical properties of large molecules are more 
subtle problems which intrigued Kirkwood in the latter 
years, probably long before his first publication on the 
subject in 1952. 

A paper with Harkins on surface viscosity is the only 
one of Kirkwood’s papers before 1940 not dealing with 
equilibrium, but after 1945 more than half his publica- 
tions deal with transport or with nonequilibrium states. 
His life was by then too complicated to trace a single 
origin of any line of thought. His formal teaching, 
papers heard in seminar, discussions with friends, the 
interests of the young people who came to work with 
him, all had directive influence on his thinking. Either 
the war research on explosions or the electrophoresis- 
convection studies would have required a search for a 


firm foundation for the theory of transport processes. 
It is still too early to judge, but it is very possible that 
the series of papers on “The Statistical Mechanical 
Theory of Transport Processes” and the related papers 
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will constitute Kirkwood’s greatest contribution to 
science. 

The fields which I have sketched include almost nine- 
tenths of Kirkwood’s publications and illustrate the 
range of his work. The remaining tenth, however, show 
the variety of subjects which he put on a firm founda- 
tion. 

The final challenge came in the spring of 1958 when 
he was told that he had about a year more of life. He 
determined to make as much as possible of that life 
normal and to make all of it full. Toward the end, the 
weakness of his body interfered with the transmission 
of his thoughts, but neither the weakness nor the suffer- 
ing could distract his thinking. It was as though his will 
had erected a barrier between body and mind. 

Kirkwood’s standards were extremely high and he 
was really irritated by mediocrity in a contemporary 
or an older man; however, he was very patient with 
any younger person who came to him for instruction. 
At every meeting. he was the center of a cluster of 
former students and associates anxious to renew the 
inspiration. Since I cannot list all sixty, I have care- 
fully deleted from this sketch the name of every younger 
co-worker. This is unfair to some, but not so unfair as 
stopping anywhere else. It is these younger people, and 
those still to come who will be inspired by them and by 
reading Kirkwood’s papers, who will mitigate our loss 
in his tragic death at the height of his powers; in them 
he will continue to live. 
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The charge moment expansion for potentials of mean force acting between the ions of an electrolyte is 
reviewed in a form applicable to surface phases. An integral equation is in this manner derived for approxi- 
mate determination of the average charge distribution near a planar electrode. The solution of the linearized 
equation is constructed for an electrolyte consisting of charged hard spheres suspended in a dielectric con- 
tinuum. For very dilute solutions, the predictions of the linearized Poisson-Boltzmann equation are verified; 
at higher concentrations, the average space charge in the neighborhood of the electrode tends to alternate 
in sign as a result of local latticelike ion arrangement imposed effectively by short range ion repulsions. 
Predicted values of the ¢ potential relative to those of the linear Poisson-Boltzmann theory are reported. 





I, INTRODUCTION 


HE understanding of the molecular basis of the 

diffuse, or Gouy, double layer provides insight into 
a number of phenomena of interest to electrochemists. 
In particular, it is possible to analyze the several 
electrokinetic phenomena (e.g., electrophoretic mi- 
gration velocities and streaming potentials) to predict 
the stability of lyophobic colloids toward added salt, 
and to interpret the capacitance of metal electrodes in 
contact with electrolytic solutions. Theoretical deter- 
mination of average ion distributions in diffuse double 
layers typically has employed, in the past, the Poisson- 
Boltzmann equation as adapted to the surface region. 
Recent developments for the planar interface are con- 
cerned either with solution of the Poisson-Boltzmann 
equation retaining nonlinear terms,'~* or, assuming this 
equation as a basis, with introduction of complicating 
ad hoc physical models to account for such electrolyte 
parameters as ion size and degree of hydration.*~* 

Although such extensions are interesting and perhaps 
intuitively appealing, it is nevertheless true that the 
Poisson-Boltzmann equation can give at best only an 
approximate description of the molecular situation. The 
linear terms in the average electrostatic potential (with 
the Poisson-Boltzmann equation in expanded form) are 
alone consistent with a rigorous integrability condition 
satisfied by the excess electrostatic free energy.’ 

The viewpoint adopted in the following analysis 
involves determination of local ion densities in the 
double layer region from the well-developed funda- 
mental theory of molecular distribution functions. 


* Based upon part of a doctoral thesis submitted by Frank 
Stillinger, Jr. to the Graduate School Faculty at Yale ae 
+ Present address: Bell Telephone Laboratories, Murray Hill 
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Specifically, a moment expansion in increasing orders 
of charge for a particular ion is derived for the potential 
of mean force acting in a set of particles (including the 
chosen ion). This is the diffuse double layer version of a 
similar treatment of bulk electrolytes which has been 
carried to some length by Kirkwood and Poirier.* An 
alternative approach to our present problem would 
introduce a conditionally convergent Mayer cluster 
expansion appropriate to the interfacial region; in 
order to obtain finite results for the ionic distribution 
functions, it would be necessary, as is well known, to 
select certain sets of clusters for partial summation.’ 

By way of illustrating the profound effect that finite 
ion size can have upon the average charge distribution 
in the double layer, our distribution function technique 
is formulated in approximate fashion to deal extensively 
with an idealized electrolyte. The electrolyte is regarded 
as consisting of charged rigid spheres suspended in a 
dielectric continuum, and a planar, uniformly charged 
electrode produces the double layer in this model fluid. 
It is in fact then possible to establish that both the 
ion-exclusion volumes and the electrostatic charges are 
instrumental in determining even the qualitative fea- 
tures of the distributions of ions. For sufficiently large 
dilutions, the usual linear Poisson-Boltzmann result is 
obtained, but as the electrolyte concentration is allowed 
to increase, the short-range ion-ion repulsions tend to 
set up a local latticelike structure with alternating 
layers of positive and negative charge. Numerical 
computations for the reduced ¢ potential clearly reflect 
the ionic ordering at distances further from the elec- 
trode than would be predicted by the linear Poisson- 
Boltzmann theory. 


II. MOMENT EXPANSION 


The molecular system to be discussed consists of a 
large set of N particles of species 1-++n, some of which 
are electrostatically charged (ions). These particles 
will be enclosed within a volume ». The surface of this 

8 J. G. Kirkwood and J. C. Poirier, J. Phys. Chem. 58, 591 
(1954). 


®In this connection, see F. P. Buff and F. H. Stillinger, Jr., 
J. Chem. Phys. 25, 312 (1956). 
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volume may be regarded as a mathematical surface of 
discontinuity in the sense that it may be crossed by 
none of the particles. It might, for example, be repre- 
sented by an infinitely steep and high potential barrier. 
It is necessary to have a certain portion of the con- 
taining surface (such as one face of a rectangular solid 
volume ») correspond to a charged electrode, which 
induces the Gouy double layer by creating an appro- 
priate external force field. 

Each of the N particles comprising our electrolyte 
is therefore subject to forces arising either from the 
charged electrode or from the other fluid particles. The 
total potential of interaction accordingly is split into 
single-particle, and particle-pair contributions, attrib- 
utable to these two sources, respectively, 


N N 
Vu(1-+*N) => Va (i) + DY Vaia; (ij), 
i=1 1 


i<i= 


Oi, s=1+en, 


(1) 
Here, a; and a; denote the species of particles i and j. 
Each of the singlet and pair potentials, furthermore, 


may be separated into parts of electrostatic (e), and 
short-range (s) character. 


Vo, (i) =Vas0 (i) +EVai%(3), 
Vaca;™ (ij) a Vans?” (ij) HE €Vaia fo (ij) . (2) 


We have, for the sake of convenience, introduced 
charging parameters £; for each of the particles in the 
ionic fluid, such that the charge on i will be &:¢ (—e is 
the electronic charge). For neutral solvent species, £; 
will of course vanish. 

Specifically, the electrostatic interactions V° and 
V@ will be written (including a dielectric constant 
appropriate to the fluid medium) 


Va, (i) = V0 (x,) =—(2uoe/D) actA, 
Voss?” (4) =e (ri) =e/Dr ij. 


(3) 
(4) 


The singlet and pair electrostatic interactions therefore 
are species independent. The potential V(! has been 
chosen as that for a uniformly charged (¢ esu/cm?) 
planar electrode, with distance x; measured normal to 
its surface and directed inward toward the solution. 
The value of the additive constant A depends upon 
the choice of a zero of potential energy; its magnitude 
can in no way affect the ionic distributions. 

The probability of observing a set of n particles 
such as 1-++m (the first particle is species a, «++, the 
nth particle is species v) in a given set of positions 
r--+r, in the system, is conveniently expressed in 
terms of a molecular correlation function ga...» (1+ ++). 
g™ is normalized to unity when each member of the 
set 1-++m is far both from other members of the set, 
and from the double layer region. g™ may be written 
as a phase space integral of the normalized canonical 
distribution, over the configurations of the remaining 


N—n particles, correct to terms of order N-, 


Bas» (1+ ++) =expl—BWa...»™ (1+ +m) ] 


wf. +f expl—BVe(1+++N) Mogiae doy 





’ 


; [++ f expl—BV9(1-++¥) ene -dey 


B=(kT)—, (5) 


where W™ is the potential of mean force for the x 
particle set. 

When each of 1--+m is microscopically far from the 
double layer region, g assumes a value g™- typical 
only of the bulk structure of the electrolytic fluid, and 
hence completely independent of the nature (shape, 
charge distribution) of the surface of the system. In 
particular, the pair correlation function g@ depends 
only on the radial distance r separating a pair of 
particles. 

The quantities of dominant interest for the double 
layer development are the singlet distributions, g. (1). 
In the interior of the fluid they are unity, but devia- 
tions occur near the electrode on account of non- 
vanishing average force acting on a single particle 
theré. For a position r within the Gouy double layer, 
the mean electrostatic charge density p.1 may be 
expressed trivially in terms of the several g.", 

pei(T) = Detaega” (r). (6) 
Ca is the bulk concentration of the ath species, and does 
not differ significantly from the reciprocal volume per 
a particle computed for the entire system volume 2. 
This charge density p.: vanishes when r is within the 


bulk fluid; here, then, one has a bulk electroneutrality 
condition 


Déate=0. (7) 

If our system includes the uniformly charged planar 
electrode giving rise to the potential (3), a second 
electroneutrality condition may be formulated. The 
average charge residing in the double layer must 
precisely neutralize the charge density ¢ 


—o= [ oa(z)as. 


The limits of integration on x, the normal distance to 
the electrode, must span the region over which excess 
space charge attributable to the ionic fluid is sensibly 
different from zero. These limits will be, respectively, 
just within the electrode (J), and: well inside the elec- 
trolyte bulk (). 

The distribution of charge both on the electrode 
and induced within the electrolyte as the diffuse double 


(8) 
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layer produces an average electric field. On account of 
the complete and exact shielding of the electrode charge, 
as illustrated by condition (8), this mean field will be 
nonzero only within the Gouy layer. By integration, 
the field defines an average potential ¥(r) at a point r 
in the double layer relative to the bulk liquid. The 
value of ¥(r) for the present situation (planar, uni- 
formly charged electrode) will depend only on the 
coordinate x. Simple electrostatics suffices to provide 
the result 

¥(2)=(4x/D) [(x—y)ouly)dy. (9) 
Once again the upper integration limit « on y must be 
sufficiently large that p.1 is substantially zero. The 
value of y at the electrode surface defines the £ po- 
tential. 

The correlation” function definitions (5) may be 
manipulated to yield finally a power series expansion of 
each W™ in the charging parameter &; for one of the set 
1-++2 (we shall choose &). In order to do so, first 
rewrite the total potential Vy in the form, 


Vy(1 ws “N; &) 
=$[V%(1) +> EVE (1; )+Viwnl?)] 
i=? 
+Vw(1++-N; &=0), 


N 
Vin—n?? = > a £.V 2 (1k), 


k=n+1 


(10) 


which specifically emphasizes the dependence of this 
quantity on the charge of particle 1. If (10) is inserted 
in (5), the correlation functions may be transformed to 


8a (1° , *n; f) =exp{ — BW... (1+ 7 “Nn; {=0) 


— BBV (1) + DEVE (17) T} 


(exp{ — Bi Vien? } )en0™ 
(exp{ —B&[V% (1) + Vina?” J} eno 


The angular brackets denote averages in a canonical 
ensemble in which particle 1 has been discharged (i.e., 
£,=0), 


(f Yeo 





(11) 


[- ‘ - [ fexpl—BV iw (=0) Hoy» +dey 





(12) 
[- : .f expl —8Vw(£:=0) |dvj41° + «doy 


The process of removing, as in Eq. (12), the elec- 
trostatic charge from a single ion in an electrolyte has 
no physically operational meaning. From the stand- 
point of the correlation functions g™, it is often con- 
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venient to regard a discharged ion as corresponding 
qualitatively to a noble gas atom (isoelectronic with 
the original ion) dissolved in the electrolyte. Since a 
discharged ion can interact with the electrode and other 
ions only through the short-range functions V“- (1) 
and V®)(r.), the correlation functions ga (11; &=0) 
and gap” (1, T2; &=0) can differ significantly from 
unity only when ; and ry» are small enough to bring 
these potentials into play. This behavior contrasts 
sharply with the correlations acting between fully 
charged ions, which extend over many molecular 
diameters on account of the long-range nature of 
electrostatic forces. 

By taking logarithms in (11), and expanding the 
averaged exponential functions, the mth order potential 
of mean force becomes expressed as a contribution 
remaining when ion 1 is discharged, plus correction 
terms, which may be exhibited as the desired power 
series, 

Wa oo (1° °en; §) 


J (Leen; &=0) FEV (1) + DEVE (17) 
j=2 
los] SF, [4-6-1 (Sn | 
s=] . 


(Le 


=Wa... 


=W.... -n; &=0) +6(V (1) + eV e (17) J 
SORE 
@, (—8)* 
Ps mp 
s=1 Ss: 
M, and M, are moments of the electrostatic interactions 
involving particle 1 
M,= ([Viw—n?” }* emo, 
M.= (Vixva+VO9(1) Peo, (14) 


and are related to the cumulants A,, A, by the relations” 


m=>d(° 
r=1 


A,(1+++n)—A,]Jéi'. (13) 


—1 
A, aT) 
a 
a= >( 7 
r=] 
Mo=Mo=1. 
On solving for the cumulants, one easily finds: 
Ay =M. ly 


Jiu. 


(15) 


As=M2— (M;)’, 
As=M3—3M2M1+2(Mi)', 
Ag= M,—4M3M1—3(M2)?+12M2(M1)?—6(Mi) 4; (16) 


1H. Cramér, Mathematical Methods of Statistics tm 
University Press, Princeton, New Jersey, 1946), p. 185 
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precisely the same relations (16) hold for the barred 
quantities. 

The power series (13) allows one, at least in prin- 
ciple, to compute each nth order potential of mean 
force in ascending orders of ionic charge. In practice, 
the integral equations arising in this task require 
knowledge of higher order W’s, and so in this sense are 
coupled to each other in complicated fashion. The 
following section proposes a scheme for circumventing 
some of these difficulties. 


Ill. APPROXIMATE DOUBLE-LAYER IONIC 
DISTRIBUTIONS 


Having outlined the general moment method for 
ionic correlations, we now proceed to apply these ideas 
specifically to the diffuse double layer region. The 
terms of increasing & order in the complete expansion 
(13) rapidly become more and more complicated to 
evaluate, even for the single-particle distributions. We 
shall adopt the viewpoint, for the present, that reten- 
tion of only those terms linear in & will yield a suffi- 
ciently accurate description of the double layer." In 
the interests of concreteness, furthermore, the electro- 
lyte (chosen to be a single component salt solution) 
will be described as consisting of uniformly charged, 
spherically symmetric particles which are suspended in 
a dielectric continuum. The ions (anions and cations 
may have different short-range forces) can penetrate 
neither one another extensively on account of strong 
core repulsions, nor can they penetrate the planar 
electrode appreciably. The latter will act essentially as a 
rigid charged “wall,” and for convenience the co- 
ordinate system may be chosen to locate it near x=0." 

It is a fairly simple matter to include the molecular 
nature of the solvent medium in the following develop- 
ment if these latter particles interact with central 
forces. However, the results of this generalization differ 
only slightly from those to be obtained with the 
dielectric continuum, and hence do not seem to merit 
the extra notational complication. Attention, then, will 
be focused only on particles of ionic nature, and since 
we wish to consider only a single electrolyte, the 
relevant charge parameters & can assume only two 
values, &, (cations) and & (anions). 

In the linear £ approximation, the singlet potentials 
of mean force are written 


Wa (11; &) =Wa (11; =0) 
+&CV% (21) + (Via? demo 


— (Vixa29+V89(1) ye], a=+,—. (17) 


1 Reference to Eqs. (13) showsimmediately that this approxima- 
poe a equivalent to replacing the moments M, and M, by (4)* 
an 1)". 

12 The exact position of the electrode is not critical; we wish 
only to imply here that for x decreasing through zero, the short- 
range electrode potential V“")(x) becomes rapidly very large 
(strong tapubleny: 
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As anticipated earlier, the additive constant A has no 
effect on these expressions for the W,; it cancels in 
the combination 
V8 (1) — (V9 (1) dea. (18) 
One may immediately make certain simplifying 
observations concerning relations (17). Because of the 
symmetry of our problem about the electrode normal 
direction, the singlet mean-force potentials W,.™ will 
depend only on the ~ coordinate, as do V% and 
V“), In addition, the second of the two average value 
quantities in (17) is just a constant, independent of r. 
In view of the fact that the electrostatic potential 
V“% is a simple linear function of x, a considerable 
reduction in complexity is achieved by performing a 
twofold x, differentiation on both members of (17) 


Pha (x1) /day? = (D/2mec) (d?/day?) (Vina? pmo. 
(19) 


da is a reduced electrostatic single-particle average 
potential for the species a, 

Wa (x15 &1) — Wa (a1; 0) = (2meoga/D)ba(%1). (20) 
The quantities ¢. therefore carry the long-range elec- 
trostatic correlation of the diffuse double layer. 

By utilizing the definitions (5), the averaged po- 
tential remaining in Eq. (19) may be expressed in terms 


of the singlet and pair correlation functions for the 
discharged particle 1 


dx; 2mo dx!» rio 


Pba( x1) me e & =| fa+” (Ti, fo; 0) 
|} 04647 Ay gm 


ga (x1; 0) 


&a-™ ( Ti, fe; 0) 2) 
ee 21 
wr ga (x1; 0) 2H) 


The integration in this last expression is over all con- 
figurations fr. of a second ion inside the containing 
volume 2. 

When 2; is sufficiently large, the g.(11; 0) do not 
differ sensibly from unity, and the pair correlations 
gas) (11, f2; 0) may be replaced by the product of a 
bulk pair. correlation, and the long-range singlet 
correlation for charged ion 2, 

gap (Li, T2;0)—>gap* (112; 0) ga (x2). (22) 
This replacement is the analog, for the double-layer 
theory, of the superposition approximation used ex- 
tensively in the molecular theory of bulk liquids. For 
the present purposes, it should be noted we find it 
necessary to use (22) only for large x, rather than over 
the entire range of values for this variable. 
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In view of the reduction (22), one is led to the 
integrodifferential equation, valid if 2 is not too small, 


Pha (x1) /dxy? = (e/2re) [d?T (1) /dxy?), 
I(x) = / (dr2/ry2) [4b s ga4.° (riz; 0) g (x2) 


+c_£_ga—-° (112; 0) g_ (xe) J. (23) 
Three contributions to J(x#,) may be distinguished: 
I (a1) =1h(*1) +12(a1) +13 (a1), 


In(a1) = f (dte/rs) (e484 gus (ris 0) 


X e+ (x2) — 1+ (2moet,/DRT) o4.(x2) ] 
+¢_£ga—-?” (riz; 0) 
X Lg (x2) — 14+ (2noet_/DkT) b_(x2) ]}, 


To(x1) = [ (dra/rs)[esksgas® (res 0) 


+ £ fa (ra23 0) J, 
I3(%1) =— (2roe/DkT) | (d2/ns) 


XK Leb 2gay (12; 0) 4 (x2) 
+c_§ gq?” (r12; 0) p_ (x2) J. 


The square-bracketed quantities in J; represent the 
nonlinear (in the ¢.) portions of the singlet correlations 
in the double layer, as well as the nonelectrostatic 
(=0) correlation; these differ significantly from zero 
only in the immediate vicinity of the electrode. When 
x, is large, therefore, the only contribution to the 
integral J; occurs when ry is large, so that each 
gas” (2; O) is essentially just unity. As a result, 
then, J;(x) represents (for x large) the potential 
energy of a uniform and somewhat diffuse sheet 
of charge density p*(f2), 


p* (To) =crE4[ 94 (we) — 14+ (2eoek,/DkT) b4(x2) ] 
+c£ [g (x) —1+ (2xaet_/DkT) (x2) ]. 


This amounts to concluding that J;(%) is asymp- 
totically a linear function of x; similar to (3). 

Since the pair correlations gag: (2; 0) settle down 
rapidly to unity, the integrand of J2(a) differs from 
zero only when particle 2 is near 1. As a result, again 
valid for ‘large «1, the rz integration may be extended 
over all space. It is established therefore that J2(x) is 
asymptotically constant. 

On account of the double x differentiation in Eq. 
(23), only J;(a:) will survive in the large x limit. 
After performing the requisite differentiations, and 
carrying out integrations parallel to the electrode 
surface, the ¢. are found asymptotically to satisfy 


(24) 


(25) 
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linear homogeneous integrodifferential equations 


Pha(x1) /dxey =} [Testes (x1 — 22) by (x2) 


+ Kha (%1— x2) p_ (x2) }dx2, 
hap(x1— X2) = (d/dx1) gap” (21— 225 0), 


Ka? = 4rCa(Eae)?/DRT. (26) 


In the large x; region, (26) is entirely independent of the 
lower 22 integration limit, since the kag decay rapidly to 
zero. The origin has been chosen as this lower limit, 
since it has been made roughly to coincide with the 
electrode surface. The pair correlation functions 
gas" have been defined in (26) as odd functions of 
their distance variable, so that the kernels kag are even. 
The well-known Debye-Hiickel parameter «x, ap- 
propriate to our electrolytic fluid, is related to x, and 
x_ by 

(27) 


Since Eqs. (26) were derived under the supposition 
that x, was not small, the ¢. can be given exactly 
over the entire range 0<1,<© by adding suitable 
inhomogeneous functions ha to (26), 


e=K,2+«_?, 


Eta a1) /day? hala) +4 I "Lees thes- (ta aa)eby (2) 


+x Pha(x1— a2) p-(a2) dae. (28) 


The hq are essentially designed to correct for the fact 
that the local density of 8 ions, in the environment of a 
discharged a@ ion at r near the electrode, is not pre- 
cisely given by the expression 


Cap” (12; 0) [1 — (2raeks/DkT) bp (x2) }. 


It is of course necessary only that each h, differ from 
zero near x,=0, since outside this small region (26) 
and (28) are identical. These inhomogeneous functions 
contain contributions arising through short-range 
force electrode interface correlations, through devia- 
tions from superposability of the actual pair function 
as” near the electrode [ in terms of the approximation 
Sap?” (112) ga? (41) ga (x2) ], and finally through the 
nonlinear ¢q terms neglected in the integral J;(x:). 

It is rather instructive to examine the form of Eqs. 
(28) under a simplifying assumption regarding the 
bulk correlations gas” (ri2; 0). In particular, suppose 
that each pair of ions, one of which is discharged, will 
be correlated only to the extent of exhibiting a sphere 
of exclusion, or impenetrability, of radius a (the same 
for all pairs). Accordingly, 


ges” (rn; 0) =0 


=1 


(29) 


0<re<a, 
T2> a. (30) 


Since the derivative of this unit step is a Dirac delta 
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function, the kernels all have the common form 
kag(x) =8(x+a)+6(x—a). (31) 


Now when x,>a, the integral in (28) is trivial, and 
leads to a differential-difference equation satisfied 
by da; 


Popa x1) /dxy?= ha (x1) +3 {xy 7[b4 (m1+a) +64(a1— 2) ] 
+x[o_(m+a)+¢-(m—a)]}. (32) 


If the ionic diameter a is allowed now to vanish, ¢, and 
¢~ satisfy the same second-order differential equation 
for x, sufficiently large. Since the difference ¢,—¢-_ 
tends to zero as x increases, both ¢, and ¢@ must 
asymptotically be equal to exp(—«x,) times a common 
constant. These rather naive assumptions therefore 
lead to the exponential decay solutions characteristic 
of the Poisson-Boltzmann theory. It will become ap- 
parent in the following section that retention of a 
finite ion size, even by means of the rather crude 
postulate (30), gives rise to solutions ¢., and hence 
singlet correlations, which are qualitatively different 
from this monotonic decay function. 

The pair of linear coupled Eqs. (28) may be formally 
solved by standard integral transform methods. It 
is desirable for this purpose to extend the definition of 
¢a(%1) to negative x, as the solution of (28) for these 
values of the variable; we set 4a(x:) identically equal to 
zero on the negative axis. The functions ¢.(*) may 
now be separated into two parts, da (x:) and a(”(«), 
which are the negative axis, and positive axis parts of 
$a, Tespectively, 


ba( 1) = ba (21) +ha (11), 
ga” (m)=0 1 <0, 
goa™ (21) =O xm>0. 

As a consequence, (28) is equivalent to 


(d?/dx;*) [ba (x1) +a” (21) ] 
=Na(%1) + [Costes (x1 — X2) @y™ (x2) 


+x *ha—(*1— 2X2) > (22) dare. (34) 


In Fourier transform space, the integral equations 
(34) become a pair of simultaneous linear algebraic 
equations whose solution is elementary: 


@,”)(z) 


— H(z) — #6, (z) 
=1/D(z) 
— H_(z) —26_™ (z) 


}xK, _(2) 
+4x2K__(s)| 
@_)(z) 


P+hx7K,4(s) —HA,(s)—2d,™(z) 


=1/D(z) 3 (35) 


$x4°K_ (2) — H_(2) —#6_ (2) 


P+3x 7K, +(2) 3xK, _(z) 
D(z) = ‘ 


fe2K_4(s) +4 2K__(2)| 
(@. (z) ? Ha (z) 3 Kaa(z) J 


4 [ fs exp(izx) [a (st), a(t), kap(xt) Idx, 


a,B=+,-, HEN, p. 


The inversion integrals are 
+co 
ga” (41) = (1/29) i exp(— ixz)@,”(z)dz, (37) 


where the results (35) are to be inserted for &,(z). 
The contour of integration for (37), when 2 is positive, 
may be closed along the infinite, lower half-plane 
semicircle; subsequently, ¢.(%1) may be evaluated in 
terms of the poles z; of the transform #,(z), lying 
below the real axis 


(38) 


$a(a1) = 2s exp(—izja1). 


The multiplicative constants A;,. are related in the 
usual way to the residues at these poles 


Aj,a=i lim [(s—2;) 6, (z) J. 


22; 


(39) 


These constants must naturally be such to make ¢, and 
¢— real functions of the real variable x. 

Computation of the Aj;,2 by (39) clearly requires 
knowledge of ®,(z). This transform must have the 
property of making the inversion integral (37) vanish 
identically for every negative x. In practical cases, 
this condition may be met in either of two ways. 
If only a finite number m of terms in the entire series 
(38) would suffice to provide an adequate description 
of the double layer structure, each of the two integrals 
(37) could be equated to zero for m distinct negative 
values of x1, to provide a sufficient number of conditions 
for unique determination of the coefficients. Alter- 
natively, (37) may be cast in the role of a pair of 
coupled integral equations on the negative axis for 
complete determination of the da‘ (x1) ; these solutions 
in turn would provide the entire set of A;,. through 
(35) and (39) .% 

It should be remarked that the poles z; may in 
general arise either as roots of the denominator D(z), or 
as poles of the Kag(z) or H.(z) occurring in the de- 
terminental numerators of (35). Since ¢a (x1) decays 
rapidly to zero with decreasing x; on the negative axis, 
the transforms 4, (z) cannot have poles in the lower- 
half z plane; therefore, these two functions are effective 
only in determining the exact values of the multi- 
plicative constants Aj;,., rather than in providing 2;’s 


8 The use of theseJintegral equations actually corresponds to 
allowing m to increase.to infinity. 
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for the solution (38). Furthermore, it should be noted 
at this juncture that since the ha(%,) decay rapidly to 
zero on the positive axis, the set of 2; contributed as 
poles of the H,(z) lie well below the real axis; the 
corresponding terms in ¢a(x:) therefore themselves 
decay very rapidly with increasing 1. 

If all of the kernels kag(x:) as well as the inhomo- 
geneous functions Aa(x,) were zero for all x greater 
than some fixed positive constant, then the transforms 
Kas and H, would be analytic in the entire z plane. As a 
result, each z; would necessarily be a root, 


D(z;) =0, (40) 


The series expressions (38) for ¢, and ¢_ under these 
circumstances would differ only insofar as the exact 
numerical values of the coefficients A;,. are concerned, 
since the same exponential functions must appear for 
both anions and cations. 


IV. SIMPLIFIED RIGID-SPHERE MODEL 


To clarify the way in which the formalism of the 
preceding sections leads to predictions concerning the 
detailed nature of the double layer, we are now in a 
position to deduce the properties of a simple, though 
informative, model. We choose to investigate that 
system of equal-sized rigid spherical ions which led to 
the differential-difference Eqs. (32). For the sake of 
simplicity also, we shall wish to disregard the effect of 
the inhomogeneous functions /e(%); it has already 
been noted in this connection that such an assumption 
can have no effect on the asymptotic (large x) equa- 
tions determining the ionic distributions. The non- 
electrostatic effect of the planar electrode may be taken 
as that of a completely impenetrable “wall.” By 
locating the surface of this wall at 1.=—a/2 (a distance 
from the origin equal to the ion radii), the single 
particle potentials V,% are just 


Vat (xy) = +0 
=0 


<0, 
%>0. (41) 


On account of the pair correlations (30) being 
identical for any species pair, we have already empha- 
sized that the kernels kag are identical, as indicated by 
Eq. (31). As a result of the foregoing idealizations, one 
has to deal with only a single homogeneous integro- 
differential equation, 


@o(x) /dx?=4 & ["e(n—=) o(a)dr, 


$4.(%1) =¢_(m) =(m1), kag(x) =k(x). (42) 


The unpretentious double-layer picture described by 
the solution of (42) is probably a reasonable approxi- 
mation to the actual physical state of affairs if the 
density of ion spheres is not too near the close-packed 
density; i.e., 


64 +-¢_<K2ha-, (43) 
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The inversion integral for the solution to (42) may 
now be written down with the help of Eqs. (35)-—(37) 
+eog? exp (— iayz) d” (2) 


(m1) =—(1/2n) J 2°+-«* cos(az) 





dz (x > 0) 


= 24s exp(—izsx). (44) 


In accordance with previous remarks, the z; are pre- 
cisely the roots of the transcendental equation 
2°+-«* cos(az) =0. (45) 
Consequently, the constants A; may be displayed as 
iz? (2;) 
22;—x°a sin(az;)" 





Ay= (46) 

For small values of the dimensionless parameter xa, 
the transcendental Eq. (45) has two roots +2, which 
may be expanded about xa=0 


yj=1az;, 
yi = Kal 1+} (xa)?+$3 (Ka) +-Ppy(xa)®++++]. (47) 


The leading term in the series (44) corresponding to the 
root +2; produces a $(2:) of the form 


$(x1) ~exp(— xx) (48) 


in the limit of zero electrolyte concentration. It is in 
this manner that the predictions of the linear Poisson- 
Boltzmann equation of the Debye-Hiickel electrolyte 
theory are verified, even for finite ion sizes. It is pos- 
sible to show that this result is in no way dependent 
upon the special form of the short-range ion-ion forces 
chosen for our simple model. 

There is a second pair of pure imaginary roots +22 
which, again for xa sufficiently small, may be repre- 
sented by an asymptotic series 


y2=log[2/(xa)*]+2 log log[2/(xa)?]+++-. (49) 


It is evident that in dilute solutions, the z2 contribution 
to (x) damps to zero extremely fast. 

The remaining roots of (45) in the small xa region 
are all complex, and occur in quadruples 


¥j= bajtif;. (50) 


Numerical analysis shows that as xa increases from 
zero, the roots 2; and z, move toward each other on the 
negative imaginary axis. They finally merge at xa=1.03, 
and thereupon move away from the imaginary axis as 
complex conjugates. The values of the roots nearest 
the origin z=0 are exhibited in Table I for selected 
values of xa. 

Even if only the first two terms in the complete 
sum (44) corresponding to 2 and 22 are retained as an 
approximation to the actual statistical state, it is clear 
that the ion size, or excluded volume, is capable of 
exerting a profound influence upon the charge density 
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in the double layer. Although for small xa, in this two- 
term approximation, ¢ is a sum of damped exponentials, 


(a1) = Ay expl—yn(ai/a) + Asexpl—y2(m/a)], (51) 


this sum becomes a damped sinusoid when xa>1.03, 
and 4; and y2 are complex conjugates. On account of the 
resultant sign changes in ¢, the average double-layer 
charge density likewise alternates in sign. This be- 
havior denotes, in an average sense, that planar layers 
of anions and cations are held against, and parallel to, 
the electrode surface. This local structure is somewhat 
similar to the situation in ionic crystals where also 
alternate planes of positive and negative ions are 
encountered. 

A detailed study of even the two roots % and 2 
alone therefore provides insight into the transition from 
very dilute solutions, where the distribution of ions 
may be deduced from consideration of electrostatic 
forces alone, to concentrated solutions in which short- 
range forces are important. These latter begin to cause 
interference between the ions at moderate density, 
and to relieve this situation, the ions must begin to 
settle into locally ordered arrangements, the extreme 
case of which would be the long-range regularity of the 
ionic crystal. Only for very low electrolyte concentra- 
tions, therefore, is it reasonable to neglect exclusion 
volumes in deducing double layer structures. 

The special kernel (31) gives the functional Eq. (42) 
for @(x:) three distinct forms in three different intervals 


d(x) /dx=0 
=$x°o(x+a) —a<x<a, 
=}[o(m—a) +o(1+¢) J (52) 


In the first of these intervals, ¢ obviously must be the 
linear function 


$(%1) = Bix + Bo (53) 


with the constants B, and By having values to provide 
a smooth fit onto ¢(x:) for 1.>—a. Repeated use of 
(52) shows that @ has simple discontinuities in its 
second derivative at —a and +4, in its fourth derivative 
at 0 and 2a, and in the 2mth derivative (n>2) at na. 
This series of discontinuities propagated down the 
axis arises solely by use of singular short-range ion 
interactions, and has no fundamental physical basis. 
It is of course possible to eliminate them by using 
differentiable functions V,“) and V.°". 

A single restriction to which the constants A; must 
conform is provided by the double layer electro- 
nentrality condition (8). One might attempt further to 
determine the A; for the present model by substitution 
into the integrodifferential equation (42), or equiva- 
lently, into the relations (52). When >a, no in- 
formation is provided since each member of the sum 
(44) separately satisfies the condition imposed. How- 
ever, the set of admissible values A; is restricted by 
insisting that (44) satisfy (42) or (52) in the interval 


m1<—4, 


“><a. 


m1<—a, 
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TABLE I. Roots of the transcendental equation y*— («a)? cosh y=0 
near y=0 in the complex plane; j=a;+-7(;. 





a 
8 


Bi 


8 


Be a3,04 Bs, —B 





14.42 
14.75 
14,89 
14.90 
14.91 
14.93 
14.95 
15.02 
15.07 


—0.45 
—0.89 
—1.62 
—2.08 


a TE EAE IE ch nel 
senaesges 
Now 


oo be we DO BD Ph 
Coocanuce 
RESESESSS 
mreoooooeoo 
S3Ses 
get be bn BO BD Go) CR 
RESBSSREB 
LAD Dy St? 
FESESRESE 





—a<x,<a. Demanding that ¢(x) be a solution for this 
entire finite interval provides sufficient constraint to fix 
all the A;. This finite interval procedure has a distinct 
advantage over the more general integral equation 
subsidiary problem of Sec. III, in which case the 
function ¢. would have to be determined over the 
entire negative axis, x;<0,!4 

For the purposes of numerical computation, the two 
term representation (51) of (x) discussed previously, 
will suffice. Since the terms to be neglected correspond 
to z,;’s with large negative imaginary parts, the pre- 
dicted ion distributions will be in error only very near 
the electrode. 

If the electrode surface charge is not too large, the 
double-layer electroneutrality condition adapted to the 
present example may be linearized with respect to ¢ to 
yield 

2/2= ["o(n)dn. (54) 
The corresponding linearized result for the ¢ potential, 
as expressed in (9) for x=0, becomes 


t(c) > (2xx*a/D) [sondan, (55) 


The second condition on A; and Az: in (51) to be 
utilized simultaneously with condition (54) results 
from the demand that the second of Eqs. (52) be 
satisfied at «,=0, 


Pp (x1 =0) /day?=3xb(x1 =a) ; (56) 
this is precisely the center of the interval over which the 
second form in (52) is valid. 

When the two term approximation (51) is inserted in 
each of (54) and (56), there is obtained a pair of inde- 


pendent linear equations in A; and A». One thus 
readily finds 


A,=[2a/(xa) a 





expye 
2 EXPy2— V1 EXPY1 


expy1 
Y2 EXPY2— Vi EXPY 


4 Such simplification was inherent in the rigid-sphere model by 
using step-function pair correlations. 





As=L20/(ca)*}yo9| - I (57) 
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Fic. 1. Computed values of the ¢ potential ratio (solid line), 
with the limiting parabolic behavior (dotted line) shown ex- 
plicitly. 


The results (57) reduce to 


A,=2/k, A,=0, (58) 


as xa approaches zero, to yield the correct Debye- 
Hiickel result anticipated earlier: 
go(%1) = (2/x) exp(—xm). (59) 
The ¢ potential predicted on the basis of (59) follows 
from (55) 
fo(o) =4ara/KD, 
a well-known result. 
The ¢ potential for finite xa may be exhibited in the 
following reduced form: 


[1— (91/92)? sre | 
(a) /fo(o) = ( - (61 
§(0) /Solo) =(«a/y1) 1—(yi/y2) exp(yi— ye) (61) 


(60) 
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Reference to the asymptotes (47) and (49) for y, and 
y2 show that the lowest order deviation (in xa) from 
fo is in the direction of decreasing ¢ potential. In 
particular, 


£(¢) /So(o) =1—}(xa)?, xa. (62) 


As noted earlier, y, and y, have a common value 
when xa=1.03. At this point, both A; and Ag diverge, 
but ¢ in fact remains finite 


$(x1) = (axe) exp[—4n(a1/a) J, 


Likewise, the ¢ potential ratio as written in (61) is 
indeterminate, but may be properly evaluated as a 
limiting value as xa approaches 1.03 from either side. 

When xa>1.03, the complex conjugates y:=a+i8 
and y2=a—i yield the ratio, 


(a’—f*) sin8+2a8 a (64) 
a sinB+8 cos ; 


The ¢ potential ratio has been computed on the 
basis of Eqs. (61) and (64) using the tabulated y, and 
ye values. The results are shown in Fig. 1. The low xa 
behavior is a parabolic decrease from unity in accord 
with (62). The ratio then decreases at an even more 
rapid rate, finally changing sign near xa=1.46." Since 
to is always positive, therefore, we find that at a certain 
finite concentration, the ¢ potential due to the diffuse 
Guoy layer (and, therefore, the Gouy layer reciprocal 
capacitance) becomes precisely zero. It is of interest 
to observe in addition that there is no break in the ¢ 
potential curve at the singular value xa=1.03, although 
the nature of the mean charge density, pi, changes 
rapidly there. 


xa=1.03. (63) 





¢(0) /tole) = ca/(a?+8)| 


6 In water, at room temperature, this corresponds to about 0.8 
moles/liter for a_uniunivalent electrolyte with a equal to 5<10-* 
cm. 
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An expression is obtained by standard irreversible thermodynamics for the diffusion coefficient of a weak 
electrolyte in rapid equilibrium with an arbitrary number of species. The general result reduces to a simple 


form if all mobilities are independent of concentration. 


ERY recently Creeth and Stokes! have discussed 

approximately the diffusion coefficient of an in- 
completely dissociated unibivalent electrolyte. The 
writer some time ago obtained the general expression 
for a single weak electrolyte of any valence type, and 
it seems worth while to communicate the result at this 
time. 

Consider the weak electrolyte A,,B,, at volume- 
formal concentration c. Let the ith solute species pro- 
duced by dissociation or polymerization (or both) of this 
electrolyte have the formula A,,B,,, with algebraic 
charge 2; and molar concentration c;. These quantities 
are subject to the conservation laws: 


c= pci=ve gic, 
ry i 


2i=ptatqee, 


Lczi=0, 


VaZatVpzp=0. (1) 
The flow of species i is given*® by 


J;= — Lda (mt anFY) (2) 


in the usual? symbolism. In a pure diffusion experiment, 


the electric current vanishes (Said :=0) and there- 
fore 


—FVy= Desi UiTui, (3) 


where we have introduced the electric transport 


numbers 
155 20 / dds PQiv. (4) 


If we now use (3) in (2), the flux becomes 
I= = L(G ae 2045) Vow. (5) 
k i 
By introduction of the specific conductance 


L=PYsaQa, 
iek 


the above result may be given the more symmetrical 


(6) 


1 J. M. Creeth and R. H. Stokes, J. Phys. Chem. 64, 946 (1960). 

2 See H. S. Harned and B. B. Owen, The Physical Chemistry of 
Electrolytic Solutions (Reinhold Publishing Corporation, New 
York, 1958) 3rd ed. 


form 
Ji=— DLaVun; 
k 


Le=Qa— (tte L/2%xF*). (7) 


Now all the chemical reactions are assumed to be 


locally at equilibrium, so that the chemical potentials 
satisfy the relations 


Me = Peat Ges; M=VauatveuB, 


(8) 
where ua, we are the potentials of the ion constituents 
A, B; and y without subscript is that of the component 
electrolyte. After introducing (8) into (7) and using (1) 
and (4), we find the flow of the solute component to be 


Ja Dip J =v Ligid = —OVz, (9) 


where 


Q= va Do Lbibela = va vo" Di Dip ide La (10) 


Clearly Q can be written in two other forms obtained by 
interchanging ~, g and vg, vg or in any convenient 
linear combination of these forms. The coefficients of 
diffusion is, of course, defined by 


=— J/Vc=Q(du/dc)r,p. (11) 


Since we have not appealed to the symmetry of the 
matrix 2, our result does not depend on the frame of 
reference chosen. The only restrictions on the result 
are (a) that the solute can be treated as a single com- 
ponent, which excludes acid salts like KHSO, or salts 
which hydrolyze extensively; and (b) that the rates of 
all the chemical reactions are sufficiently rapid for the 
application of relations (8). A more quantitative state- 
ment of restriction (b) would depend on the particular 
system and experimental details. If the departures 
from local chemical equilibrium were small but not 
totally negligible, the general procedure of Kirkwood 
and Crawford* could be used to formulate the con- 
tinuity equations, but their detailed solution would be 
complicated. In the case of a simple symmetrical weak 
electrolyte the correction terms would be measured by 
tAD/a*, where r is the relaxation time? of the reaction, 
AD the difference in diffusivity of ionized and un- 
ionized forms, and @ the dimension of the diffusion 
apparatus. 


3 J. G. Kirkwood and B. L. Crawford, Jr., J. Phys. Chem. 56, 
1048 (1952). 
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For ideal dilute solutions, we may put 
Qu°=5 ac.Di°/ RT, (12) 


where D,° is the ideal diffusivity of species k. We then 
easily recover the previously! published special cases. 
In this connection, it is amusing to exhibit the general 
result in yet another form. If we introduce the trans- 
ference numbers of the ion constituents, 


ta/ta= Diss 'tipi, tp/2n= oz "gi, (13) 


i 


we find 


=e, 3 es 


Q=- : 
VAVB i 


F°vavptazp 


YY pimQir, (14) 
k 


where the first term is seen at a glance to reduce at 
infinite dilution to the familiar Mernst limit. As an 
example, we apply (12) and (14) to cadmium iodide, 
considering the species I- and CdI,?>-"(O< <4), and 
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obtaining 
Ltatp 


- - 1 
- 4F 


2RT 


where the index m refers to the complex ion species. 

The application of (10) or (14) to real solutions 
containing more than two ion species will involve all the 
difficulties of the relaxation effect.* It should perhaps 
also be noted that for uncharged species the quantity 
t;/z; need not vanish if charged species are present, 
although in sufficiently dilute solution the resulting 
terms must be negligible. 


+ YinenD, a", 


n 


(15) 
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A new type of freezing-point apparatus is described that reduces the errors of previous types. The freez- 
ing-point depressions of aqueous lanthanum chloride solutions up to 0.04 m are adequately expressed by 
the Debye-Hiickel approximation for ions with a=6.15 A plus a very small linear term. The “higher terms” 
are computed by combining the equations of Mayer and Kirkwood, using the tables of Poirier, and are 
found to be very small in this case. 

The parameters for the calculation of the activity of water from freezing point depressions, for the Debye- 
Hiickel theory, and for the Kirkwood parameter By, are redetermined, and the more general use of By, is dis- 
cussed, 





APPARATUS 


HE freezing point measurements reported from this 

laboratory were all measured in a single apparatus.' 
When this apparatus wore out, we decided to build one 
of entirely new design, in order to utilize even more 
fully the great accuracy of the differential equilibrium 
method of measuring freezing points. We made this 
apparatus as nearly adiabatic as possible because heat 
leaks decrease the accuracy of measurement, and 
because the greater heat leak into the vessel containing 
solution in the customary apparatus soon makes the 


* Based on the Ph.D. theses of B. Vonnegut (1939) (present 
address: Arthur D. Little, Inc., Cambridge, Massachusetts) and 
D. W. Beaumont (1942), deceased. The final computations and 
correlation were supported financially by the U.S. Atomic Energy 
Commission. 

1 The last paper in the series is G. Scatchard and M. A. Benedict, 
J. Am. Chem. Soc. 58, 837 (1936). 


amount of ice in this vessel less than in the other, and 
may decrease the advantages of twin vessels. We 
reduced the height of ice-iiquid interface to about 4 cm 
and stirred the system by flowing the liquid gently to 
and fro, because the pressure corresponding to 1-cm 
head of water makes a difference of 8X10~°C in the 
freezing point. We evacuated the vessels because each 
atmosphere of nitrogen or air causes a decrease of about 
10-*°C in the freezing point of water or of an aqueous 
solution. 

Each freezing-point vessel has an w-shaped cross 
section and may be described as a right section of a 
cylindrical surface generated by translating an w-shaped 
curve perpendicularly to the plane of the curve. The 
two vessels are mouuted with a common axis, and 
the stirring is caused by rocking the vessels in unison 
30° each side of horizontal about this common axis at 
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the rate of 6-12 cycles/min. Most of the liquid flows 
from the rising cup over the central ridge of the w, 
but the ice is retained. The junctions of the differential 
thermopile are embedded in Wood’s metal on the under 
side of the central ridge. 

The vessel is planned to operate with approximately 
equal volumes of ice and solution, covering the central 
ridge with about 1 cm of liquid. The shape of the vessel 
is carefully planned so that this head remains nearly 
constant as the vessel is rocked. At the end of each 
cycle, much of the liquid has drained from the inter- 
stices of the ice in the upper cup, and there is a layer 
of liquid below the ice in the lower one. 

The details of the vessels are shown in front view in 
Fig. 1(a) and in side view in Fig. 1(b). Each vessel (1) 
is surrounded by a thermal shield (2) in the form of a 
copper box which is maintained at a temperature close 
to that of the vessel by electrical heating. This thermal 
shield is surrounded by insulation and another box of 
metal (3). This system is immersed in a stirred air 
bath which is surrounded by a liquid bath, accurately 
regulated at a temperature slightly below that of the 
colder vessel. 


Fic, 1. Freezing point apparatus: (a) front view, (b) end view. 
(1) Freezing-point vessel, (2) adiabatic shield, (3) housing, (4) 
thermal baffle, (5) thermopiles mounted in Wood’s metal, (6) 


mounting of control thermopile on shield, (7) vacuum cups, 


(8) sampling pipette, (9) glass cover, (10) leads to adiabatic- 

jeld heater and control thermopile, (11) swivel supports of 
unit in yoke, (12) adjustable point of suspension of unit, (13) 
shielded plug for adiabatic-shield heater and control thermopile 
leads, (14) conduit for main thermopile leads, (15) thermal 
ground of main thermopile wire to adiabatic shield, (16) flexible 
electrical leads and evacuation tubes. 


The vessels are of “rolled gold plate,” an alloy of | 
75% gold and 25% copper about 0.05 mm thick, welded 
to a backing of high copper brass, 0.13 mm thick on the 
curved portions and 0.20 mm on the flat ends. The 
vessels were fabricated with 14-carat gold solder. 
Frames of 6-mm brass were fastened to the tops of the 
vessels externally with soft solder. They were ground 
flat to receive the covers of plate glass (9). Each cover is 
pierced with two holes, one for the tube through which 
the vessel is evacuated and one for the pipette (8) in 
which is taken the sample to be analyzed. The tube and 
the pipette are held in position by small suction cups 
(7), designed to fasten small objects to an automobile 
windshield. 

The main thermopile (5) is a pair of independent 
copper-constantan piles, each of 64 junctions, and each 
with an extra lead to its center. The pile can be used as 
32, 64, 96, or 128 junctions. For test purposes the first 
pile can be opposed to the second, or either half of the 
first opposed to either half of the second. The junctions 
are immersed in a mass of Wood’s metal which occupies 
the middle portion of the grooves formed by the ridges 
of the w’s. In addition to the main pile, there is a 
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five-junction pile (6) between each vessel and its * 
thermal shield. The bottom of each vessel is covered 
by a thermal baffle (4) of 0.8-mm copper to keep the 
thermopile as nearly as possible at the temperature 
of the contents. The leads of the main thermopile are 
brought more closely to this temperature by winding a 
section of the insulated wires with heavy copper wire 
(1F: soldered to the thermal shield. The temperature 
of the thermal shield is kept within 3X10~*°C of that 
of the vessel. A difference of 1° causes an error of 
2X 10-*° in the reading of the main pile. The shields are 
cooled by the air bath and heated electrically through 
resistant windings on the outside of the shield, includ- 
ing the cover, with manual control. 

The air bath is surrounded by a liquid bath cooled by 
circulating the liquid from a primary bath, heated 
electrically and controlled to 0.001°C. The temperature 
of the primary bath is controlled to 0.01°C by con- 
trolling the rate of evaporation of the refrigerant with 
continuous operation of the compressor. The vapor 
line contains a solenoid valve and a bypass. The flows 
are controlled so that the bath cools when the solenoid 
is open, and warms when it is closed. The solenoid is 
operated through a mercury regulator in the well- 
stirred primary bath. 


PROCEDURE 


The freezing-point vessels are cooled to 0°C and 
filled to the level of the ridges with conductivity water 
ice cracked to pieces of about 1 cm. Conductivity 
water is added to a level 1 cm above the ridge in both 
vessels. The covers are sealed to the vessels with heavy 
lubricant, the pipettes are inserted and evacuating 
tubes attached, and the removable portions of shields 
and housing are put in place. The stirring is started and 
the vessels are evacuated to the triple point. Next the 
heating currents to the shields are adjusted. The electro- 
motive force of the thermopile is measured on a Leeds 
and Northrup “White” potentiometer with steps of 
1 wv. Fractions of a microvolt are determined by 
deflection of a Leeds and Northrup high-sensitivity 
galvanometer measured on an illuminated scale 6 m 
distant. The Vernier scale designed by one of us?® 
made possible reading to 0.1 mm. The reading of the 
thermopile was usually a few tenths of a microvolt, 
which was deducted from all measurements in that 
series. The rocking is stopped and a sample is with- 
drawn from one side by admitting air to the vessel.‘ 
The contents of the pipette are analyzed conducti- 


2 We are very grateful for the friendly help of the following firms 
in the construction of this apparatus: The Gorham Company, 
Providence, Rhode Island; The General Plate Company, Attle- 
boro, Massachusetts; and Harmon and Handy Company, Hart- 
ford, Connecticut. 

3 Bernard Vonnegut, Rev. Sci. Instr. 12, 335 (1941). 

4A very small amount of air is admitted while the vessel is 
tipped so that the pipette is out of the liquid, and then air is ad- 
mitted to atmospheric pressure while the tip is immersed. This 
prevents the liquid from coming into contact with the cap of the 
pipette. 
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metrically as in our earlier papers,! and the conduc- 
tivity of this first sample is used as the water correction 
for subsequent measurements. A salt solution, cooled 
to its freezing point, is discharged into the freezing- 
point vessel from a pipette having the same volume as 
the sampling pipette, and a clean dry sampling pipette 
is inserted. The evacuation and stirring is resumed. 
Constancy of temperature to 2X10-°°C for 10 min 
prior to the removal of the sample is taken as the 
criterion of equilibrium. At least an hour is taken for 
each freezing-point measurement. A run consists of 
15-30 measurements of depressions from 0.001° to 3°. 
The solution added between measurements may be 
more concentrated than that in the vessel, or may be 
more dilute, even water. 


CALIBRATION 


The thermopile was calibrated with the freezing- 
point apparatus in typical operation by using the 
accurately known freezing-point depressions of aqueous 
potassium chloride. The constants of the conductivity 
cells were redetermined and based on the specific 
conductance of 0.1 demal potassium chloride solution 
given by Bremner and Thompson.’ The freezing 
points were determined by reversing the procedure of 
Scatchard and Prentiss. Recalculation from their 
original measurements show that the two last con- 
stants should be revised. D’22. should be 0.06922 
instead of 0.06935, and E's should be —0.01140 
instead of —0.01144. The equations used are 


6=1.858M¢/(1+0.001M¢), 
= 1—0.26432M?+-0.32640M —0.27975M2 
+0.13844M2—0.02850.M*”, 


and 


0=AE+BRE+CB, 


in which @ is the freezing point depression, M the total 
molality, vm, m is the salt molality, v is the number of 
ions formed from one molecule of salt, @ the osmotic 
coefficient, £ the electromotive force and A, B, and C 
are coefficients characteristic of the thermopile. 


MEASUREMENT WITH LANTHANUM CHLORIDE 


The freezing points of dilute aqueous solutions of 
lanthanum chloride were measured. A quantity of 
LaCl;-7H,O was purified by crystallizing three times 
from conductivity water.’ The concentration of a stock 
solution of salt in conductivity water was determined 
by gravimetric silver chloride analysis.® Several series 


5 R. W. Bremner and T. G. Thompson, J. Am. Chem. Soc. 59, 
2372 (1937). 

6 Eee and S. S. Prentiss, J. Am. Chem. Soc. 56, 2320 
(1934). 

7 Dr. C. M. Mason, at the time Associate Professor of Chemistry 
at the University of New Hampshire, kindly furnished us with an 
ample supply of the starting material. 

8 All weights were corrected to vacuum using the densities de- 
termined by G. Jones and C. F. Bickford, J. Am. Chem. Soc. 56, 
608 (1934). 
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of dilute solutions were prepared by successive addi- 
tions of a known weight of conductivity water to a 
known weight of solution, and the conductance of each 
solution and the ratio m/L were determined, where m 
is the moles of salt per kg water and L is the specific 
conductance corrected for the conductance of the 
water. To interpolate, the deviations of m/L from a 
quartic equation in (L)! were plotted against (ZL)! ona 
scale such that 1 mm represented 0.02% of m/L, and a 
smooth curve was drawn between the points. 

Several freezing-point runs were made during the 
development of the apparatus. The results for the two 
runs after the final changes and for the more concen- 
trated solutions in the last preceding run are given in 
Table I. The first column gives the molality m, the 


TaBLe I. Freezing points of aqueous lanthanum chloride. 








¢ Ag 





0.9770 
0.9432 
0.9238 
0.9106 
0.8962 
0.8802 
0.8656 
0.8504 
0.8388 
0.8256 
0.8108 
0.8037 


0.9516 
0.9403 
0.9251 
0.9086 
0.8889 
0.8717 
0.8571 


0.8393 
0.8281 
0.8143 
0.8074 


+0.0167 
—0.0004 
—0.0046 
—0.0030 
—0.0007 
+0 .0009 
+0 .0007 
+0 .0013 
+0 .0013 
+0 .0006 
+0 .0000 
—0.0001 


—0.0081 
—0.0031 
—0.0007 
+0 .0043 
+0 .0024 
+0 .0026 
+0 .0030 


—0.0004 
+0 .0022 
+0 .0008 
+0 .0005 


H+ L+++ | 
NON RK ONNHK Ww 


0.25541 

0.00188, 
0.00408, 
0.00779. 


0 .0002657 
0.0005841 
0.001133 
0.002222 
0.003676 
0.005986 
0.008654 


0.01369 
0.01904 
0.02876 
0.03719 


PF a 14 
acraocorK 


0.08546 
0.11729 
0.17422 
0.22339 
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9 
1 
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0 
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5 
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second is the freezing point depression in centigrade 
degrees 0, the third is ¢ defined by Eq. (1), the fourth is 
Ad, the deviation of the measured value from that 
calculated by Eq. (2), and the fifth is the corresponding 
deviation in the depression @. The values of Ag are 
plotted against (J/2)# in Fig. 2. The two broken lines 
represent Ag corresponding to 2X10-°°C or 10°* 6, 
whichever is the larger. 

The osmotic coefficient (see Appendix) is defined as 


¢=6/(1.860—0.0010) 4m. (1) 
As shown by Table I and Fig. 2, our results are fitted 
within their scatter by the equation 

@=1—1.6992Z,—0.06m, (2) 


in which Z, is the Debye-Hiickel function for xa= 
2(1/2)* (see Appendix). Except for a small correction 
arising from the heat of dilution and the difference 
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Fic. 2. Deviations for lanthanum chloride freezing points. 


between the freezing points of the solution and of the 
pure solvent, this corresponds to 


Iny = —3.3984(1/2)8/[14+2(1/2)*]—0.12m. (3) 


DISCUSSION 


One reason for choosing lanthanum chloride for our 
first measurements was that Shedlovsky and MacInnes® 
had found from measurements of the emf of cells with 
transference and the transference numbers that the 
limiting slope was only about two-thirds that of the 
Debye theory. Shedlovsky” later recalculated their 
results and found agreement with the theory.” 

The measurements of the osmotic coefficient have 
the advantage over those of activity coefficients of the 
solute that the value at infinite dilution is known. The 
intercept in Fig. 2 must be zero. It is clear that no 
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Fic. 3. Deviations for higher terms. 


®T. Shedlovsky and D. A. MacInnes, J. Am. Chem. Soc. 61, 
200 (1939). 

1 T. Shedlovsky, J. Am. Chem. Soc. 72, 3680 (1950). 

1 Publication of our results were delayed first by the press of 
war work, then to permit prior publication by Shedlovsky, by 
death of one author, and again by the press of other work. 
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change in the initial slope will lead to better agreement 
with the experimental measurements. It is worth noting 
that the measurements of the osmotic coefficients at 
25° for dilute solutions fit well into those calculated 
from Shedlovsky’s results but that they pass through a 
minimum below 0.2m and increase to 1.748 at 2m." 

The other reason for our choice of lanthanum chloride 
solutions was to study the effect of “higher terms” 
on the activity coefficient of a very unsymmetrical salt. 
No higher terms are needed to fit our measurements. 

The calculation of such terms from theory has some 
difficulties. The treatments of Gronwall and LaMer™-“ 
and of Mayer" give the same series for the term pro- 
portional to the concentration, and this series has been 
expressed in closed form by Kirkwood'** (see Ap- 
pendix). At higher concentrations the Gronwall-La Mer 
treatment gives difficulties because of nonintegrability, 
and the Mayer treatment neglects triple interactions. 
The theory has been extended by Friedman,” but not 
yet in a form suitable for our purposes. The Gronwall- 
LaMer theory also has the practical disadvantage 
that their calculations are made only for the third 
and fourth terms and only to xa=0.4 For a 3—1 
electrolyte with xa=2(I/2)', a 0.04m solution corre- 
sponds to xa=1.0, and the maximum value of the 
coefficient of m comes only with the eighth term. Since 
Poirier® has computed the Mayer expression through 
the 16th term, we have used his tables and assumed that 
the difference between the Kirkwood expression and 
that of the first 16 terms in the expansion has the same 
concentration dependence as the 16th term." Although 
the eighth term is about twice the complete series, the 
16th term is only about a sixth, and the sum of the 
remaining terms is about a ninth of the total. 

Figure 3 shows the contributions to @ of a 3—1 
electrolyte up to (J/2)4=0.5 of the third and higher 
terms of the expansion of the Boltzmann exponential. 
The scale is the same as for Fig. 2. The full line and the 
dashed line are for xa=2(I/2)!, the two dotted lines 
are for 1.5 and 2.5. The full line is calculated from 
Poirier’s tables for the terms 3-16 and the remaining 
terms are given the same concentration dependence as 
the 16th. For the other curves the approximation is 
used that all the terms above the third have the same 
concentration dependence as the fourth (see Appendix). 
The maximum value of the full line is 0.003 and the 
maximum deviation of the broken line from the full 


2R. A. Robinson and R. H. Stokes, Electrolyte Solutions 
(Academic Press, Inc., New York, 1955). 

8 T. H. Gronwall, V. K. La Mer, and K. Sandved, Physik. Z. 
29, 558 (1928). 

“VY, K. La Mer, T. H. Gronwall, and L. J. Greiff, J. Phys. 
Chem. 35, 2245 (1931). 

15 J. E. Mayer, J. Chem. Phys. 18, 1426 (1950). 

6 J. G. Kirkwood, Chem. Revs. 19, 275 (1936). 

7G. Scatchard and L. F. Epstein, Chem. Revs. 30, 211 (1942). 

18 G. Scatchard, Natl. Bur. Standards Circ. 524, 185 (1953). 


1 H. Friedman, Mol. Phys. 2, 23, 190, 436 (1959); J. Chem. 


Phys. 32, 1134 1351 (1960). 
*” J. C. Poirier, J. Chem. Phys. 21, 965, 972 (1953). 
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one is 0.001. We trust that the approximation is also 
good for the other sizes. 

An attempt to include the effect of these higher 
terms in an equation of the type of Eq. 2 would lead toa 
slightly larger value for a and a more negative coefficient 
of m. The value of this coefficient cannot be used to 
determine the correct size because there are also non- 
electrostatic terms, such as that due to hydration, in the 
coefficient of m. The fit would be limited to concentra- 
tions below the inflection points in Fig. 3, but it is 
quite possible that the inflections are caused by the 
limitation of the Mayer equation to binary encoun- 
ters. 

For potassium chloride solutions we found xka= 
1.5(1/2)%. If we use 1.5 for the chloride ion, additivity 
of radii leads to 2.5 for the lanthanum ion. The Debye- 
Hiickel term is unchanged, the third term is changed 
slightly but in a complicated way. The higher terms are 
reduced but the relative effect decreases with increasing 
concentration. We have not made the much more 
tedious computation of the effect for ions of different 
sizes, but we are convinced that the effect is still very 
small. Moreover, as pointed out by Mayer and by 
Friedman, it is not necessary that the ionic radii be 
additive. We will therefore be satisfied with the indica- 
tion of the calculation for equal sizes that theory, 
like experiment, indicates sufficiency of the Debye- 
Hiickel approximation for lanthanum chloride in water. 


APPENDIX 


Osmotic Coefficients from Freezing Points 


The osmotic coefficients from freezing points may be 
defined by the relation 


7 =04/(No+AO;+AD PE +ADP+ + + +) vm, 


in which 6, is the freezing point depression, v the 
number of particles from one molecule of solute, and 
m the molality, so that vm is the osmolality of the 
solution. The \’s are parameters calculable from the 
specific heat of fusion and heat capacities of ice and 
water. At our request Dr. Rossini* correlated the Na- 
tional Bureau of Standards measurements of the heat 
capacities”: and induced Dr. Osborne™ to revise the 
heat of fusion of ice. Dr. Rossini calculated Xo as 1.860 
(1.8599+0.0011, now reduced to 1.8598 by changing 
To from 273.16 to 273.15), and we determine the other 
coefficients as \i=—9.49X10~, A2=9.32K10, y= 
7.25X10-*. For depressions less than 10°, 0.1% ac- 
curacy is assured by the much simpler form 


$=0/(1.860—0.0010) »m. (A2) 


21 F. D. Rossini (private communication, October 18, 1939). 
2H. C. Dickinson and N. S. Osborne, Natl. Bur. Standards, 
Sci. Paper 248, (1915). 
% N.S. Osborne, H. F. Stimson, and D. C. Ginnings, J. Research 
Natl. Bur. Standards 23, 197 (1939). 
ass) S. Osborne, J. Research Natl. Bur. Standards 23, 643 
939). 
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Guggenheim and Turgeon* obtained the same value 
for Xo, and — 1.860X4.8X 10~ for Ax. 


Debye-Hiickel Osmotic Coefficient 
If 


Inys = 242A (I/2)/[1+a’(1/2)*), 
o—1=2,2_AZ,./a’, 


(A3) 


(A4) 
in which 


Za =[(1+«a) —1/(1-+«a) —2 In(1+«a) ]/(xa)?. (A5) 


xa=a'(I/2)4. Z, is not easy to compute for dilute 
solutions, but it may easily be interpolated from the 
tables of Z as a function of xa/(1+xa) given by Scat- 
chard and Epstein.” We have computed the Debye- 
Hiickel parameters from the dielectric constant meas- 
urements of Malmburg and Maryott* and the universal 
constants of Cohen, Diamond, Layton, and Rollett” 
to give A of Eqs. (A3) and (A4) as 


A =1.1328[1+-0.1369(t/100) +-0.0669(¢/100)? 
+-0.0073(¢/100)*], 
10-*«/(1/2)!=0.3250[1+-0.0447 (¢/100) 
+0.0039(¢/100)?+-0.0021 (¢/100)*]. 
1/2 is the ionic strength in moles per kg of water. 
Kirkwood Function, Bj, 


For spherically symmetrical, rigid, nonpolarizable 
ions in a continuous medium of uniform dielectric 
constant, the electrostatic contribution to the term 
proportional to the concentration arising from powers 
of by higher than 5,3 in the expansion of exp()x) is 


2xN po 


ox =— Ldmamaatbs'Ba / Sm, (A8) 


1000 ia ima 


(A6) 


(A7) 


in which N is Avogadro’s number, po the density of the 
solvent, m; the concentration of species 7 in moles 
per kg, au the collision diameter of i and k, bu= 
—2%,€/DkTa», and By is the Kirkwood function 


bik 
Ha t*(e!—1—1—-#/2—#/6) dt 


= {b.°( Ei(bu) — In| ba | —Co] 
— exp(bx) (2+b4+6.u7) 
+ (2436 0 +36 92+ 116 3/6) } /6b 23, 


in which Ei(d,x) is the exponential integral 


bik 
/ te'dt, 


%E. A. Guggenheim and J. C. Turgeon, Trans. Faraday Soc. 
51, 747 (1958). 

% G. C. Malmberg and A. A. Maryott, J. Research Natl. Bur. 
Standards 56, 1 (1956). 

FE. R. Cohen, J. W. Diamond, T. W. Layton, and J. S. Rollett, 
Revs. Modern Phys. 27, 363 (1955). 
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SOLUTIONS 


TABLE II. Kirkwood’s function Bix. 





log (Bix /bix) 


log (Bix/bix) 
biz positive 


biz negative 


= 
= 
bos 





8.61979 
” 3.66607 
8.71888 
8.87979 
8.85058 
8.93352 
5.03104 
9.14569 
9.27974 
5.43489 
5.61190 
5.81051 
0.02951 
0.26703 
0.52909 
0.78995 


8.61979 
8.57882 
8.54228 
8.50932 
8.47946 
8.45192 
8.42671 
8.40329 
8.38148 
8.36110 
8.34193 
8.32385 
8.30683 
8.29052 
8.27510 
8.26038 


COonanr WNK OS 








and Cp is Euler’s constant. This expression is exact for 
the foregoing model. 

We have found the Kirkwood function so useful that 
Allen Gee recomputed more accurately the values in 
the range of the tables for the exponential integral, 
which is —15 to +15. The results are recorded in Table 
II as log(Bu/b«&), which is a convenient function for 
interpolation. 

For values of 5 more negative than — 10, very pre- 
cise values may be obtained from the expression 


B x =0.20936—$ In | bx | +4b4+4b02+4b03. (A110) 


For values of 6 more positive than 15, the exponential 
integral may be obtained from the asymptotic expan- 
sion 


Ei(x) =(e/x) Sint". (At) 
n=O 


With somewhat smaller precision we can use the 
asymptotic expansion 


Ba=([ exp(b) /ba* {1+ (4/b a) +[(4X5)/ba?] 
ese) LAR) 
and for larger values of 6 the simpler expression 
Ba =[bar exp(bx) Ilbx/(ba—4)]. (A113) 


The Gronwall-LaMer and the Mayer expansions corre- 
spond to expanding By, as the power series 


Ba=>[bu"/n!(n—3) J. (A14) 
nd 

The success of our approximation using the concen- 

tration dependence of the fourth term in Fig. 4 de- 

pends upon the facts that most of the coefficient comes 

from the interaction of pairs of trivalent cations, for 
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which the series is alternating, and that the concentra- 
tion dependence varies smoothly and rather slowly as a 
function of n. 

For cation-anion interaction, for which all the terms 
are negative, or for a symmetrical salt, for which the 
odd terms vanish, the best approximation should be to 

_use the concentration dependence for m nearest bx. 
This would permit the use of Poirier’s tables up to 
bx%=16. For 0°C this corresponds to —Dax/2z%, of 
about 40, or to a dielectric constant of about 7 for 
univalent ions 6A in diam. For larger values of bx 
the best approximation is to consider the contribution 
to the osmotic coefficient as minus half the association 
constant. For these large values of b., the Q of Bjerrum™ 
approaches Bx, so that this method is essentially that of 
Bjerrum. A fair measure of the approximation of this 
method is the ratio of the contribution of pairs of ions of 
like charge to that of pairs of unlike charge. The pro- 
posal of Scatchard and Epstein to include the effect 
of pairs of like charge in the association constant for 
pairs of unlike charge may be regarded as a very 
crude method of determining the concentration de- 
pendence which we would now replace with the use of 
Poirier’s tables outlined in the foregoing. 


*%N. Bjerrum, Kgl. Danske Videnskab. Selskab Mat. fys. 
Medd. I, No. 9 (1926). 
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For small values of the dielectric constant, the value 
of K calculated from By or from Q is” 


K=(49N/1000) au? exp(bx) /dix. (A15) 


Our use of K does not necessarily imply a distinction 
between bound and unbound ions, particularly as 
contributing to conductance. This step requires a use of 
intuition, which we are very willing to accept. How- 
ever, it does appear that Fuoss® has taken a step 
backward in preferring to the Bjerrum treatment that 
of Denison and Ramsay* which makes K=expb, and 
so ignores the spatial factors. The modification of 
Gilkerson® would include the 4rNV/10v0 in the non- 
electrostatic factor of the constant. It has the dis- 
advantage, however, that it gives only relative values 
instead of an absolute calculation for the electrostatic 
contribution of the model chosen. It also omits the 
factor 1/bx%, which is relatively small but certainly 
belongs in the electrostatic osmotic coefficient and 
should not be dropped from the derived quantities 
without good reason. 

2 R. M. Fuoss and C. A. Kraus, J. Am. Chem. Soc. 55, 1019 
OR M. Fuoss, J. Am. Chem. Soc. 79, 3301 (1957). 

8 J. T. Denison and J. B. Ramsay, J. Am. Chem. Soc. 77, 


2615 (1955). 
#® W. R. Gilkerson, J. Chem. Phys. 25, 1199 (1956). 
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The lattice vibrational partition function for a binary crystal is constructed from the normal mode fre- 
quencies in the classical nearest-neighbor harmonic approximation. The set of frequencies is computed as a 
function of the short-range order parameter by the use of the Born-von Karman analysis and second-order 
perturbation theory. The resulting form of the lattice vibrational partition function closely resembles that 
of the static configurational partition function so that a reexamination of the statistical thermodynamics, 
including lattice vibrational effects, proves to be straightforward. The derived thermodynamic quantities 


are Com} 


pared with experiment for the case of 6-brass. The theoretical heat capacity discontinuity as calcu- 


lated by the method of Bethe and Kirkwood is increased from 1.7R to 6.1R by the inclusion of the lattice 
vibrational contribution. The agreement with the experimental value of about 5R is now satisfactory. 





INTRODUCTION 


HE statistical mechanical theory of the order- 

disorder transformation in the alloys has been 
examined by many investigators.'? Of the several 
techniques devised to approximate the configurational 
partition function the most fruitful within the context 
of the alloy problem are the method of local configura- 
tions, the method of moments,‘ and the quasi-chemical 
method.’ The theory at this stage of development® 
affords a good qualitative description of the ordering 
process including the prediction of a transformation 
temperature and a heat capacity discontinuity. Quanti- 
tatively, however, several serious discrepancies between 
theory and experiment still remain. The most pro- 
nounced is the disagreement between the predicted and 
observed magnitudes of the heat capacity discontinui- 
ules. 

Characteristic of these techniques is the assumption 
that the lattice vibrations, and consequently the vibra- 
tional partition function, are independent of the degree 
of order. The vibrational factor in the partition function 
can then be neglected, and the minimization of the 


* Contribution No. 1621 from the Sterling Chemistry Labora- 
tory. This work is based on of a dissertation presented to 
the Graduate School of Yale University by P.J.W. for the degree 
of Doctor of Philosophy. 

¢ National Science Foundation Predoctoral Fellow, 1953-1956; 
now at RCA Laboratories, Princeton, New Jersey. 

t Deceased 


1For a review of the current theoretical situation including 
many further references see T. Muto and Y. Takagi, Solid State 
Phys. 1, 193 (1955). 
?For a review of the current 
Guttman, Solid State Phys. 3, 145 (1956). 
3H. A. Bethe, Proc. Roy. Soc. (London) — 552 (1935). 
Shr Kirkwood, J. Chem. Phys. 6, 70 (19. 


imental situation see L. 


Proc. Roy. Soc. Cewtiia) —_ 304 

(1938); R. H Fowler ‘and E. A. Guggenheim, Proc. Roy. Soc. 

“rt ‘AIM, 189 (1940). ie: ‘a Ae 

‘urther improvements in the theory of the gen cooperative 

y probiens have been made but not specifically applied to 

ie . See for instance, G. H. Wannier, Revs. Modern Ph 

17, 50 ti94s); G. F. Newell and E. W. Montroll, ibid. 25, 53 

(1953); M. Kurata, R. Kikuchi, and T. Watari, 2 OS sag te 4 Phys. 
21, 434 (1953); J. Hijmans and J. DeBoer, Physica 22, 408 

(1956) ; and further references contained therein. 


configurational free energy alone serves to establish 
the equilibrium degree of order. Experimental evi- 
dence,'*~* however, shows that the elastic constants, 
and hence the lattice vibrations, depend on the degree 
of order to a significant extent. A more complete 
theoretical treatment of the order-disorder problem 
must therefore include the vibrational free energy in the 
determination of the equilibrium properties of the 
system. 

The perturbing effects of the lattice vibrations on the 
transformation have been recognized for some time, 
and several attempts at formulating the more correct 
theory have been made.! The most recent of such 
computations is\the treatment of Booth and Rowlinson™ 
in which the lattice vibrations are accounted for within 
the Einstein approximation. That is, the atoms are 
considered to perform independent simple harmonic 
oscillations, the coupling of vibrations being neglected 
completely. With this simple model Booth and Rowlin- 
son have succeeded in demonstrating that the lattice 
vibrational effects considerably alter the details of 
order-disorder phenomena. In applying their theory to 
the specific case of 6-brass, however, these authors find 
that the predicted value of the heat capacity discon- 
tinuity still falls significantly short of the experimental 
magnitude. 

In this communication we wish to describe the in- 
fluence of the lattice vibrations on the order-disorder 
transformation in terms of a more realistic model of a 
binary alloy. The recent theoretical work of Stripp 
and Kirkwood" (henceforth to be denoted by S-K) 
concerning the influence of lattice defects on the vibra- 
tional spectrum of a crystal has not only suggested that 
the vibrational contribution to ordering processes may 
by importar important, but has provided a powerful method for 

ne "7. §. Reinhart, Phys. Rev. 58, 365 (1940). 

A. Good, Phys. Rev. 60, 605 (1941). 


*RA, Artman, } Appl. Phys. 23, 475 (1952). 
as ss) Booth and owlinson, Trans. Faraday Soc. 51, 463 
XK, F. Stri 


G. Kirkwood, J. Chem. Phys. 22, 1579 
(1954), denot 


by wee in the text. 
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evaluating the vibrational free energy as a function of 
the degree of order. The lattice vibrational partition 
function for a binary crystal undergoing an order- 
disorder transformation is constructed from the normal 
mode frequencies in the classical nearest-neighbor 
harmonic approximation. The coupling of vibrations 
is explicitly included. The set of normal mode fre- 
quencies is determined as a function of the ‘short- 
range order parameter by the use of the Born-von 
Karman analysis and second-order perturbation theory. 
The resulting form of the vibrational partition function 
closely resembles that of the static configurational 
partition function so that a re-examination of the 
statistical thermodynamics of the transformation, 
including lattice vibrational effects, proves to be quite 
straightforward. Indeed, the vibrational terms can be 
suitably incorporated into the configurational partition 
function so that the conventional static treatments are 
sufficient to complete the analysis. The combinatory 
approximation so adopted for alteration is the method 
of local configurations of Bethe* as modified by Bethe 
and Kirkwood!® (henceforth to be denoted by B-K). 
The derived thermodynamic quantities are compared 
with the earlier theoretical work and with experiment. 
The agreement between the theory and experiment for 
the case of 6-brass is now more satisfactory. 


EQUATIONS OF MOTION 


We begin with a body-centered cubic crystal contain- 
ing 2,V atoms of type 1 and «2. atoms of type 2 on V 
lattice sites, half of which may be designated cube 
corners, and the remaining half, cube centers. Each site 
is characterized by a vector 

Rj=maitmartnza;, OCni<N}, (1) 
where the a; are the primitive lattice vectors, and where 
the subscript 7 is odd for corners and even for centers. 
For convenience | a;| =a is chosen as the unit of 
length. In the classical, nearest neighbor, harmonic 
approximation, the potential energy may be written as 


N WN 
~*? 2. ii" {nin (Vit euQ;;) +p jp; (Vee aQj;r) 
ie 
+ (nipj+njpj) (Viet anQ;;) }, 
Qj =F (y— Ty) RyRy (1j—-1Ty), (2) 


where V,; are the indicated minimum interatomic pair 
potentials, the o,; their second derivatives at the 
minimum (Hooke’s law force constants), Rj is the 
vector distance between the sites j and 7’ at equilibrium, 
r; is the vector displacement of an atom from equilib- 
rium at site 7. The matrix \,; is the nearest-neighbor 
selector factor defined to be unity if 7 and 7’ are nearest 
neighbors, and zero otherwise. The n; and p; are occupa- 

2H. A. Bethe and J. G. Kirkwood, J. Chem. Phys. 7, 578 


(1939), denoted by B-K in the text. 
18 J. G. Kirkwood, J. Chem. Phys. 8, 623 (1940). 
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tion variables defined as: 


1, if site 7 is occupied by an atom of type 1, 
n= 
0, otherwise. 


1, if site 7 is occupied by an atom of type 2, 


pi= (3) 


0, otherwise. 


These variables satisfy the following relationships 


N N 
ntei=1; Lin=mN; Diej=mN, (4) 
P 7 


(5) 


N N 
DAs = DA =2, 
Fi 7 


where z is the coordination number of the lattice. The 
kinetic energy is given by 


N 
T=3)0(nym+pjm) rj’ rj, (6) 


where m, and m, are the masses of atom types 1 and 2, 


respectively. The Lagrangian composed of Eqs. (2) 
and (6) gives the equations of motion of the V atoms: 


N 
m(dxj/dl) + 2 dsp RyRy (85-25) 
jf 


x { ninja pjpjra22+ (nip -nyp;) a2} =0, 
( j = 1 ee -N) ‘ 


: (7) 


For simplicity we have assumed that the masses m, 
and me are almost equal so that (njm-+pjme) can be 
replaced by the mean mass, m. The equations of motion 
will now be rearranged so that the perturbation theory 
can be applied to their solution. 

To properly utilize the perturbation scheme in S-K 
it is first necessary to choose a suitable unperturbed 
crystal, the solutions of whose equations of motion we 
may presume to know. Since it is the presence of the 
occupation variables that effectively prevents the 
formal solution of Eq. (7), the equations of motion of 
the unperturbed system clearly should not contain 
occupation variables. Furthermore, the unperturbed 
crystal should be as close an approximation as possible 
to the system of actual interest so that the perturba- 
tion series will have a reasonable convergence. The most 
convenient choice of unperturbed system is the “virtual 
crystal” approximation to the disordered or random 
alloy. According to this approximation, the disordered 
crystal is replaced by an equivalent ordered crystal in 
which each site is occupied by the same type of hypo- 
thetical atom called the “virtual atom.” The properties 
of the virtual crystal are uniquely defined by the com- 
position. The Hooke’s law force constant ag is taken 
to be the average (averaged over the composition) of 
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the force constants for the actual nearest-neighbor 
pairs 


OR = XPontx2?a%0+ 221x209. 


(8) 
Since we have already approximated the masses of 
real atoms with the mean mass, the mass of the virtual 


atom will also be the (constant) mean mass, m. 
The quantity 


(9) 


is now added to both sides of Eq. (7). After suitable 
rearrangement and use of Eq. (4) we obtain the equa- 
tions of motion in the following form: 


N 
Dw RieRiy *(fj;—-Ty)ar 
7 


N N 
(@r,/d?) — LH (rj;—fj) =— Kis (rj;—T;), 


Hyj = — mj Ri Riyar, 
K jj = — me gp Rig Ry { (nie — 0°) (a2— ans) 
+ (pjpj— x2") (a12—a)}. (10) 


The left-hand side of Eq. (10) corresponds to the equa- 
tions of motion of the virtual crystal while the right- 
hand side represents the difference in potential energy 
between the virtual crystal and the true binary crystal 
in an arbitrary state of short-range order. The terms on 
the right-hand side of Eq. (10) will therefore be treated 


as perturbations acting on the virtual crystal, the 


normal mode frequencies of which can be found in 
terms of ap. 

The nonvanishing terms on the right-hand side of 
Eq. (10) implicitly contain two different kinds of 
perturbation terms. The first kind act on the virtual 
crystal correcting for the fact that there really are two 
types of atoms with three different force constants in a 
random alloy; the second kind then correct the equa- 
tions of motion of the random alloy when short-range 
order is introduced. The contribution of terms of the 
first kind might be expected to be large since it is known 
that the vibrational spectrum of the real random alloy 
is quite different from that of the virtual crystal. 
However, in a later section we shall find that the con- 
tribution of the first kind of perturbation to the loga- 
rithm of the partition function is actually quite small, 
beginning to appear only in the second order of per- 
turbation. The reason for this is as follows: For a 
random crystal (disordered with respect to the short- 
range order; the average composition of nearest neigh- 
bors is the same as the macroscopic composition), the 
average Hooke’s law force constant is ag while the 
products of the occupation variables average out to the 
values, 

NM—RY, ——PjPjr 7%? (11) 


Thus, in the state of disorder, the right-hand side of 
Eq. (10) vanishes on the average, leaving the equations 
of motion for the virtual crystal. The average normal 
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mode frequency of the random alloy will therefore very 
nearly equal that for the virtual crystal. Since taking 
the logarithm of the classical vibrational partition 
function is equivalent to taking the average of the 
normal mode frequencies [see Eq. (26) to follow], it 
is then not surprising that the vibrational partition 
functions of the random alloy and the virtual crystal 
are nearly equal. We note also that it is the low fre- 
quency or long wavelength modes that contribute most 
heavily to the partition function. The long-wavelength 
modes, however should be insensitive to the specific 
arrangement of the atoms among the lattice sites. 
The frequencies of such modes should depend on the 
average force constants between the various pairs of 
atoms and on the average masses. These are just the 
quantities on which the virtual crystal approximation is 
based. 

The contribution of the perturbation terms of the 
second kind will, of course, be more important. The 
convergence of the perturbation treatment for these 
terms will depend on the degree of short-range order 
introduced. Since our interest is primarily confined to 
the thermodynamic functions at or near the transfor- 
mation temperature where the degree of short range 
order is small, a perturbation expansion based on the 
random alloy should prove adequate. 


FORMAL PERTURBATION THEORY 


Following the formal perturbation treatment in S-K, 
we impose periodic boundary conditions, and the normal 
mode analysis of the unperturbed lattice (virtual 
crystal) can be carried out conveniently in terms of the 
running waves"* 


r= iff, k) exp[ —iwo(f, k)t], 
A;(g, k) =N-e(5, k) exp[ik-R,], (12) 


where wo(¢, kK) is the frequency of the wave with wave- 
number vector k, e(¢, k) is a unit polarization vector, 
and ¢ takes the values 1, 2, 3 to distinguish the three 
directions of polarization associated with each k. The 
wave-number vector has the V values 


k= (24/N?) (kibi+-k2b.+ ksbs) ’ 
—ENIK<k:< 3M}, (13) 
where the b; are the primitive vectors in reciprocal 


space. The following important relationships obtain 
for the polarization and amplitude vectors of Eq. 
(12): 

e(f, k) -e(f’, k) =8rr, 


els, k) e(f, k) =1, 


DAM, k’)-Aj(5, kK) =Ssp-dew, = (14) 
1M. Born and M. G. Mayer, Handbuch der Physik edited by 


E. Fliigge (Springer-Verlag, Berlin, 1935), 2nd ed., Vol. 24, Part 
2, p. 623 ff. 
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where 6 is the Kronecker delta symbol, and where 1° 


is the unit dyad. By substitution of Eq. (12) into 
Eq. (10) without perturbation (K,;=0), the following 
equation is obtained: 


N 
wo?(f, k) e(f, k) + Hy e(s, k) 


X {1— exp[tk-R,; ]} =0. (15) 


Equation (15) represents the eigenvalue problem which 
determines the unperturbed frequencies and polariza- 
tion vectors. It will be found that the detailed solution 
of Eq. (15) is not required for the present problem. 

The normal mode analysis of the perturbed system 
(lattice of intermediate order) is carried out in terms of 
solutions of the form 


r;=B; exp[—iot], 


where the B; and w are the perturbed amplitudes and 
frequencies. Substitution in Eq. (10) yields the per- 
turbed counterpart of Eq. (15), 


N N 
oB;+ 20H, (B;—By) = UK iv (Bj—By), (16) 
id iv 


to which perturbation theory shall be applied. Since the 
unperturbed waves are highly degenerate, the degener- 
ate perturbation method must be used. The 3N un- 
perturbed amplitudes are grouped into S degenerate 
sets s(s=1, 2, -++, S) in order of increasing frequency 
wo(s). The members of each set are suitably num- 
bered: 


A;(n, Ss), 


where o, is the number of waves in the set s; >..0.= 
3N. The perturbed amplitudes are written to first 
order in perturbation corrections: 


B,(t, s) =B/(t, s) +B} (1, s)+: ae 


(n=1, ***5 08), 


(17) 


B)(t, s) = Diarm(s) y(n, 5) ; 


n=l 


(t=1,+++,0,), (18) 


Ss os 
Bj (¢, S) ™ . DBmn(s, s’) B)(n, Ss), 


s/s n=l 


(19) 


where the B,°(t, s) are the proper unperturbed ampli- 
tudes (linear combinations of the degenerate plane 
waves). The perturbed frequencies are written to second 
order in perturbation corrections: 


w(t, s) =we?(s) +or(t, s)+onr(t,5)+++*. (20) 


The proper zero-order amplitudes, Eq. (18), are 
found to be equally good solutions for the “virtual 
crystal” and satisfy the equation 


wo (s) BP (i, s) +>Hy- [BS (t, s) —B,°(t, s) ]=0. 


Substitution of Eqs. (17) through (20) into Eq. (16), 
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and use of the standard perturbation method" yields: 
wy(t, s) = F(t, s;t, 5), (21) 
O=F(n, s;t,s); n#t, (22) 
Bin(s, S’) =F (n, 5’; t, 5) /[wo?(s) —ae?(s’)], (23) 


7 VS Fn, 85 ts) F(t, 85 0, 5’) 
with 2: haw 





in terms of the matrix elements, 
N ON 

F(n, rs t, 5) pos z > B,(n, s’) 
i if 


*K,;-(B?(t, s) —B;°(t,s) J. (25) 


The o,(¢,—1) conditions, Eq. (22), plus the a, nor- 
malization conditions, 


Sern ®(8)crm(s) =1, (¢=1, +s, a), 
n=l 


serve to determine the coefficients, ay, of Eq. (18). 
Since we are interested in obtaining only the vibra- 
tional partition function, rather than the individual 


normal modes, we shall find that the explicit deter- 
mination of the a is not necessary. 


VIBRATIONAL PARTITION FUNCTION 


The classical vibrational partition function is given 
in terms of the 3V normal mode frequencies as"® 


Ov=(kT/h) TT [eG 8), 


s=l t=] 


(26) 


where T is the thermodynamic temperature, and where 
k and h are Boltzmann’s constant, and Planck’s 
constant divided by 2x, respectively. When the per- 
turbed frequencies are expressed as 


w(t) = (9 [18 ote ea | 


wo'(s) — anP(s) 


the logarithm of the partition function can be expanded 
in the form, 


InQy =InQy°+InQy!+InQy"#4-++, (27) 


where 
S a 
InQy°=3N In(kT/h) 3D. D> InaP(s) (28) 
e=l1 tl 


is the logarithm of the vibrational partition function of 
the unperturbed “virtual crystal”, and where InQy'! 


and InQy" are the first and second-order perturbation 


% R. Courant and D. Hilbert, Methods of Mathematical Physics, 
(Interscience Publishers, Inc., New York, 1953), Vol. I, pp. 

6 J, E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley & Sons, Inc., New York, 1940), p. 240. 
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corrections: 


S «4 
InQr*=—42) DLort(, s)/oe(s)} (29) 


S| wi(s) — * wot(s) 


Substitution of Eq. (21) into Eq. (29) provides the 
first-order correction to the partition function in terms 
of the matrix elements of the perturbation treatment 


InQy!=—4 57S wv-*(s) F(t, 534, 8). 


e=1 t=1 





(31) 


The summation over ¢ in the above equation is the trace 
of the degenerate submatrix of the set s, and as such 
is invariant to the similarity transformation, Eq. (18). 
Hence, it may be replaced by the sum of the analogous 
matrix elements formed from the plane waves of the 


set. By regrouping the sums in Kq. (31), the first-order 
correction becomes 


3 ON 
InQy! = Ades, k) F(¢,k;¢,k). (32) 


Substitution of Eqs. (22) and (24) into Eq. (30) 
provides the second-order correction 


Indyt=—3> > {s[F $51, 8) 


ol t=] wo" (s) 


g, es oe (33) 

wipe wad 0" (S) [eno (s) — co? (s”) ] 
The “resonance denominator” of the second term of 
Eq. (33) may be removed as follows: the restriction on 
the s’ summation may be removed by including the 
factor (1—4,,-). Further, the second term will not be 
altered if the roles of s and s’ were interchanged in the 
development leading to Eq. (33). Adding one-half 


of these two versions then gives the following for this 
term: 


SS on SY F(n, 8’; t, 5) F(t, 53 0, 8’ 
eRe eG FAT ORO Lay is) 
ow t on woo? (5) wo? (s’) 

But now, the first term of Eq. (33) contains just those 
terms missing from Eq. (34) because of the factor 
(1—6,.). Combining these terms then yields the 
following simplified form for the second-order correc- 
tion 








S « 
InQv¥=49> Doav*(s)eo-*(s!) F(t, 53m, 8") Fm 85, 8). 
8,8/ tn (35) 
Here again, the ¢ and m summations are traces invariant 
to the transformation, Eq. (18), so that just as in the 
case of InQy!, we obtain 


3 oN 
InQvt=32, dwr*(f, k)co*(¢", k’) F(S, kk; ¢”, k’) 
XF(', kK’; g,K) (36) 
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in terms of the original plane wave matrix elements. 
The plane wave matrix elements are obtained from 
Eq. (25) by replacing the B/ with the A; of Eq. (12) 


N WN 
F(g, k; ri k’) =N")) ze exp[i(k—k’) -R;] 
Jif 


Xe(f, k) -Kyy--e(¢’, k’) {1—exp[ik’-Rj;-]}. (37) 


Thus, we have obtained the first- and second-order 
perturbation corrections to the logarithm of the vibra- 
tional partition function in terms of matrix elements 
composed of the original unperturbed plane waves, 
Eq. (12). By computing only the partition function 
we have been able to utilize the invariance property 
of traces of matrices. The degeneracy may therefore be 
ignored in computing the partition function, and, as 
shown in.S-K, the virtually impossible calculation of 
the coefficients, Eq. (18), can be avoided. 


EVALUATION OF PERTURBATION TERMS 


This section is devoted to the evaluation of the 
first- and second-order perturbation corrections to the 
vibrational partition function for the body-centered 
cubic lattice. Combining Eqs. (32) and (37) and using 
the definitions in Eq. (10), the first-order correction 
assumes the form 


N N WN 
InQy! = (2mN)7 0 D2 Dodi Rii-M-(k) Riv 
k 7 1] 


i 
X { (nin — m1") (cr2— ann) + (050; — 227) (12— 22) } 
X([i—exp(ik-Rj) ], (38) 
where we have defined the dyad 


3 

M"'(k) = els, k) e(5, k)wo*(f, k). (39) 
Before evaluating the first-order correction generally, 
it is instructive to examine Eq. (38) for a certain 
simple special case where the evaluation of InQy! proves 
to be quite straightforward. For this special case we 
assume that all like nearest-neighbor pairs have their 
intersite separation vectors, R;; uniformly distributed 
over the z possible directions. It then becomes possible 
to replace the products of the occupation variables 
with their mean values 


nin 20/Nz, — pp 2w/Nz, (40) 


where v and w are the total number of 1-1 and 2-2 
nearest-neighbor pairs, respectively, defined by 


v=4 > Asvnmy, 
FD 


wah Ddivrivy, (41) 
a 

and where Nz/2= )>;;A;; is the total number of all 
nearest-neighbor pairs in the lattice. Substitution of 
Eq. (40) into Eq. (38) permits the removal of 7 and 7’ 
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dependent terms from the braces of Eq. (38). The j’ 
summation may then be conveniently performed using 
the unperturbed equations of motion, Eq. (15), in the 
rearranged form, 


N 
mo rjive(f, k) “RyRy e(¢, k) [1—exp(ik- Rj) ] 


=we(f, K)ar. (42) 


By combining Eqs. (38), (40), and (42), the first-order 
correction reduces to 


InQy! = 


N N 3 
ND ~ Daw *{[(20/Ns) — «1? }(a12— an) 


+[(2w/Nsz) — Xa 2] (a12— ar22) a 


The remaining summations are elementary. yielding 
the following final result 


InQy! =3ar{ ([v/z) —$42N ](aw—an) 
+C(w/s)—4e2N aun) }. 


Although the preceding expression was obtained under 
rather special assumptions for illustrative purposes, 
this result will be found later to be generally valid. 

In evaluating the first-order correction, Eq. (38) 
for the general case we shall make use of important 
results obtained in S-K concerning the dyad M~(k). 
We shall not reproduce the entire argument here since 
it is presented in complete detail in S-K. The matrix 
inverse, 


M(k) or dels, k) e(f, k) w?(f, k) 


(43) 


is obtained from Eq. (15), use of Eq. (14), and replace- 
ment of the nearest-neighbor sum by the appropriate 
surface integral. M~'(k) is then obtained by matrix 
inversion in the form of a power series in | k |. Summa- 
tions over k are replaced by integrations in k-space 
over equal spherical volumes. The pertinent result 
from S-K, but with force constants appropriate to this 
problem, may be stated as follows: 


v-253M-(k) exp(ik-R) = (30m/aprz) {1X(R 
+(RR/R*)Y(R)}, (44) 


3 
X(R) =)0X,(R), 
i=0 


3 

=) Y.(R). (45) 
i=0 

The exact forms of the X; and Y; for the body-centered 


cubic lattice are given in the Appendix (these had to 
be computed explicitly since the results in S-K pertain 
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specifically to the face-centered cubic lattice alone). 
Applying the result indicated in Eq. (44) to Eq. (38), 
the first-order correction to the partition function 
becomes 


N 
InQy! = (30/arz) edd Riy 
ji! 


{1X (Ry) + (Rip Ryir/Rix*) ¥ (Ris) } 

Ris{ (ngnie— a2) (an2— an) + (050; — 22") (axi2— av2e) }.(46) 
Summation over j and j’ and use of Eq. (41) yields 
InQy! =ar{[ (v/s) —$a2N ](a12—an) 

+[(w/s) — }x2N ](o12— a2) } 
30{X(0)—X(1)+¥(0)—¥(1)}. (47) 


Using the definitions in Eq. (45) and in Eqs. (A1) 
through (A4), numerical computation gives 


X(0) =0.167743, 
Y (0) =0.000000, 


X (1) =0.044357, 


Y (1) =0.023876. (48) 
Substitution of Eq. (48) into Eq. (47) yields as a 
final result a form for InQy! entirely similar to that of 
Eq. (43), but differing by the numerical factor 2.9853/ 
3. From this we may conclude that Eq. (43) is also 
generally valid, and that the result of S-K, Eq. (44) is 
essentially correct in the context of the order-disorder 
problem as well. 

The second-order correction term will now be con- 
sidered. It will be found to depend on the interaction 
of pairs of atoms whether nearest neighbors or not. 
Combining Eqs. (36) and (37), and using the defini- 
tions in Eq. (9), the second-order term, after some alge- 
braic manipulation, can be acacia as: 


N R 
InQy!t = (4m?) > LF bu - 
jit Wsikk? 
RyiRi 


- VM-"(k) [exp(ik- Ri) —exp(tk’- Ra 
ii” 


Ry}: 


-NIM-1(k’) [exp (ik-Ry) —exp (ik -Riy) 5", (49) 
w 
where we have defined the matrix 


Bij =Vjz { (nny — x) (axe— an) 


+ (pjpy — 2X2) (a1z—a22)}. (50) 
It is clear from Eq. (50) that only j—j’ and J—/’ must 
be nearest-neighbor pairs in Eq. (49): higher-order 
neighbor pairs of other combinations of j, 7’, / and /’ 
are not excluded by Aj; and Aw. Employing Eq. (44) 
again for the k and k’ summations in Eq. (49) we 
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obtain: 


Rw 
InQv™ > oyun 


ar w 


“4x ( Ry) —X (Ry) J 


R,Ry 
Ri? 


<A RyRy 


ii” 


+ RuRy y(p,)- Rey (Rw)|- 


“ee 


{ILX (Ri) - X(Ry) HY (Ra) 


(51) 
lj’ 
which shall be evaluated for several cases of interest. 
First we consider the case of self-interaction. This 
arises from those terms in Eq. (51) for which 7’ and /’ 
pertain to the same atom. Neglecting the occupation 
variables and atom fractions in the factors ®, it is pos- 
sible to evaluate these terms from Eq. (51) using the 
crystal geometry and the entries in Table I of the 
Appendix, with the result 
InQy! (self) = 5°0.3574/ar'z. 


yu 


The numerical constant actually obtained is 0.3539 
which we have increased by the factor (3/2.985)? in 
view of the behavior of the k summation, Eq. (44), 
in the evaluation of InQy!. 

In considering the self-interaction terms of Eq. (51) 
without the neglect of the @ factors, some members of 
the 64 terms of InQy'(self) will vanish. The vanishing 
terms will depend not only on the degree of local order, 
but also on the orientation of the various types of 
nearest-neighbor pairs about the particular site, 
j=l being considered. It has been shown in S-K, 
however, that the orientation effect is small. Thus, it is 
permissible to assume that the value of the terms in 
question will decrease linearly with the number of 
vanishing terms (this is the principle of “linear de- 
crease” described and applied in S-K). The general 
self-interaction term can then be evaluated to yield the 
following final result: 


InQy™ (self) = (0.3574/ar?) 
x (a12— an) ioe 


2(v+w) 
z 


~ Nx —m ( 20/z) x? + a] 


+ (a2— ar22) | — Nx— (2w/s) t+ Nae| 


+ (a12— 11) (a12— 22) [2N 22x? 
— (29/2)3¢—(2u/s)a83}. (52) 
The next case of interest is that for which 7’ and /’ 


are nearest-neighbor sites in Eq. (51). With neglect 
of the @ factors we find by the use of crystal geometry 
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and the entries in Table I of the Appendix that this 
term compares with the self-interaction term in the 
ratio 0.0421/0.3574. Use of the “linear decrease” 
principle of S-K in the evaluation of these terms 
without neglect of the factors provides the following 
result for the nearest-neighbor contribution: 


InQy™! ( nn) = (0.0421/ax?) (aw— a)? 


X [LN xt— 2x2 (0/2) + (20/N2*x) (20+ 2w— Naxe) ] 


+ (a12— an) LN x24 — 2x2? (w/z) 
+ (2w/N 2x2) (20-+-2w— N2x1) | 


+(an— ati) (a12— 22) |2vaen2— 2x;?(w/z) 5 2x2? (v/z) 


Hi Salt 


Further terms in Eq. (51) arising from interactions 
between higher-order neighbor pairs will not be con- 
sidered here. Neglect of these contributions should not 
produce too large an error in view of the asymptotic 
behavior derived in S-K (contributions from distant 
pairs are found to fall off with their separation as R). 
Actually, we shall not even include the nearest-neigh- 
bor contribution in the remaining statistical mechanics, 
taking Eqs. (43) and (52) to be the entire corrections 
to the vibrational partition function. The nearest- 
neighbor contribution, unlike Eqs. (43) and (52), 
contains terms which are nonlinear in the order param- 
eters v and w. Such terms cannot be conveniently 
incorporated into the combinatorial portion of the 
alloy problem. The simplicity obtained through their 
neglect, however, certainly outweighs any errors that 
may be introduced. Indeed, we estimate that the neglect 
of the terms in Eq. (53) introduces an error of only 
about 3 to 4% in the important parameter @ to be de- 
fined later. 

As mentioned in an earlier section, two kinds of 
perturbations act to correct the logarithm of the vibra- 
tional partition function. The separate contributions 
may be distinguished by examining the correction terms, 
Eqs. (43), (52) and (53) in the limit of disappearing 
short-range order v—>}N2x;?,w—}N2x;?. Examination 
of Eq. (43) shows that the first-order correction to the 
partition function vanishes in this limit. This term 
therefore contains contributions only from the second 
kind of perturbation (that representing the introduc- 
tion of finite short-range order). Thus, to within the 
first order of perturbation theory, the vibrational 
partition functions of the random alloy and the virtual 
crystal are identical. Passing to the limit of complete 
randomness in Eqs. (52) and (53) we find the follow- 
ing nonvanishing contributions to the second-order 
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corrections: 
InQy™ (self) =0.3574an-2N (21— a2) 
X La (e12— an)? %2(a12— a2)" ], 
InQv™ (nn) =0.04210n-*N (%1—22) [x?(a2—on)? 
— X3°(a12— ave)? (x2— 1) (ar12— a1) (12— 22) J. 


These expressions represent the first appearance of 
perturbation terms of the first kind correcting the 
virtual crystal approximation of the random alloy. 
There will be no need to consider these terms further, 
however. Since they are constants independent of the 
short-range order parameters they cannot influence the 
ordering contributions to the thermodynamic functions. 
A case of very special interest is the lattice composed 
of equal numbers of atoms of types 1 and 2. For the 
equiatomic composition x;=x2.=4, and »=w. Further- 
more, it becomes possible to use the single traditional 
short-range order parameter* p 
p= (2/Nz) 2D dina’, (54) 
> Se 
so that from Eq. (41), p=40/Nz=4w/Nsz. The short- 
range order parameter is thereby equal to zero when 
the lattice is perfectly ordered, and equal to 4 when 
the lattice is disordered. The perturbation corrections 
for the equiatomic lattice may be expressed most simply 
in terms of p 


InQy! =1.5N(4—p)aoap™, 
InQv™ =0.3574N ($—p) (Ja?—a)ap~*, (55) 


where ap is the average force constant for the equi- 
atomic virtual crystal, 


ap=}(anut+a2+2a), 


and where we have also defined 


(56) 


a= 3 (an+a2— 2a2) ’ 
(57) 


a,? - (a12—an)?+ (@12— a2)”. 


Collecting results, Eqs. (27) and (55), the vibrational 
partition function for an equiatomic binary lattice in a 
state of short-range order p can be written as 


Qv(p) =Qv® exp[3N2(3—p) 6], 
6= (2/z) {1.Sapap?+0.3574(4aPe—a,?) ap}. 


(58) 
(59) 


The parameter 6 depends only on the force constants 
a1, and is a valid expression only for the body-centered 
cubic lattice with atoms of approximately equal masses. 
When the lattice is disordered, p>}, and all perturba- 
tion terms vanish leaving Qy =Qy*. When an =ax2=ar 
the perturbations also vanish; if the force constants are 
all the same the lattice vibrational spectrum cannot 
be influenced by varying degrees of short-range order. 
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ORDER-DISORDER THEORY 


In this section the theory of the order-disorder trans- 
formation will be reformulated to include the lattice 
vibrational terms computed in the previous sections. 
The particular version of the theory to be examined is 
that of Bethe and Kirkwood as described in B-K.”-% 

The static configurational partition function for an 
equiatomic binary lattice in a state of short-range order 
p has been shown‘ to have the form 


Qe(p) =Q.° exp[3N2(4—p) V/kT], 


where Q/° is the corresponding function for a disordered 
lattice (p=}), and where V is the following combina- 
tion of the minimum interatomic potentials of Eq. (2) 


V=}(VutV2—2V 2). (61) 


The complete partition function for the lattice in a state 
of order p is then the product of Eqs. (58) and (60). 
It is found more convenient, however, to examine the 
statistical thermodynamics of the transformation in 
terms of the long-range order parameter s=2x,4—2%,?, 
where x,4 and 2;* are the fractions of type 1 atoms 
located at the corner and center sites, respectively, 
of our body-centered cubic lattice. The parameter s 
ranges in value from zero to +1. The complete parti- 
tion function for the lattice in the state of long-range 
order s is 


(60) 


Q(s) = 00-(p) Ov(p), 
Q(s) =0..0" >, exp{4N2(4—p)[0+(V/kT)]}, (62) 


where the summation extends over all values of p 
consistent with a given value of s. 

The exact solution of the combinatory problem 
implied in Eq. (62) has not yet been obtained. Several 
methods of approximation have been derived for the 
evaluation of (62) for @=0, however.'** It will be 
found possible to utilize any one of the “static” approxi- 
mations of the type developed in references 3-5, 
and in B-K for the case of finite @ after a suitable re- 
definition of the quantities appearing in Eq. (62). We 
define a new potential function, 


V=V+kT70 (63) 


equal to the former V plus an apparent temperature 
dependent potential k7@. Substituting in Eq. (62), 


Q(s) =Q.0v">. exp[4N2(4—p)V/kT], (64) 


where the partition function now has the same form as 
previously considered in the static theories. Thus, 
through the definition, Eq. (63), the perturbation 
corrections for the lattice vibrations may be formally 
regarded as part of the static configurational partition 
function. The static theories for the statistical thermo- 
dynamics may then be used, but now implicitly in- 
cluding the lattice vibrational effects because of the 
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dependence of V on 0. This does not mean to say, how- 
ever, that such an incorporation of the vibrational 
effects into the configurational problem will always be 
possible or valid. The procedure described here is 
possible only because of the approximations adopted 
both in computing InQy and in deriving the theory in 
B-K. The present treatment would require considerable 
further development if one were to attempt a more 
complete analysis of the general vibrational-configura- 
tional interaction. In order to treat the lattice vibra- 
tions within the framework of the methods of Kurata 
et al.,6 and Hijmans and DeBoer,’ for instance, one 
would have to make at least the following improvements 
in the perturbation calculation: abandon the “linear 
decrease” principle in S-K and take account of the 
orientation of like- neighbor pairs in the summations; 
define short-range order parameters for triplets and 
higher multiplets of atoms to account for the orientation 
effects; compute terms in Eq. (51) arising from pairs 
more distance than nearest neighbors. Improvements 
such as these are of doubtful value in the alloy problem, 
however; errors introduced by the model itself are far 
more significant. 

Apart from the constant factors outside the p sum- 
mation, the partition function Q(s) reduces to the total 
number of configurations consistent with the specified 
s for vanishing a, 

a=V/kT. (65) 


Hence, a function G(a, s?), vanishing for vanishing a, 
may be defined by 


O(s) =[A(1+s) H¥OT4 (1-9) vo 
-exp[NsG(a,s*)], (66) 


where the form of G(a, s*) will be different for the differ- 
ent approximations to the combinatory problem, 
Eqs. (62) or (64). For the approximation reported in 


G(a, 8°) =Go(a) +3°Gi (a) +54G2(a) +++, 
_ Gola) = In3[1+ exp(—a) ], 
Gi(a) =3[1— exp(—a) ], 
Go(a) = (1/24) (1—§ exp(—a) +} exp(—3a)]. (67) 


The corresponding Helmholtz free energy equal to 
—kT \nQ is expressed as follows: 


— A/NkT=2G(a, s*) —3(1+5) In}(1+s) 
—}(1—s) Ind(1—s). 


The equilibrium value of the long-range order s is 
found by minimization of A with respect to s at con- 
stant temperature. Differentiation with respect to s 
provides the following transcendental equation which 


(68) 
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determines s as a function of a or of the temperature: 
(0A/ds) .=0, (69) 
In{(1-+s)/(1—s) ]=42s[dG(a, s*)/ds*].. (70) 


For a phase change of the second order Eq. (70) has no 
real solutions other than s=0 for values of a less than 
a certain critical value a, satisfying the equation 


22G, (ae) =1. (71) 


For values of a>a,, there exist two nonvanishing real 
solutions, +s, yielding a unique equilibrium value of 
s*. Combining Eqs. (67) and (71), 


a,= In[z/(z—2) ]. (72) 


For the body-centered cubic lattice z=8 and a,= 
0.288. Equations (53), (65), and (72) then give 


T.=V/k(a-—0) = V/k(0.288—6) (73) 


for the theoretical critical temperature above which 
all the long-range order disappears (s=0). When @ 
is set equal to zero in Eq. (73) the former “static” 
result is regained. 

Along with the prediction of the critical temperature 
the theory also attempts to predict the magnitude of 
the heat capacity discontinuity at the critical tempera- 
ture. The internal energy is obtained from Eq. (68) 
by differentiation with respect to temperature 


where the differentiation with respect to T proceeds as 
follows: 


(0/0T) ,= (da/dT) (8/da) + (ds/dT) (8/05) a, (74) 


since A/T is an explicit function of a and s. Performing 
the indicated differentiations and utilizing Eqs. (63), 
(65), and (69), 


=— R(a—6) T2(3G/aa)., (75) 


where R=Nk is the universal gas constant. The heat 
capacity at constant volume is given by C,=(0E/0T) >». 
Performing the differentiation of Eq. (75) with the aid 
of Eq. (74), and using Eq. (70) to determine ds/dT, 
the following is obtained after suitable algebraic 
manipulation: 





re Ra O4( 2S) + a am 
(76) 


Equation (76) is found to be discontinuous at a=a,, 
s=0. Taking the limit of C, as s—0 from both above 
and below the critical temperature and subtracting we 
obtain the theoretical heat capacity discontinuity 


_6R[s(a.—8) (dGi/der) mae P 


Ais 1—122G2(a-) 


(77) 
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Again, the static result reported in B-K: may be re- 
gained by setting @=0 in the above equation. This 
property may be utilized to recast the above equation 
into the following simple and interesting form: 


AC.=(ae—8)%a[ACrJuatin (78) 


where the quantity in brackets is the theoretical result 
obtained in the static approximation (@=0). For z=8 
the static theory in B-K gives [AC, ]statie=1.70R, so 
that combining with Eq. (72) and (78), 


AC, =1.70R(1—3.476)?. (79) 


Equations (73), (75), and (78) show that the quali- 
tative effects of the lattice vibrations on the transforma- 
tion depend on the sign of the parameter 6. If @ is 
positive, T, will be raised and AC, will be depressed 
while if @ is negative T, will be lowered and AC, in- 
creased. The energy of the transformation, however, is 
independent of the lattice vibrations; setting T= T., 
a=a, in Eq. (75) and using Eq. (73) it can be seen 
that the energy of transformation, E(T,)—E(0) is 
independent of @. 


COMPARISON WITH EXPERIMENT: 6-BRASS 


The 8 phase of brass satisfies most of the requirements 
imposed by the simplifications introduced into the 
theory. The composition of this phase is very nearly 
50-50 in copper and zinc, and the body-centered cubic 
structure is exhibited. Moreover, the masses of copper 
and zinc atoms are almost equal, the mass ratio being 
63.54/65.38=0.972. We shall therefore undertake the 
approximate computation of the parameter @ for this 
system for the purpose of comparing the experimental 
and theoretical results. 

Reasonable estimates of the Hooke’s law force con- 
stants, am: can be obtained from the appropriate 
macroscopic elastic constants through the use of re- 
lations derived by de Launay."” Adopting a simplified 
model for the cubic metallic elements, and utilizing the 
Born-von Karman lattice dynamics, de Launay has 
shown that 

a=ydCu, 


(80) 


where a is the desired force constant, cy is the indicated 
elastic constant, and a is the lattice parameter; y is a 
constant, $ for the body-centered cubic lattice and 1 for 
the face-centered cubic lattice. 

Computation of ay from data on copper: The elastic 
constant, ¢4 at room temperature has the value'® 
7.56X10" d/cm*. The lattice constant of the face- 
centered cubic unit cell is 3.615 A. Use of Eq. (80) 
with y=1 yields ay =2.73X 10 d/cm. 

Computation of ay. from room temperature data on 
8-brass: Since 6-brass is essentially all ordered at room 

7 J. de Launay, J. Chem. Phys. 21, 1975 (1953). 

8D. Lazarus, Phys. Rev. 76, 545 (1949). 


1? American Institute of Physics Handbook (McGraw-Hill 
Book Company, Inc., New York, 1957), p. 2-48. 
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temperature all the nearest-neighbor pairs are Cu-Zn 
or 1-2 pairs. Thus the macroscopic cu is a measure of 
a (since the masses are nearly the same we assume 
that de Launay’s formula holds for this case also). 
The elastic constant cy for B-brass at 25°C has the 
value” 7.4410" d/cm*. The lattice constant of the 
body-centered cubic unit cell is*! 2.948 A. Use of Eq. 
(80) with y=$ yields a»=3.29X 10+ d/cm. 
Computation of a2: The computation of az: is not as 
straightforward as that for the previous two force 
constants. In order to obtain a reliable estimate of az 
we have used two independent sets of elastic constant 
data: (i) that for Zn at room temperature and (ii) 
that for disordered §-brass. (i) : Since Zn crystallizes in 
the hexagonal close packed structure the formula of 
de Launay, [Eq. (80) ] need not be correct in this 
case. Since both the hcp and fec lattices have s=12, 
however, we shall assume that Eq. (80) is at least 
approximately correct for Zn. The elastic constant 
cu for Zn has the value” 3.7810" d/cm?* while the 
a parameter is® 2.659 A. Use of Eq. (80) with y=1 
yields az = 1.00 104 d/cm. (ii) : At temperatures higher 
than 7,, B-brass is completely disordered so that a cu 
determined in this range should be a measure of the 
average force constant ap, Eq. (56). The lattice con- 
stant of B-brass at high temperatures has not been 
measured; we shall assume that it has increased only 
about 1% from room temperature having a value of 
2.97 A. Artman® has measured the elastic moduli, 
Ex of B-brass as a function of temperature through 
the entire transformation, but unfortunately these do 
not alone determine the desired elastic constants. 
Good,® on the other hand, measured the elastic con- 
stants directly over the same temperature range. Good’s 
data, however, is not in agreement with that of Artman 
and Thompson” at lower temperatures. In fact, it 
appears as if Good’s results are off by simple scale 
factors. On the assumption that this is so, we have 
computed the scale factors from the two sets of low- 
temperature data and used them to correct Good’s 
results at 506°C. Good’s direct observations for the 
elastic coefficients su, si: and su are 5,06, —1.99, 
and 0.739X10-" cm?/d, respectively. The corrected 
values are 5.35, —2.48, and 1.72X10-" cm*/d, re- 
spectively. To check the correctness of these coefficients 
we have computed the elastic moduli from them and 
compared these with Artman’s observations. The com- 
puted Evo", Exo", and Ey, are 5.35, 1.86 and 
0.700 10" cm*/d, respectively, while the observed’ 
values are 5.270, 1.864, and 0.72910" cm?/d, re- 


( ”R. A. Artman and D. O. Thompson, J. Appl. Phys. 23, 470 
1952). 
21 F, W. Jones and C. Sykes, Proc. Roy. Soc. (London) A161, 
440 (1937). 

2 Footnote reference 19, p. 3-82. 

%3 Footnote reference 19, p. 2-52. 

oar required formulas may be found in footnote reference 20, 
p. 472. 





LATTICE VIBRATIONS AND DISORDER TRANSFORMATIONS 


spectively. The agreement here is rather good so that we 
may confidently use the corrected value of 1.7210" 
cm?/d for the su of disordered §-brass. The desired cu 
equal to su“ is then 5.8110" d/cm*. Using Eq. (80) 
with y=% yields ap=2.59X10* d/cm. Substituting 
the computed values of au, az and ap in Eq. (56) 
yields a2=1.05X10' d/cm in close agreement with 
that computed in (i). 

Equations (56), (57), and (59) provide the formulas 
for computing the parameter @ from the force con- 
stants. Using the values for a1, and a». computed be- 
fore and the value of as computed in (i) we obtain 
6= (2/z) (—0.826—0.243) = —0.267. Using the value 
of a2 computed in (ii) we obtain = (2/z)(—0.811— 
0.231) =—0.260. Not only do the two values of 6 
agree, but the first- and second-order contributions 
separately are found to be ia close correspondence. Note 
also that the second-order terms contribute only about 
a fourth of the total effect; the convergence of our 
perturbation series is therefore demonstrated to be 
quite good. For the purpose of computing the thermo- 
dynamic properties we shall use the value, 6= —0.26. 

Substitution into Eq. (73) gives the theoretical 
critical temperature: 

T,=1.82V/k. (81) 
The critical temperature is thus reduced to approxi- 
mately a half of that predicted by the static theory. It is 
not possible to compare Eq. (81) with experiment, 
however, as unambiguous values of V are unobtainable 
at present. 

Substitution of the computed value of 6 into Eq. (79) 
yields the predicted heat-capacity discontinuity 


AC, =1.70R(3.62) =6.1R. (82) 
Thus the lattice vibrations increase the heat capacity 
discontinuity by a factor of about three and a half. 
In the theory of Booth and Rowlinson,” the heat 
capacity discontinuity is also increased but only to a 
value of 2.6R. The experimentally determined™® value 
for C, is about 5R. The agreement between theory and 
experiment now appears to be quite satisfactory. The 
greater increase in AC, obtained in this research over 
that computed by Booth and Rowlinson is most cer- 
tainly due to our more realistic treatment of the lattice 
vibrational effects through use of the Born-von Karman 
model. . 

A more stringent test of the theory consists of a 
comparison of the entire course of theoretical and 
experimental heat capacity curves. Substitution of the 
numerical solutions of Eq. (70) into Eqs. (67) and (76) 
provides the theoretical heat capacity curves for both 
6=0 and @=—0.26. These results, along with the 


% C, Sykes and H. Wilkinson, J. Inst. Metals 61, 223 (1937). 


1309 

















0s 06 a7 a8 09 
T/T. 

Fic. 1. Theoretical and experimental heat capacity curves for 

8-brass (CuZn). The solid line is the experimental C, of footnote 


reference 25. The dotted line is theoretical, 6=0, while the dashed 
line represents the results of the present calculation, @= —0.26. 


experimental” curve, are plotted in Fig. 1 as functions 
of the reduced temperature T/T,. The solid line is the 
experimental C, curve of Sykes and Wilkinson,” 
the dotted line is the result without lattice vibrations 
(theory in B-K, @=0), and the dashed line represents 
the present results with lattice vibrations included, 
6=—0.26. The results in Fig. 1 demonstrate that a 
significant improvement has been obtained through the 
addition of the lattice vibrational contribution. The 
lattice vibrational effects raise the heat capacity in the 
regions immediately above and below 7, while lowering 
it at the low-temperature end. The general shape of the 
theoretical curve has also been brought into closer 
correspondence with experiment. The thermal anomaly 
is still too broad, however, producing too large an 
increment in the entropy of the ordering process. 
On combining Eqs. (68), (72), and (75), the entropy 
change on ordering, S(7.)—.S(0), is calculated to be 
1.1R. The experimental value* is 0.51R or only about 
half this amount. 


APPENDIX 


The functions X; and Y; for the body-centered cubic 
lattice are given as follows: 


Xo( R) =[2Si(yR) +ji(vR) //R, 
X,(R) =[10.71429),(yR) —4.76190{ Si(vR) 

—sin(vR) }/?R°/10%R, 
X2(R) = (v/10'R) [11.36937;:(vR) — 7.05468js(»R) J, 
X3(R) = (8/10°R) [13.1468):(vR) —6.74496j;(vR) 


+1,92714js(vR)], (At) 
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Yo( R) =[Si(vR) —3j:(vR) /*R, 


Y,(R) =[14.28570{ Si(vR) —sin(vR) } /?-R? 


—4.76190j;(vR) ], 
¥2(R) =(v/10°R) [—1.57470j;(»R) J, 
Y3(R) =(#/10°R) [—21.49968j5(vR) 


+6.14277j5(vR) J, (A2) 
where the 7 are the so-called spherical Bessel functions 
and the Si are the usual sine integral functions, and 
where we have defined 

v= (6Ar’)!, (A3) 
A being the volume of the primitive cell in reciprocal 
space (#v3 for the bcc lattice). A convenient tabulation 
of the 7 may be found in Table of Spherical Bessel 
Functions (Columbia University Press, New York, 
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1947). For R=0 the preceding functions reduce to: 
Xo(0) = 2.333330, 
X,(0) =3.04233X10-, 
X2(0) =3.78978 X 10~v*, 
X;(0) =4.47156X 10-4, 
Y (0) =0, 


(i=0, 1, 2, 3). (A4) 


TaBLe I. Values of X(R) and Y(R) for the body-centered cubic 
lattice. 





R X(R) ¥(R) 





0 0.167743 
1 0.044357 
2(1/3)! 0.030482 
2(2/3)8 0.020242 
2 

(11/3)! 


0.023158 
(19/3)4 
3 


0.000000 
0.023876 
0.023801 
0.015015 
0.008884 
0.009836 
0.008179 
0.007951 


0.022905 
0.016768 
0.012009 
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Measurements from 1 to 100 atm have been made at one or more temperatures between —30° and 70°C 
by a special transformer ratio arm bridge operating at 10 kc; derived values of the Clausius-Mossotti func- 
tion are of sufficient precision (0.1%) to justify comparison with theoretical pair fluctuation, polarizability 
and multipole moment interaction effects at higher densities. Helium shows a decrease of 0.3% and argon an 
increase of 0.1% in C-M at 100 atm, while nitrogen and methane show somewhat larger positive effects, es- 
pecially at lower temperatures. A decreased effective polarizability of atom pairs at small distances is dis- 
cussed as a possible explanation of the data for helium and argon, while the effect in nitrogen is consistent 
with quadrupole-induced dipole moments of pairs. A theory of octupole-induced dipole interactions is shown 
to be capable of explaining the methane results with plausible estimated values of the octupole moment. 





HE dielectric constants of imperfect gases are de- 

termined by both the properties of the isolated 
molecules and the effects of molecular interactions. At 
relatively low densities, the variations of dielectric 
constant with density should be calculable from theories 
which take account only of pair interactions. The classic 
calculation by Lorentz! of the average field at a mole- 
cule due to identically polarized neighbors in a structure 
of cubic symmetry leads to the Clausius-Mossotti ex- 
pression for nonpolar molecules that 


C-M= (e—1)/(e+2)n/V=44Noa/3, 


1H. A. Lorentz, The Theory of Electrons (Dover Publications, 
Inc., New York, 1952). 


where ¢ is the dielectric constant, n/V the molar density, 
No is Avogadro’s number, and a@ the polarizability of 
the isolated molecule, assumed to be independent of 
interactions with neighbors. 

One of Kirkwood’s first theoretical contributions’ 
was his calculation of the effect of fluctuating molecular 
fields for a pair of molecules, with the result that a small 
increase of C-M proportional to density is predicted. 
His assumption that the amount induced in a molecule 
by the field of a neighbor could be represented by a 
constant polarizability was modified by Jansen and 
Mazur’s perturbation calculation’ of the moments of 


2 J. G. Kirkwood, J. Chem. Phys. 4, 592 (1936). 
3 L. Jansen and P. Mazur, Physica 21, 193 (1955). 
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a pair of interacting molecules in an external field: This 
treatment predicts a further increase of C-M with 
density; the estimated magnitude for atoms and simple 
molecules is comparable with the Kirkwood-Yvon 
translational fluctuation effect. Still another kind of 
contribution for molecules can result from the moments 
induced by permanent multipole moments of a-neigh- 
bor, which have a net effect when an external field 
makes orientations of low energy favorable. Zwanzig,‘ 
Buckingham and Pople,’ and Jansen*® have made calcu- 
lations for quadrupole moments, and a similar octupole 
treatment for tetrahedral molecules such as methane 
is presented in the discussion section of this paper. 

If the multipole effect can be distinguished and used 
to estimate higher multipole moments with any degree 
of accuracy, one has a means of obtaining a useful index 
of electron distribution in nonpolar molecules. Thus, 
studying dielectric constant variations with density 
offers possibilities in this direction, as well as in testing 
the present theories of the other interaction effects. 

The experimental problem is difficult because di- 
electric constants of simple gases in the theoretically 
tractable pair density range differ from unity by 
amounts ranging from 100 parts per million to 1% at 
most, and these differences must be determined with 
considerable accuracy if any reliable conclusions are to 
be drawn about the interaction effects. 

One of the earliest experimental studies was by Kirk- 
wood in collaboration with Keyes and Uhlig’; these re- 
vealed definite changes with density of the Clausius- 
Mossotti function for several nonpolar gases. A 
considerable number of subsequent investigations have 
been adequate to show a significant decrease of C-M 
with density at pressures above 100 atm and approxi- 
mate constancy or small positive deviations in the range 
1 to 100 atm. In most of these studies, however, ran- 
dom and systematic errors have been too large at the 
lowest densities to permit satisfactory estimates of the 
theoretically interesting ‘dielectric second virial” 
coefficient B in the equation 

C-M=A+B(n/V). (1) 
Results of different investigators have, moreover, often 
been in rather poor agreement as to the values both of 
B and of A=4rNoa/3, the isolated molecule contribu- 
tion to C-M. The present work was undertaken to 
determine values of sufficiently improved accuracy at 
pressures below 100 atm to justify comparison with the 
various interaction theories. In this report, a new 


method and results for helium, argon, nitrogen, and 


methane are presented. 


(0 i) W. Zwanzig, J. Chem. Phys. 25, 211 (1956); 27, 821 

SA, D. Buckingham and J. A. Pople, Trans. Faraday Soc. 51, 
1029 (1957). j . 2 

6 L. Jansen, Phys. Rev. 112, 434 (1958). 

7H. H. Uhlig, J. G. Kirkwood, and F. G. Keyes, J. Chem. Phys. 
1, 155 (1933). 


Fic. 1. Schematic draw- 
ing of capacitor cell. Only 
one of three support rods 
for each plate stack is 
shown. Details of electrical 
shielding and pressure fit- 
tings omitted. 


I. EXPERIMENTAL METHODS 


Dielectric constants were measured by a transformer 
bridge method,’ in which the capacitance difference be- 
tween two identically constructed capacitors, one con- 
taining the gas and the other evacuated, was balanced 
by calibrated variable capacitances or capacitance net- 


‘works. By the use of closely coupled transformer wind- 


ings as ratio arms, only direct capacitances between 
ungrounded electrodes of the cells are measured, as 
effects from shielded lead or other capacitances to 
ground are eliminated to a very high degree of approxi- 
mation by the guard circuit action such ratio arms pro- 
vide. Variations in such residual capacitances with 
pressure have probably caused much of the random and 
systematic deviations in resonance substitution methods 
used in several of the earlier investigations. 

The sample and reference cells contained parallel 
plate capacitors of construction patterned after stand- 
ard air capacitor designs and shown schematically in 
Fig. 1. Their mounting in the pressure vessels was de- 
signed to ensure that the parts determining the meas- 
ured direct capacitances were subjected to hydrostatic 
pressure with a minimum of distortion from pressure- 
induced stresses elsewhere. A variety of tests with 
modifications of the lead connections and internal 
shielding gave no indications of any measurable errors 
from such effects. The cells were constructed of stain- 
less steel with quartz insulation except for Teflon and 
soapstone washers in the pressure seals for the connect- 
ing leads; their vacuum capacitances were 80.5 pf and 
were matched to 0.05 pf. 

The bridge circuit for measuring the differences is 
shown in Fig. 2. The generator, ratio arms, and phase 
sensitive detector circuits were all contained in a special 
General Radio type 1605—-AS3 impedance comparator, 
modified by the manufacturer to give ten times higher 
sensitivity than the standard model. An external in- 
dicating meter (Doelcam “Magnetik” Null indicator) 


8R. H. Cole and P. M. Gross, Jr., Rev. Sci. Instr. 20, 252 
(1949). 
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Fic. 2. Bridge circuits to measure cell capacitance differences. 
Original circuit at left. Volt-ge divider circuit (a) replaced capaci- 
tors Ci, C2, Cs, Cm in later experiments. 


with minor circuit changes further increased the usable 
sensitivity to one scale division for a capacitance dif- 
ference of two parts per million. 

In most of the experiments, the capacitance network 
C,C.C, of Fig. 2 was used to balance capacitance dif- 
ferences, C,; and C; being variable 20-70 pf air capaci- 
tors driven in opposition and C, any one of three fixed 
standards adjusted to give full scale ranges of 0.5, 5, 
and 50 pf. The nearly linear variation of C; and C2 to 
cover these ranges was indicated by a 500-division dial, 
readable to 0.1 division, which was calibrated by itera- 
tion. For helium, variable capacitors C,, were used in 
which a grounded micrometer head between two fixed 
parallel electrodes varied the direct capacitance be- 
tween them; the linear range of 0.08 pf was covered in 
400 divisions readable to 0.1 division. In later experi- 
ments on argon and methane, the network of Fig. 2(a) 
was used in which R; is a 500-ohm precision 10-turn air- 
core potentiometer (Helipot type 7703) readable and 
linear to 0.02% of full scale. The variable voltage at 
the tap then supplies a variable capacitative current 
to the detector through capacitor C, (0.05, 0.5, 5, or 50 
pf). For these values at the 10-kc operation frequency, 
inductive and resistive phase errors are negligibly small 
and with the phase sensitive detector used need not be 
balanced. Resistor R: is a dummy 500-ohm load across 
the other ratio arm as a precaution to minimize small 
errors from unbalanced loads. Estimated reading and 
calibration errors give a 0.07% standard deviation of 
the Clausius-Mossotti function calculated from a single 
reading. 

Gas densities were determined from pressure measure- 
ments and PVT data. Pressures above 30 atm were 
measured by a Budenberg dead weight gauge supplied 
with piston and weights certified to 0.03%, which was 
connected to the gasfapparatus by a mercury separator. 
A correction of 0.08% {converted the indicated pressures 
to standard atmospheres. Pressures below 2 atm were 
measured by a conventional mercury manometer and 
cathetometer. Two procedures were used for series of 
measurements at different densities. The first, of taking 


readings at directly measured pressures starting with the 
initial highest available pressure, had the disadvantage 
of increaSed errors from dead weight gauge insensitivity 
in the 2- to 40-atm range. The second procedure was 
to use the Burnett expansion method, in which the 
initial high-pressure gas was repeatedly expanded into 
a smaller previously evacuated vessel thus producing 
the same fractional density decrease (25%) at each 
expansion. Initial high and final low pressures were 
determined and the corresponding densities computed 
from PVT data: from these data all the intermediate 
densities could then be calculated. 

Expansion ratios obtained in this way were very 
consistent: for example, density ratios, after ten ex- 
pansions of nitrogen, argon, and methane at —30°C 
agreed to 0.03%. Various comparisons showed no sig- 
nificant differences in results from the two methods 
when sufficient care was taken to ensure thermal equi- 
librium and freedom from contamination. A number of 
further spot measurements were made to test repro- 
ducibility. The capacitor cells and expansion vessel 
were mounted in a liquid thermostat bath controlled 
to 0.1°C or better. Temperatures near —30°C were 
produced by a conventional refrigeration unit. 

The helium used was obtained from the U. S. Navy, 
argon from Air Reduction Company, and nitrogen and 
helium from Matheson. Stated impurities of the helium 
and argon, used without further purification, were less 
than 0.2 and 0.4%, principally nitrogen. The nitrogen 
used was the prepurified grade; measurements with oil- 
pumped nitrogen were less reproducible and are not 
reported. The C.P. methane was dried by passage 
through a high pressure line in a dry ice trap before 
being admitted to the cell. 
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Frc. 3. Clausius-Mossotti function (cm*/mole) for helium and 


argon vs density (moles/liter). Results of different runs in- 
dicated by open and filled circles. 
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II. RESULTS 


Values of the Clausius-Mossotti function in cm*/mole 
calculated from the dielectric constant density data are 
plotted against density in moles/liter in Figs. 3-5. 
The plots for the four gases and different temperatures 
suggest what more detailed analysis shows, that there 
is in no case evidence for anything more complicated 
than a linear variation of C-M with density over the 
ranges covered. Table I lists the values of the intercept 
A (cm*/mole) and slope B (cm*/mole’), with standard 
deviation estimates in parentheses. The table also lists 
the sources of PVT data used to convert measured 
pressures to densities. Some doubt was originally felt 
about the use of Kvalnes and Gaddy’s PVT data® for 
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Fic. 4. Clausius-Mossotti function (cm*/mole) for nitrogen 
vs density (moles/liter). Results of different runs indicated by 
open and filled circles. 


methane at —30°C because their data at higher tem- 
peratures do not agree too well with values of Michels 
and Nederbrag” and of Keyes and Burks.'! However, 
these data gave excellent expansion ratio agreement as 
mentioned before, which we take to be good evidence 
for their use (conversely, we could have taken the ratio 
as known from results for other gases and computed 
densities from it with the same result). 

The precision of the data can be indicated by the 
standard deviation of single measurements from mean 
values corresponding to the constants in Table I. This 
averages about 0.15% at pressures below 10 atm, 0.1% 
for higher pressures, and for no run does it exceed 0.2%. 
These figures are not much greater than the 0.07% 
estimate from possible capacitance reading and calibra- 


aan Kvalnes and V. L. Gaddy, J. Am. Chem. Soc. 53, 394 
© A. Michels and G. W. Nederbragt, Physica 3, 569 (1936). 


(9d G. Keyes and H. G. Burks, J. Am. Chem. Soc, 49, 1403 
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Fic. 5. Clausius- 
Mossotti function 
(cm*/mole) for 
methane vs density 
(moles/liter) . 
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tion errors; the differences could easily result from small 
variations in temperature, cell geometry, and the like. 

A partial check on accuracy of the present results can 
be obtained by comparison with precise atmospheric 
pressure results obtained from various microwave, 
radio-frequency resonance, and refractive index meas- 
urements. For helium, argon, and nitrogen, our values 
of A agree with averages calculated from reference data 
cited by Maryott and Buckley” to 0.2% or less, and 
lie within the range of values selected by them as a 
basis for their estimates of the best values. This com- 
parison is reassuring, as many earlier results for com- 
pressed gases show rather large differences and uncer- 
tainties in extrapolation to the limiting value A for low 
densities, which makes estimates of the virial term B 
correspondingly uncertain. 


Taste I. Values of A and B of the Clausius-Mossotti function. 
Standard deviations are listed in parentheses. Sources of density 
data cited by letters (a), (b), and (c). 





Gas T°K A (cm*/mole) B (cm*/mole?) 





He* 296 


0.5221 (0.0004) 
296 


0.5219 (0.0004) 


AP 4.138 (0.004) 
296 4.145 (0.002) 
306 4.140 (0.002) 


242 4.389 (0.003) 
296 
306 
344 
344 


242 
315 


~— 


~~ © oo 
Saw wi 
— 


mr Ort > 
nnoose 
_— 


CH¢ 


“so 
00 
Sz 





® A, Michels and H. Wouters, Physica 8, 923 (1941). 
b Natl. Bur. Standards Circ. 564 (1955). 
© See footnote references 9 and 10. 


2 A. A. Maryott and F. G. Buckley, Natl. Bur. Standards Circ. 
537 (1953). 
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Taste II. Comparison of Clausius-Mossotti functions for ideal gas and liquid states. Liquid dielectric constant (¢) and density 
(d) data used are listed in the last columns; dielectric constants are from tabulations by Maryott and Smith,* densities from the A meri- 


can Institute of Physics Handbook and Landolt-Bornstein. 








C-M (gas) 
cm'/mole 


C-M (liq) 


Substance cm*/mole 


d (liq) 


T (liq) € (liq) 
°K g/cm* 





0.522 0.504 


0.509 
(4.25) 
2.01 


4.32 
4.36 


3.88 
3.90 


(7.00) 


4.14 
2.04 
4.39 


3.97 


CH, 6.52 


1.0480 
1.0540 


1.538 
1.228 


1.440 
1.460 


0.125 
0.139 


1.39 
0.0710 


0.8297 
0.854 


1.142 
1.183 


0.424 








® A. A. Maryott and E. R. Smith, Natl. Bur. Standards Circ. 514 (1951). 


Our estimates of precision and accuracy have been 
discussed at some length, because conclusions about 
density effects are sensitive to small errors. Space 
limitations prevent listing the original data and details 
of calibrations, tests for residual effects, and analysis of 
errors; these are presented more fully in doctoral theses, 
copies of which are available. 

As far as we know, the work here is the most precise 
application so far made of a bridge method to measure 
dielectric constants of gases. The precision and accuracy 
compare quite favorably with those reported for radio- 
frequency and microwave resonance methods. Prob- 
lems of lead capacitance and inductance and of fre- 
quency stability in radio-frequency resonance circuits 
are absent and the relatively simple electrical circuitry 
has been quite reliable. The low operating frequency of 
10 ke ensures that static values are measured in any 
ordinary case. 

III. DISCUSSION 


The results for helium show a small but consistent 
decrease of the Clausius-Mossotti function with in- 
creasing density, which amounts to about 0.3% at 
4 moles/liter (approx 90 amagat). The only other data 
for a comparable range of densities’® show much larger 
random deviations (3%) and systematically lower 
values (10%) than precise atmospheric density results, 
with which the present values agree well. (In such 
comparison, it should be noted that we have applied a 
positive correction of 0.0024 to all measured C-M 
values. This is the result of the calculated geometric 
capacitance decrease of the cell by compression of the 
steel electrodes and spacers.) 

This decrease was surprising to us at first, because 
Jansen’s analysis® of polarizability and fluctuation 
effects, predicted a much smaller positive density effect, 
of about 0.02%. Because the measured effect is deduced 
from very small dielectric constant differences (e—1= 
65X10~-* at 20°C and 1 atm) and so is vulnerable to 


18 A. Clay and E. van der Maesen, Physica 15, 467 (1949). 


systematic errors, we were led to make a variety of 
tests for possible sources of such errors, but found no 
evidence that precautions taken in the design of the 
apparatus and carrying out of the experiments were at 
fault. We have no reason to believe that the observed 
effect is not real, and evidence from other sources dis- 
cussed in the following is consistent with a decrease. 
In argon, we find an increase of 0.14+0.07% at 4 
moles/liter. Microwave interferometer measurements at 
1.29 cm by de Wijm and Heineken" show a considerably 
larger linear increase with density, the measured effect 
being 0.25+0.2% at 1.8 moles/liter. The principal 
errors cited were from pressure measurements by 
calibrated Bourdon gauges, with relative inaccuracies 
stated to be not less than 0.1%, but these do not ac- 
count for the difference in slope. Values of the Lorentz- 
Lorenz (L-L) function (n?—1)/(n?+2)V/n from 
measurements of refractive indices m by Michels and 
Botzen™ are inconclusive at densities below 4 moles/ 
liter, but show a significant decrease at higher densities. 
The sum of pair interaction effects in argon calculated 
by Jansen’ at a density of 4 moles/liter gives a predicted 
increase of 0.5%. Our results are thus consistently lower 
for both helium and argon, and we were led to look for 
evidence of other density effects of compressed helium 
and argon which might throw light on the discrepancies. 
Nonpolar gases of simple molecules generally show 
significant decreases of the L-L and C-M functions 
above 100-200 amagat; in particular this has been found 
for both argon and nitrogen. In discussing this effect, 
Kirkwood? observed that such decreases might result 
from suppression of fluctuation effects as liquid densi- 
ties are approached. If there is in addition a negative 
effect, such as a decreased effective polarizability of 
“compressed” atoms, which is not suppressed, then one 
could expect that values of the C-M function at liquid 
densities would be smaller than for the dilute gases. 


4H. W. de Wijn and F. W. Heineken, ing Pee 615 (1959), 
16 A. Michels and A. Botzen, Physica i5, 769 (1949). 
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To test this conjecture, values of the C-M function 
derived from gas and liquid data for dielectric constants 
and densities are given in Table II; more than one 
value is listed for the liquid if alternative data are not 
in very good agreement. A real decrease of 2% or more 
is indicated for helium, and somewhat smaller decreases 
for hydrogen, nitrogen, and oxygen. The indicated 
increase for argon is suspect, as it depends on the single 
liquid dielectric constant value found by McLennan, 
Jacobsen, and Wilhelm,’* and their measurements for 
liquid nitrogen under quite similar experimental con- 
ditions give a C-M function 4.8% larger than the value 
from other work. This disagreement also casts doubt on 
the comparison for ethane, which also depends on 
their liquid data. 

There are thus suggestions of significantly smaller 
liquid C-M functions for these simple molecules but the 
conclusion is quite uncertain because of inconsistencies 
of the experimental data. Redeterminations and values 
for other inert gases would evidently be interesting; 
‘such measurements are in progress at this laboratory. 

A quite different kind of evidence which may well be 
relevant comes from spectroscopic studies of frequency 
shifts on adding foreign gases of simple molecules. Re- 
cent studies of this kind on the 21-cm line of atomic 
hydrogen,” rotational lines in the first overtone band of 
HCl,'*. and the 2537 A mercury line” all show shifts 

‘which are increasingly to longer wavelengths for more 
polarizable foreign gases. However, for helium and to a 

_ lesser extent neon, the shifts are to shorter wavelengths, 
‘which has been attributed to relatively more important 
repulsive effects.'* The qualitative behavior is evidently 
not inconsistent with the observed dielectric interaction 
effects. 

From the theoretical point of view, the most likely 
direction in which to look for an explanation of the di- 
electric behavior seems to be in the evaluation of the 
effective induced moment of a molecule interacting with 
one or more neighbors. This problem of calculating the 
average induced moments of a pair of molecules was 
first considered by Jansen and Mazur’; these writers 
showed that for a harmonic oscillator model there is no 
change with intermolecular distance, but that for more 
realistic wave functions of the separated molecules a 
net increase of effective polarizabilities results. As Dr. 
Mazur has pointed out to us in discussion, the calcula- 
tions are most appropriate at relatively large separa- 
tions for which the intermolecular potential is attrac- 
tive and internal electron displacements “softer” than 
for harmonic oscillators. At close separations, however, 


16 J. McLennan, R. Hoyt, and J. Wilhelm, Trans. Roy. Soc. 
Can. 24, 37 (1930). 

LL. W. Anderson, F. M. Pipkin, and J. C. Baird, Bull. Am. 
Phys. Soc. Ser. II 4, 418 (1959). 

18M. A. Hirshfeld, J. H. Jaffe, and S. Kimel, J. Chem. Phys. 
32, 297 (1960). 

1D. H. Rank, W. B. Birtley, D. P. Eastman, and T. A. Wig- 
gins, J: Chem. Phys. 32, 296 (1960). 

*C. Fiichtbauer, G. Joos, and O. Dinkelacker, Ann. Phys. 
71, 204 (1923). 
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product wave functions for the atoms become less suit- 
able, and one might well expect a decreased polarizabil- 
ity as the electron charge densities of the two molecules 
are increasingly confined by their proximity. 

From this point of view, the polarizability calcula- 
tions ought, as Jansen® has pointed out, to be made by 
considering the two molecules as a single system, rather 
than by using intermolecular “local fields” to represent 
the interaction. That a significant decrease could result 
for increased pair densities is at least plausible, but there 
appears to be no theoretical treatment available and the 
difficulties are obvious. It may be remarked that the 
“caged atom” model of de Groot and ten Seldam*! 
more relevant to liquidlike densities does predict ap- 
preciably decreased polarizabilities of helium and argon 
atoms, but the accuracy with which the model repre- 
sents exclusion effects is very uncertain. 

The results for nitrogen show a small positive density 
effect, which at a density of 4 moles/liter is 0.4+0.1% at 
242°K and somewhat less at 300 and 344°K. Several 
other investigations of nitrogen have been made, but 
the evidence is not very consistent. Michels and 
Michels” found no significant density effect for pressures 
to 1500 atm, while de Wijn and Heineken’s results show 
an increase of 0.36+0.2% at 1.8 moles/liter. Data of 
Keyes and Oncley™ indicate an increase at 100°C of 
0.2% at 4 moles/liter which is not inconsistent with 
our results at lower temperatures. 

Density variations of the Lorentz-Lorenz refractive 
index function are of interest here but not directly com- 
parable because the quadrupole-induced dipole orienta- 
tion effects make no net contributions to polarization 
at optical frequencies. The data of Michels, Lebesque, 
and de Groot™ show no density effect exceeding 0.1% 
below 300 atm and a decrease of about 1% in the range 
300 to 2000 atm (240 to 580 amagat). 

Jansen has calculated that polarizability and _fluc- 
tuation effects give an increase of 0.37% at 4 moles/ 
liter, and the quadrupole effect a further increase of 
0.08% at 316°K. The total of 0.45% is larger than, but 
not far from, our observed values. Even this partial 
agreement is suspect, however, in view of the discrepan- 
cies for inert gas atoms, the smaller or negative effects 
indicated by the refractive index data, and the neces- 
sarily more approximate nature of the polarizability 
calculations for molecules. 

The data for nitrogen are not inconsistent with the 
existence of a quadrupole-induced dipole interaction of 
the predicted magnitude, but they clearly offer little 
hope at present of a quantitative test comparison or of 
estimating the molecular quadrupole moment. The 
considerably larger effects for such molecules as COs, 

21S. R. de Groot and C. J. ten Seldam, Physica 18, 905, 910 
COA Michels and C. Michels, Proc. Roy. Soc. (London) A153, 
201 (1935); A160, 348 (1937). 

aE. G. Keyes and J. L. Oncley, Chem. Rev. 19, 195 (1936). 


% A, Michels, H. L. Lebesque and S. R. de Groot, Physica 13, 
337 (1947). 
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ethylene, and propane are more promising in this 
respect; results for these will be reported later, together 
with an analysis of the quadrupole effect for molecules 
lacking axial symmetry. 

In the case of methane, there is evidence from the 
data of a temperature dependent contribution to the 
second virial coefficient. As molecules of tetrahedral 
symmetry have no permanent quadrupole moment, the 
first possible multipole contribution is from the octu- 
pole moment. An analysis like that for quadrupole 
interactions is outlined in the Appendix, and shows 
that for molecules with isotropic polarizability a the 
contribution B, to the second virial term in Eq. (1) is 
given by 


Bu= 3202 N Pow {R-™ )o/9kT, 


where the molecular octupole moment w= Dery is 
summed over positions of nuclear and electronic charges 
and the average (R~), is over internuclear distances 
with a radial pair distribution function in the absence 
of an external field. The predicted temperature de- 
pendence is principally from the factor T— and to a 
lesser extent from the R-™ average. 

Use of a Lennard-Jones 6-12 potential W(r)= 
E((a/R)®—(a/R)*], with E/k=597°K and a=3.82 A 
obtained from the PVT second virial coefficient, gives 
B,=0.6(10-w)? cm®/mole? at 242°K for a=2.58X 
10-* cm*. As an indication of sensitivity of the result 
to variations in the intermolecular potential used, an 
empirical 7-2 potential, W(r)=—E(a/R)' for R>a, 
= for R<a, was also used. The principal reason for 
the choice was expediency, perhaps justified to some 
extent as a simulation of R~* polarizability and R~ 
octupole terms in a better potential. With E/k=610°K 
and a=3.58 A to fit second virial data, the result is 
B,=2.4(10-w)?. 

Crude point charge calculations by placing two elec- 
trons on the C—H bond lines of length 1.09 A show the 
extreme sensitivity of the calculated octupole moments 
to electron charge distribution: for the pair midway 
between the nuclei, 10*w= 3.6 esu cm*, but the moment 
is zero for the pair at 0.87 A from the carbon nucleus. 
If the entire virial coefficient B for methane is attrib- 
uted to the octupole term, the necessary value of w 
to give the observed effect is 1.7-3.4X10- esu cm', 
which is not unreasonable. Results of valence bond 
calculations with sp* and Slater orbitals in progress 
should be of some interest for comparison, but these too 
are of dubious accuracy. 


IV. CONCLUSION 


The Clausius-Mossotti function for the nonpolar 
atomic and simple molecular gases studied changes re- 


% Note added in proof. Since this paper was submitted, Professor 
R. G. Parr has informed us of a calculation of w, using a one-center 
wave function with Slater orbitals, which gives the value 2.6 10-“ 
esu cm® for w as here defined. This calculation was reported in a 
paper by Turner, Saturno, and Parr read at the New York ACS 
meeting in September, 1960. 
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markably little in pair interaction ranges of density. 
The near constancy is not so much a justification of the 
Lorentz field without complicating factors as it is an 
indication that the resultant effect of pair interactions 
are very small for these gases, and to the extent the 
local field approach is useful must result from ap- 
proximate compensation of the separately treated 
effects. 

The conjecture that the negative deviation for helium 
and small positive effect in argon reflect a relatively 
larger repulsion or “compressed atom” effect for the 
former ought to be further examined. Dielectric con- 
stant data for compressed xenon and for liquefied gases 
should be of considerable interest in this and related 
connections; such measurements are under way or 
planned. 

There is some evidence for nitrogen and methane of 
the multipole field-induced dipole effects predicted by 
interaction theories, but the differences are too small 
and too obscured by other uncertainties to give quanti- 
tative results. The small temperature effect in methane 
is not inconsistent with plausible values of octupole 
moment, but can hardly be considered to give an ex- 
perimental determination of this quantity. Again, 
further measurements may help to clarify the situation 
and permit more definite conclusions. 

The several complicating factors indicated by theory 
and experiment for nonpolar gases must also be present 
in dielectric behavior of polar gases and mixtures. While 
their effects may be small in comparison with those of 
interactions involving permanent dipoles, there is no 
reason to think that they can always, or even usually, 
be neglected in only moderately precise comparisons of 
theory and experiment. 
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APPENDIX 
Octupole-Induced Dipole Interaction 


The problem is to evaluate the mean moment which 
the field of the octupole moment of one molecule in- 
duced in a neighbor of isotropic polarizability when 
both are part of a spherical sample subjected to an 
external field EZ». For simplicity, only molecules of 
tetrahedral symmetry will be considered. The axes 
of the one molecule may be arbitrarily fixed in space 
relative to the field Ey of external charges if the moment 
induced in a neighbor by the octupole field is averaged 
over all relative positions of the neighbor. A convenient 
orientation of the tetrahedral axes is along the four body 
diagonals of a cube with edges parallel to axes x, y, 2, 
with Ep parallel to x. The only nonvanishing quadrupole 
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moment element is then w= > e,x<yz;, where charges 
e; are at distances x;, y;, 2; relative to the cube center, 
and the field component (£,). at a point R(x, y, z) is 


(Ez) = — (15«/R®) (yz/R*) (1—722/R*). (Al) 


The mean moment along x and Ep of a molecule at R 
is then (m,)=a(Eyz), where the brackets indicate 
averaging with the Boltzmann factor exp(—W/kT), 
and we take W=W(R)—aE,.Eo, thus neglecting 
angular correlations of the pair energy in the absence 
of Eo. Expanding in the normal way to obtain the linear 
term in Eo gives 


(mz)= 0? (Ey" )oEo/kT, 
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where the subscript zero denotes averaging with 
W(r) for Eo=0. Inserting E,. from Eq. (Al) and 
averaging over products of direction cosines (x/R), 
(y/R), and (2/R) gives 


(mz)=80rawEo(R-™ )o/kT. (A2) 


The contribution B, to the second virial term in the 
C-M function is given by 


Ba (n/V)?=44N? (mz )Eo/3(e+2) EV. 


Inserting Eo= (e+2) E/3 for the spherical sample and 
N=Non where No is Avogadro’ s number, gives the 
desired result. 
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Statistical Mechanics of Transport Processes. XIV. Linear Relations in Multicomponent 
Systems* 
Joun G. Kirxwoop 
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A classical treatment of the time dependence of a phase-space distribution function for a system near 
equilibrium is presented. The nonequilibrium distribution function is expressed as a stationary zero-order 
function plus a perturbation term and is used to obtain the diffusion and heat fluxes by averaging the ap- 
propriate dynamical variables. When only terms linear in the gradients of the local temperature, the chemi- 
cal potentials, and the velocity of the local centers of mass are retained, the usual linear relations result and 
explicit expressions for the phenomenological coefficients are obtained. These expressions agree with the 
results of Mori and of Green and are shown to obey the Onsager reciprocal relations. 





ITH the use of the statistical-mechanical theory 
of transport processes as developed by Kirkwood,! 
Irving and Kirkwood? have derived the macroscopic 
equations of transport for one-component systems from 
the equations of molecular dynamics. Their results have 
been generalized to multicomponent systems by 
Bearman and Kirkwood.’ Thus, macroscopic quanti- 
ties such as the stress tensor and fluxes of matter and 
heat are expressed as averages over nonequilibrium 
molecular distribution functions. 
The next objective of the statistical-mechanical 
theory of transport processes is the determination of 


* The work presented in this article was started when both 
authors were at Yale University. A preliminary rt was given 
7 Professor Kirkwood at the International School of Physics of 

e Italian Physical Society in tive 1959 and published in 
Nuovo cimento Supplemento (16, (1960) ]. This article was pre- 
pared by D.D.F. after the death of Professor Kirkwood. 

t Contribution No. 1611. 

. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 
as a Irving an 5. G G. Kirkwood, J. Chem. Phys. 18, 817 
(1988)." Bearman and J. G. Kirkwood, J. Chem. Phys. 28, 136 
9. 


the time dependence of a deviation of the phase space 
distribution function from its equilibrium form. 
Since the decay of this deviation gives rise to trans- 
port phenomena, an evaluation of its time dependence 
determines the various transport coefficients in terms 
of molecular variables. These transport coefficients 
may then be calculated for particular systems. We 
attempt here to fulfill part of this objective. 

In this article we develop a method for treating the 
time dependence of a distribution function for a system 
near equilibrium. We restrict our discussion to classical 
systems, although the same treatment could be de- 
veloped quantum mechanically by replacing the 
probability density in phase space with the Wigner 
distribution function.45 The temporal development 
of the nonequilibrium distribution function is governed 
by Liouville’s equation. We express this distribution 
function as a zero-order function plus a perturbation 
term. Upon introducing a specific zero-order function 

4E. Wigner, Phys. Rev. 40, 749 (1932). 


5J. H. Irving and R. W. Zwanzig, J. Chem. Phys. 19, 1173 
(1951). 
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and neglecting all terms except those linear in the 
macroscopic parameters which determine the devia- 
tions from equilibrium,® we obtain explicit expressions 
for the phenomenological coefficients which appear in 
the linear relations for the heat flux and for the diffu- 
sion current densities of the various components in the 
system. These expressions involve time integrals of 
temporal correlation functions of dynamical varia- 
bles and are independent of our choice for the zero- 
order distribution function. The phenomenological 
coefficients are shown to obey the Onsager reciprocal 
relations.’ We do not attempt here to calculate numeri- 
cal values of these coefficients for specific systems. 

In Sec. I we consider the general first-order perturba- 
tion theory for the nonequilibrium distribution func- 
tion. In Sec. II, we introduce a specific zero-order 
local-equilibrium distribution function and _ linearize 
it. Section III treats the linear relations for the diffu- 
sion fluxes, while Sec. IV deals with the heat flux. In 
Sec. V we prove the Onsager reciprocal relations for the 
phenomenological coefficients that appear in the linear 
relations obtained in Secs. III and IV. Section VI is 
devoted to a brief discussion of our results and to a 
comparison of our treatment with those of Mori® and 
of Green.® 


I. 


We consider a v component nonequilibrium system 
containing N molecules which are not chemically 
reacting. Each component is labeled by the index a, 
which runs from 1 to v. There are V. molecules of species 
a; the individual molecules of each component a@ are 
numbered 1, 2, «++, Na. Each molecule is assumed for 
simplicity to have only three degrees of translational 
freedom and no others. The position and momentum 
of molecule i of component a may, therefore, be de- 
noted by the vectors R,; and pai, respectively. We 
may occasionally let R denote the set of N vectors 
Ru, Ry, +++, Rwy, and p the set Pu, Pw, «++, Pw, 

We shall be concerned with a time-smoothed proba- 
bility distribution function f™ (R, p, ¢) for the non- 
equilibrium N-particle system. For a temporal coarse 
graining,| we may consider a uniformly weighted 
average over an interval 7, 


JOR, p.)=rf FR, ptts)ds, (1.1) 
0 


where f “Y(R, p, ¢) is the probability density in phase 
space at time ¢ of an appropriate statistical ensemble. 
The interval 7 is determined by the time resolution of 
the instruments employed in the measurement of the 
macroscopic observable. We discuss the interval + 
further in Sec. VI. 


°In this regard, our treatment is similar to the Chapman- 
Enskog treatment of the Boltzmann equation. 

7L. Onsager, Phys. Rev. 37, 405; 38, 2265 (1931). 

8H. Mori, Phys. Rev. 112, 1829 (1958). 

*M. S. Green, J. Chem. Phys. 22, 398 (1954). 


AND D. D. FITTS 


This temporal averaging of the distribution function 
does not need to be uniformly weighted in time; an- 
other possible temporal coarse graining is 


FOO(R, p,)=r tf” exp(—s/2)f (R, p, +s) 


(1.2) 


In general, this coarse graining in time may be ex- 
pressed as 


F(R, p,)= / “w(s)f(R, p,t+s)ds, (1.3) 


where w(s) is a normalized weighting function. In an 
experimental measurement, the observed result should 
be independent of w(s) if the characteristic width r of 
w(s) is short relative to the relaxation times 1, for 
the transport processes occurring in the system. There- 
fore, we shall adopt here the simple Kirkwood form 
(1.1). 

The molecules in the system are assumed to obey the 
laws of classical mechanics. Consequently,' the time- 
smoothed probability distribution function f(R, 
p, !) for the nonequilibrium system at a time ¢ obeys 
the Liouville equation 


Lf +i(af &/at) =0, (1.4) 


where i is the imaginary unit and L is the self-adjoint 
Liouville operator, 


y N 
L=i) YC (Par/ma) Wry (Kart+Fai)Voail- (15) 
a= l=] 
In Eq. (1.5) ma is the molecular mass of component a, 
X.: is the external force acting on molecule / of species 
a, and F,, is the intermolecular force exerted on this 
molecule by the other (V—1) molecules. 
We assume that the intermolecular force F.: has a 
pairwise additive form, 


Fu: - > S Frat 


p=l jxl 
al¥4B i 


(1.6) 


where Fgja: is the force acting on molecule / of species 
a due to molecule j of species 8. The notation of al#6j 
indicates that there is no term corresponding to /=j 
when a=8. The force Fg;a: may be expressed in terms 
of the mutual potential energy Vag of a pair of mole- 
cules of species a and 8, 


Fojat= —VR,:V aa (Reiat) (1.7) 


where Vag is a function only of the magnitude of the 
vector distance 


Rojat= Rai— Rg; (1.8) 


between the centers of masses of the two molecules. 
The nonequilibrium system under consideration has 
gradients of temperature 7, of the velocity u of the 
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local centers of mass, and of the chemical potentials yo 
of the v chemical components.” The deviation from 
equilibrium is measured by r such parameters, which we 
write as y, where & runs from 1 to r. As each of the 
parameters ‘y, approaches zero, the system approaches 
equilibrium. 

We assume that the nonequilibrium system is suffi- 
ciently close to equilibrium that we may discard terms 
in the distribution function f) higher than those 
linear in y. Under this assumption we write f ) as 
the sum of a zero-order distribution function fo and 
a perturbation term f,™), 


jm =f (mn, saber Yr) +f (1.9) 


with 
r 
R= Dou. (1.10) 
k=1 

The zero-order distribution function fo may be 
taken from a wide variety of possible choices. It must, 
of course, reduce to the equilibrium distribution func- 
tion feq® when each of the parameters yz vanishes. 
Otherwise, convenience is the only criterion in the 
selection of fo. However, we choose fo to be sta- 
tionary, i.e., fo is not an explicit function of time. 

The quantities fu are not functions of the param- 
eters yx. Therefore, the perturbation term f,® con- 
tains all those terms, linear in the y,, which are not 
included in fo. In principle, it is possible for fo to 
contain all the linear terms and for f;® to vanish. 
However, if we select fo to be stationary, then f, 
may not be zero at all times. 

Since we wish to retain in f only terms which are 
linear in the yz, we expand fy) in a Taylor series about 
equilibrium and discard quadratic and higher terms 
in yx. As a result, fo has the form 


Ju = fa? + Lora I/O (1.11) 


and Eq. (1.6) becomes 


JO = fad Dra Ii Oradea — (1.42) 
1 


When Eq. (1.9) is substituted into the Liouville 
equation (1.4), we obtain 


Lfo+1fi+i(af™/at) =0 (1.13) 
The term dfo/dt vanishes because fy? is stationary. 


1 When these gradients are sufficiently small, it is reasonable 
to regard the system as possessing local equilibrium character. 
Arbitrary initial gradients of the temperature and of the chemical 
potentials of the various components would imply a gradient in 
the hydrodynamic pressure, as may be seen from the Gibbs- 
Duhem equation. Consequently, acoustic waves would propagate 
across the system as time progresses. The Gibbs-Duhem equation 
may be employed, on the other hand, to provide a restriction on 
the initial gradients to — acoustic waves. In the general 
situation, however, the diffusion and heat currents defined in 
Secs. III and IV refer to flows relative to the local acoustic motion 
of the fluid medium. 
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Now the quantity Lfj may be expressed in the form 


[fo = id Bij =—iBh™, — (1.14) 
k=1 


where B is defined by 


B(R, p)= nBi(R, P). (1.15) 
The actual form of the coefficients B, depends on the 
choice of the zero-order distribution function fo). 
Substitution of Eq. (1.14) into Eq. (1.13) yields a 
differential equation for the perturbation term 
in the nonequilibrium distribution function, 


(Afi /at) —i Lf, — B\™ =0. (1.16) 


We take as the origin of time (¢=0) that instant when 
the perturbation fi to the distribution function f 
is turned on. Prior to the time =0, we assume that the 
system is maintained in a steady state with a distri- 
bution function fo” by the application of appropriate 
external forces and heat reservoirs. These fictitious 
external forces are not to be confused with the real 
external forces X,: acting on the system. The mainte- 
nance of such a steady state by this method has been 
discussed in detail by McLennan" and therefore will 
not be elaborated on here. At the time /=0, we remove 
these fictitious external forces and heat reservoirs and 
allow the system to approach equilibrium; i.e., we 
allow the parameters 7, to decay to zero. During this 
decay process, the distribution function f ™ for the 
system is represented by Eq. (1.9), which defines 
fi™ when fo is given. Since fo is stationary in time, 
fi™ decays to its equilibrium value (f.q%—fo) 
with a relaxation time 7,. i 

With the boundary condition that f;® vanishes for 
negative values of time #, the solution of the differential 
equation (1.16) is 


AM ()= i exp[—i(s’—1) L]B(Re’, Dy’) fea ds", 
0 


(1.17) 


where fo) has been replaced by feq™? in order to avoid 
quadratic and higher terms in yz. We have also intro- 
duced the convention that R,, p, are the values of 
R, p at time ¢ if Ro, po are their values at time ‘=0, 
i.e., R,=R(Ro, Po, t) and P:= p(Ro, Po, t). The 
homogeneous solutions of Eq. (1.16) vanish upon 
application of the boundary condition. If we introduce 
the variable of integration s=2s’—? into Eq. (1.17), 
we obtain 


fi™ (2) 


t 
=f expl—i(s=1) L/21B (Rayo, Poss) foc 


(1.18) 
1 J. A. McLennan, Jr., Phys. Rev. 115, 1405 (1959). 
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If ¢ is any function of R(¢) and p(t), but is not an 
explicit function of time (i.e., d6/dt=0), then the total 
time derivative of ¢(R:, p,) is 


vy Ne 
do/dt= >> > [(dRei/dt) + Vr, 6+ (dPair/dt) +Vp, 6] 


a=1 l=1 
=—il#, (1.19) 


where the Liouville operator is given by Eq. (1.5) 
and does not contain the fictitious external forces or the 
effects of the heat reservoirs discussed previously. 
Integration of Eq. (1.19) from a time ¢ to a time /+s 
yields 


$(Ris, Peys) = exp(—isL)o(Ri, px), (1.20) 
where the operator exp(—isZ) is defined by the 
relation 


exp(—isl) = —*)"y (1.21) 
n=O 


On applying Eq. (1.20) to Eq. (1.18), we obtain 


t 
j()=3f BRR, pdfs. (1.22) 
=f 

We may integrate over negative values of ¢ in Eq. 
(1.22) if we acknowledge that R and p are extrapolated 
backward in time by Eq. (1.20) to values which they 
would have had in the absence of the fictitious external 
forces and heat reservoirs, since these effects are not 
contained in the operator L. Since the equilibrium 
distribution function by definition does not change with 
time (neither explicitly nor implicitly), it is not affected 
by the various time transformations which were made. 

The expectation value Gots of any dynamical variable 
G(R, p) at the time ¢ may be expressed as (G; f ), 
where, by definition, 


G:F )= [GOR p) FR, p, NaRap. (1.23) 


In Eq. (1.23) the product Gf is integrated over all of 
phase space. The distribution function f ®, correct to 
first-order terms in the y, is given in Eq. (1.12), so 
that in this linear approximation Gots is: 


Gorse=G+619+Gn®, 
G= G5 fea), 


Gr= Yn G; (Afi /8r%) ea), 


Gy = G;fi™ ). 
In view of Eq. (1.22), Gu becomes 


(1.24) 


Gu=4f" GOR, P)BIR,, Ps);fai")ds. (1.25) 


For any given dynamical variable G(R, p), the values 
of G, G;®, Gu depend upon the choice of the zero- 
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order distribution function fi); some of these quan- 
tities may vanish. 


Il. 
We now introduce a pseudocanonical zero-order 


distribution function fo for the nonequilibrium 
system under consideration, 


(Pai— mpUp;)* 
M=Ae |-2 rye 
fo pa pai jot = 2mgk Tg; 


ab = >> $f Vaal Ron Vap( Resjai) 


om] B=l im] j=l 
aixpj 


8 | 
2.1 
k( Tait T5;) Bel j=l kT 5; ; 


where & is the Boltzmann constant and A is a normaliz- 
ing factor. This form of fo, analogous to the equilib- 
rium canonical distribution, is consistent with our as- 
sumption of small gradients of 7, u, and ya and hence, 
of local equilibrium. 

The first term in the exponential of Eq. (2.1) repre- 
sents a velocity distribution which is Gaussian about 
the local hydrodynamic velocity. The local temperature 
and the local hydrodynamic velocity at the position in 
ordinary three-dimensional space of molecule j of 
species 8 are Tg; and Ug;, respectively. Thus, 73; 
and Ug; are abbreviations for 7(Rg;) and u(Rg;). The 
temperature 7, is related to Tg; by 


Tai= Tpj+Rejai°V T, (2.2) 


where Rgjar is the vector defined in Eq. (1.8) and VT 
is the gradient of T(r, ¢) with respect to the position 
vector r in ordinary three-dimensional space. Similarly, 
Uq: is related to Ug; by 


Uai= Us; + Re jai VU. (2.3) 


In the third term, ¢; is the potential of a fictitious 
external force acting on molecule j of species 8. As we 
mentioned in Sec. I, it is these fictitious forces and heat 
reservoirs which keep the system in a steady state 
before the time ¢=0. In order to prevent diffusive 
flow in this stationary state, the potential ¢,; of the 
pseudoforce on molecule j of component 8 must be the 
negative of the chemical potential of species 8 at the 
position Rg;. — the desired form for fi is 


(Pai— mgUg;)? 
M= Ae [->> (ei— mses)? 
fu ie p> j=) = 2makT 5; 


x Vas( Rejai) at 
pap»? > B( Tact re areacig) * Pa tT 
aixBj 


(2.4) 


where yg; is an abbreviation for us(Rg;). 

In order to determine the coefficients B, in Eq. (1.14), 
we operate on fo) given in Eq. (2.4) with the Liouville 
operator L and then discard all terms which are of 
higher order than linear in Vu, V In7, and Vue. When 
Eqs. (2.2) and (2.3) are substituted into the expres- 
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sion for L fo, Eqs. (1.6) and (1.7) are used to cancel 
two terms, and only linear terms are retained, we 
obtain: 


B=(kT)-{S: Vu-—Q-V nT 
vy Ng 
Bh > 2. (Pat'/me) CTV (ua/T) — Xa ]6(Rar—¥)}, 


(2.5) 


where 


vy Nea 
S=- > 2 (Pat'Pai’/ma) 8(Rer— r) 


, » Ng Neg 
+42 > > DRejatVRaiVas(Rejat)5(Rei— 1), 


a=] Bel lm] jm 
alApi 


vy N, 
Q-2 Do(Pal/ ma) *C(pai’?/2me) 1+ 4.01 }(Rer—¥), 
(2.6) 
Aa=D DLV Rot) 1—RojaiVR, ,Vas( Rejat) . 


al¥pj 


In Eqs. (2.5) and (2.6), 6(Ra:—r) in the Dirac delta 
function, 1 is the unit dyadic, and pa’ represents the 
momentum of the molecule relative to the hydro- 
dynamical motion of the local center of mass; thus 


Pat’ = Pai— mu. (2.7) 


Ii. 


Now that we have an expression for B for our choice 
of the zero-order distribution function fo, we may 
determine some of the transport properties for the 
nonequilibrium system through the use of Eqs. (1.24) 
and (1.25). We shall use the conclusions of Bearman 
and Kirkwood’ to determine the diffusion current 
density of species a and the heat current density for 
our nonequilibrium system. In this section we consider 
the diffusion fluxes. Section IV deals with the heat 
flux. 

The flow pattern of the system is determined by 
specifying the local mean velocity u, of each component 
a. The velocity u of the local center of mass is given by 


Ld 
pu= Lpcta, 
a=] 


where pq is the partial mass density of species a and p 
is the total mass density, 


(3.1) 


Ld 


p= > Pa. 


a=l 


(3.2) 


The diffusion current density of component a is de- 
fined by the relation 


ja= (pa/ttta) (Ua—U). (3.3) 


‘Q.as= 
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The diffusion fluxes j. are not all independent, for 
Lmeda=0, 

from Eqs. (3.1) and (3.3). 


According to Bearman and Kirkwood,’ the diffusion 
flux j. is given in terms of microscopic variables by 


Na 
ja(t) =€ 2 (Bas'/ma) 8 Rat) ;7 >. 


(3.4) 


(3.5) 


Therefore, the dynamical variable G to be used in 
calculating j. from Eqs. (1.24) is 


Na 

G(Re, Pi) = 2,(Pait/ma)b(Reu—¥). (3.6) 

The term G® immediately integrates to zero, since 
G in Eq. (3.6) is odd in pa; and f.q™ is even in Pai. 
For similar reasons, the term G;™ also vanishes. The 
term Gr, however, does not vanish. Substituting 
Eq. (3.6) into Eq. (1.25) and using Eq. (2.5) for the 
quantity B, we obtain: 


ja(t) =—Qyo°V InP J Q9-[ TV(us/T)— Xs} (3.7) 


where 


Na 
Qa= (2kT)- f (2 (Dait’/Ma)Q,6(Raie— r) ; fea™ )ds, 


oag= (287) [" ($8 ¥ (ea’/me) (Pos!/me) 


—t i=l j=1 

X8(Rea—1)8(Ron—) ; faa )ds. (3.8) 
The quantity Q, is an abbreviation for Q(R,, p.). 
The coefficient of the force Vu vanishes because the 
integrand of the phase integral is an odd function of 
Pai. This result is to be expected from Curie’s theorem” 

that tensor forces do not cause vector fluxes. 
The phenomenological coefficients in Eqs. (3.8) may 


be somewhat simplified by carrying out the indicated 
summations: 


Cine’ (an! Q.8(Reu—r) j fea” )ds, 


mk) se 


N t 
Finca) (Pat Pr’5(Rau— r)5(Reu— 1); 
X fea )ds (a8), 
Ne 
ait (Part Paze’5(Rar:— £)5(Raoe— Pr) ; 


(3.10) 


@) 
Xfea dist+5 al 


x8(Re TF); fea ds. (3.11) 


2P. Curie, J. phys. 3, 393 (1894); Oeuvres de Pierre Curie 
(Gauthier-Villars, Paris, 1908), p. 118-141, 


“(au Pats 6(Rai:— Fr) 
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Since the forces V In7, [TV(ug/T)—Xg] are inde- 
pendent of one another, substitution of Eq. (3.7) 
into Eq. (3.4) gives 


Ym.Q0=0,  LmQeg=0. (3.12) 
a=] a= 
These relations also follow from Eqs. (3.9)—(3.11), 


since the linear momentum of the system is conserved. 
IV. 


We now determine the heat current density for the 
nonequilibrium system. Since there exists some arbi- 
trariness in the definition of the heat flux," a number of 
heat fluxes may be defined; they differ from one another 
by functions of position r only. The heat flux q to be 
considered here must satisfy the relationship’ 


== Die [TV (u/T)-Xe]-a-V nT, (4.1) 


where ®/T is the rate per unit volume of the internal 
entropy production in the nonequilibrium system. Only 
if q satisfies Eq. (4.1) may we expect the Onsager 
reciprocal relations to hold. The heat flux q as deter- 
mined by Eq. (4.1) is identical with the conduction 
current density of the internal energy.” 

According to Bearman and Kirkwood,’ this heat flux 

q is given in terms of microscopic variables by 
a(r)=(Q;7™), (4.2) 
where Q is defined in Eqs. (2.6). When the dynamical 
variable Q, is substituted for G(R:, p,) in Eqs. (1.24), 
_G® and G; integrate to zero because their integrands 


are odd functions of pa;. Substitution of Q, and Eq. 
(2.5) into Eq. (1.25) yields 


Q= — Quo? V nT— FQ. [TV (ue/T) — Xa), 


a=1 


(4.3) 


where 


: [ (Q.Q.; fea dds, 


Qy= & 
" gee. 


(4.4) 


(4.5) 


Na. ie } me 
sical? Feit] (Omen §(Raus— 1) ; fea? dds. 


In Eq. (4.3) the term linear in Vu integrates to zero in 
accord with Curie’s theorem. 

It should be noted that the phenomenological co- 
efficients Qao, Qas, Qo, Qoe in Eqs. (3.9)—(3.11), (4.4), 
and (4.5) are not functions of position r, even though 
Dirac delta functions involving r occur in these expres- 
sions. Since the equilibrium distribution function is 

18 J. G. Kirkwood and B. Crawford, Jr., J. Phys. Chem. 56, 
1048 (1952). 

4S. R. deGroot, Thermodynamics of Irreversible Processes 
(North-Holland Publishing Company, Amsterdam, 1952), pp. 
6-7 


6 Footnote reference 14, pp. 94-100. 
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not dependent on position, these delta functions inte- 
grate to unity in the integration over phase space. 


V. 


We now show that the phenomenological coefficients 


given in Eqs. (3.9), (3.10), and (4.5) obey the Onsager 
reciprocal relations,’ i.e., 


Qoa=Qao 
Q3= Qn 


(a=1,2,+++,9), (5.1) 
(a, B=1, 2, +++,). (5.2) 


We consider first the coefficients Qao given in Eq. 
(3.9). The phase space integral which appears in Qao is 


(Pair (Rarr— 1) Q,; feq™ ). 


Since the microscopic variables taken at time s are 
related to the same variables taken at time ¢ by 


¢(R,, Pp.) = expl—i(s—1) L ]Jo(Ri, Pi), 
this phase space integral becomes 
{Pair (Rair—¥) exp[—i(s—t) LJQi; fea ). 


If the operator exp[—i(s—?) L] is expanded accord- 
ing to Eq. (1.21), the mth term in the summation is 


nt L—i(s—t) "(pare (Raur— £) L°Qi; fq ). 


When 1 is odd, the integrand here is odd in the momen- 
tum of each molecule and therefore integrates to zero. 
When 1 is even, however, the phase space integral does 
not vanish. Consequently, the original phase space in- 
tegral is an even function of (s—?) and may be written as 


(Pa’6(Rau— 1) exp[—i(t—s) L]Qi; feq™ ). 


This phase space integral may be regarded as a func- 
tion of the dynamical variables at time /, averaged over 
an equilibrium distribution at that time. However, 
the equilibrium distribution is stationary by definition, 
so that it does not matter whether we take such an 
average at time ¢ or at some other time, say s. Under 
this translation of the time scale, the phase space 
integral which appears in Qao becomes 


(Pate 5 (Rate) Qi; fea ). 


This phase space integral, however, is exactly that 
which appears in Qo in Eq. (4.5). As a result, the 
Onsager relations (5.1) are proved. 

To prove the Onsager reciprocal relations for Qas, 
which are given in Eq. (3.10), we repeat exactly the 
same procedure as before, except that we replace Q 
by psi’5(Ra—r). The relations (5.2) follow in a 
straightforward manner. 


(5.3) 


VI. 


By developing a perturbation theory for the non- 
equilibrium distribution function, we have obtained the 
linear relations for diffusion and heat flow in a multi- 
component system without chemical reactions. In 
order to obtain these linear relations, we have neglected 
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terms in the distribution function which are of higher 
order than linear in the parameters y:, i.e., in V In7, 
Vu, and Vu. The analysis presented here is valid 
whenever the parameters y; are sufficiently small that 
quadratic and higher terms in +, may be neglected. 
However, from this treatment we are not able to draw 
any conclusions regarding the situations under which 
this linear description is adequate. 

The time integrals of the temporal correlation func- 
tions which appear in the phenomenological coefficients 
Qo, Qoa, a0, Qag may be expressed in a different, but 
equivalent form. By making the substitution s=/+s” 
in Eq. (1.25), we obtain 


Gu =—} (G(R, Pi) BCRij0”, Dee’) 5 fog dds”. 
0 


(6.1) 
Now the time correlation function 


(G(R, pr) B(Rey, Pere’) 5 fea™ ) 


has a value which is not zero in the neighborhood of 
s’’=0. However, when s” has reached a certain value 
t-, this correlation function vanishes. Therefore, we 
may cut off the integral in Eq. (6.1) at 7, and obtain 


Gu =—3 “G(R, Ps) B(Rige, Pes) 5 fea D5 
0 


(6.2) 


Equation (6.2) may be used in place of Eq. (1.25) to 
determine the phenomenological coefficients for diffu- 
sion and heat transport. In a theory of irreversible 
processes based on regression of fluctuations in an 
equilibrium system,” Fixman has also obtained expres- 
sions for transport coefficients involving time correla- 
tion functions similar to Eq. (6.2). 

At the time ¢=0, the fictitious external forces and 
heat reservoirs which maintain the system in a sta- 
tionary state are removed. The system then rapidly 
attains local equilibrium character. By local equilib- 
rium we mean that equilibrium exists in regions whose 
linear extents are large compared with the mean free 
path of the molecules in the system, but are small 
compared with the linear extent of the entire system. 
The time interval required for the system to attain 
local equilibrium is 79. The relaxation time for the 
entire system to reach equilibrium is 7,. Since 7, in- 
creases with the size of the system, while 79 is inde- 
pendent of the size, we have ror, for a large system. 

We now consider the time smoothing of the distribu- 
tion function over an interval 7 as stated by Eq. (1.1) 
and the time correlation over an interval 7, as given by 
Eq. (6.2). As indicated in Eqs. (1.1) and (6.2), we 
choose a time ¢/ after the system has attained local 
equilibrium and before it has reached thermodynamic 
equilibrium. In the case of Eq. (1.1), we then average 


16M. Fixman, J. Chem. Phys. 26, 1421 (1957) ; 28, 397 (1958). 
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f™ over an interval 7 from the time ¢ to the time 
(t+r). For the time correlation function in Eq. (6.2), 
we average over an interval 7, from time ¢ to time 
(t+7.). In order that the temporal coarse graining of 
the distribution function f “) be independent of the 
interval 7, it is necessary that 


1KrKrp. (6.3) 


As a consequence of these inequalities, the value of 
Gu® in Eq. (6.2) remains unchanged if we replace 
t- in the limit of integration by the coarse-graining 
time interval r. Our notation for the four time intervals 
discussed here is the same as that of Mori,® who also 
discusses the relationships expressed in Eq. (6.3). 

By a quantum-mechanical correlation function 
method which is similar to the classical procedure used 
here, Mori® has derived the linear relations for diffusion 
and heat transport and has obtained explicit expres- 
sions for the phenomenological coefficients in these 
linear relations. When we transform Mori’s equations 
for diffusion and heat flow to our choice of diffusion 
fluxes j. and heat flux q and then take the classical 
limit of these equations, his expressions for the phe- 
nomenological coefficients are the same as our expres- 
sions for these coefficients obtained with the use of 
Eq. (6.2) instead of Eq. (1.25). 

The method presented here differs from that of Mori 
in several respects. The averages in our classical 
treatment are formed with the canonical ensemble, 
whereas in Mori’s quantum-mechanical theory, they 
are computed with the grand canonical ensemble. 
Moreover, we provide a physical basis for what Mori 
calls the coarse graining of the distribution function 
at the origin of time, i.e., for the boundary condition 
on fi, 

In Mori’s treatment, the temporal coarse graining 
of the distribution function is taken over an interval 
of time r starting with the origin of time (¢=0). Thus, 
during at least part of the interval r, the system has not 
yet attained local equilibrium. Consequently, Mori 
is forced to extend the interval 7 so that r>>7» in order 
to obtain results which are independent of 7. This 
procedure may lead to difficulties as, for example, in the 
case of a dense rigid sphere fluid.” For such a fluid in 
which only binary collisions are considered, the tinie 
interval 7 must be taken as infinitesimally small, so that 
successive binary collisions are not included. During 
this short interval, the system would not yet have 
attained local equilibrium. Therefore, we prefer to wait 
until after the time interval 7) before carrying out the 
time smoothing of f . 

In an approach which differs from both Mori’s 
method and the treatment presented here, Green’ has 
also derived the linear relations for diffusion and heat 
flow and has obtained expressions for the phenomeno- 


1S. A. Rice, J. G. Kirkwood, J. Ross, and R. W. Zwanzig, J. 
Chem. Phys. 31, 575 (1959). 
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logical coefficients which appear therein. In Green’s 
classical treatment, averages are taken in the micro- 
canonical ensemble with fixed momentum and energy. 
Although Mori has claimed that Green’s expression 
for the thermal conductivity Qoo is not in accord with 
his theory, Green" has recently shown that his expres- 
sion for Qoo differs from that of Mori only by quantities 
which are completely negligible for large systems. We 


18M. S. Green, Phys. Rev. 119, 829 (1960). 
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may conclude, therefore, that our results are also in 
agreement with those of Green. 
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The equation of motion of a quantum-mechanical two-particle system is solved without approximation in 
an expansion in Planck’s constant. First-order quantum corrections comprising all contributions to the co- 
efficient of #? in the expansion are derived for the differential scattering cross section and the kinetic-theory 
transport coefficients. Numerical results are obtained for a simple model of molecular interactions, and lack 
of agreement is found with work based on the WKB solution of the Schrédinger equation. 





INTRODUCTION 


HE equation of motion of a quantum-mechanical 

two-particle system with centrosymmetric forces 
is solved, without approximation, in an expansion in 
powers of Planck’s constant. We choose the phase 
space transformation function for the description of the 
dynamics of the system and solve the time-dependent 
Wigner equation obeyed by that function. The classical 
limit of the transformation function is a Dirac 6 
function which expresses the contact transformation of 
classical dynamics.! With this solution we derive 
the first order quantum corrections, i.e., all contribu- 
tions to the coefficient of #? in the expansion, for the 
following: the differential scattering cross section, the 
kinetic-theory transport cross sections, and hence the 
transport coefficients. Quantum corrections for these 
quantities are calculated for a simple model of the 
potential energy of interaction. The results do not 
agree with computations based on the solution of the 
Schrédinger equation by the WKB method. 

Quantum corrections for elastic scattering problems 
and transport coefficients have been evaluated by 
means of a WKB solution for the phase shifts of the 

*This work was supported in part by the U.S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research Development Command. 

+ John Simon Guggenheim Fellow, 1959-1960. 

1 We could have chosen alternatively the Green’s function of the 


density matrix for which the classical limit is the appropriate 
Fourier transform of the classical transformation function. 


Schrédinger wave function.? The quantum-mechanical 
differential scattering cross section is 


Oqu= (4K) | > (21+1) Lexp(2im) —1]P;(cosx) |, 
l=0 (1) 


where 7 is the phase shift for the /th partial wave. 
Three approximations are frequently introduced: (a) 
the WKB solution for the one-dimensional Schrédinger 
equation is applied to the radial Schrédinger equation 
in which /(/+1) is replaced by (/+-$)?; (b) the Le- 
gendre polynomials P; are replaced by their asymptotic 
values for large /; (c) integration is substituted for 
summation in Eq. (1). These approximations do 
indeed lead to the classical differential scattering 
cross section in the limit as A approaches zero.’* Neces- 
sary modifications of these approximations for higher- 
order WKB developments have not been discussed, 
even though they are required for the evaluation of 
quantum corrections to the scattering cross sections. 
Ford and Wheeler confined their study of scattering 
phenomena to deductions from the equation of the 
2 (a) N. F. Mott and H. S. W. Massey, The Theory of Atomic 
ca Gia rey as oa ease at 
Reckoner i om Roles istic Theory (Addison-Wesley Publishing 
Company, Inc., Reading, Massachusetts, 1958), . XIV, p. 
414; (c) H. A. Kramers, Z. Physik 39, 828 (1926); (d).B. Kahn, 
doctoral dissertation, Utrecht, 1938; (e) J. de Boer and R. B. 


Bird, Physica 20, 185 (1954); (f) J. A. Wheeler and K. W. Ford, 
Ann. Phys. 7, 259 (1959). 
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first-order WKB solution for the phase shifts within 
the limits of the above approximations..A distinction 
must be drawn between the first-order WKB solutions 
and its consequences and first-order quantum correc- 
tions, proportional to f?, to the various cross sections, 
as there does not exist a one-to-one correspondence. 

De Boer and Bird calculated phase shifts for centro- 
symmetric molecules with a repulsive potential propor- 
tional to the inverse 12th power of the intermolecular 
distance and obtained quantum corrections to the 
transport coefficients. They applied the one-dimensional 
WKB solution to the radial Schrédinger equation and 
considered the first- and second-order WKB result for 
the phase shifts, retaining thereof contributions to the 
quantum corrections of order f#?. The calculations were 
restricted to a monotonic potential because of difficul- 
ties encountered in WKB computations if more than 
one classical turning point occurs. They did so, 
nevertheless, in the hope that a repulsive potential 
might suffice as an appropriate model, at least for 
helium at higher temperatures. The depth of the po- 
tential well for the Lennard-Jones potential for helium 
is only 10°% (& is Boltzmann’s constant). 


SOLUTION OF THE EQUATION OF MOTION 


In relative coordinates, with the three component 
vectors R for configuration space and p for momen- 
tum space, the Wigner equation for the phase space 
transformation function of a quantum-mechanical two- 
particle system is* 


(0K /ds) +(p/u)-VRK+0-K=0. (2) 


The function K(R, p; t-+s|Ro, po; 4) represents the 
conditional probability of transition from the coor- 
dinates (Ro, Po) at time ¢ to (R, p) at time é+s. The 
symbol s denotes a time interval and the 9 operator 
can be written: 


0-K(R, p; i+s | Ro, po; ¢) 
= (i/h)(1/fex)* f[[V(R—x)—V(R+x)] 


Xexp[(2i/h) (p—p’)-x]K(R, p’; t+s | Ro, po; 2) 
Xdp’dx. (3) 


If the intermolecular potential V(R) admits a Taylor 
series expansion at each point, then an alternative 
form of the © operator is 


6-K =—(2/h) sin[(#/2)Vr-V»JV(R)K, = (4) 


in which Vp operates on V(R) only. Initial conditions 
for Eq. (2) at s=0 are 


K(R, p;¢| Ro, po; 4) =5(R—Ro)8(p—po). (5) 
P. Wigner, Ph 


3 (a) E. Rev. 40, 749 (Toes fe (b) ae E. 
Moyal, Proc. Cambridge hil. Soc. 45, 99 (1949); 

Irving and R. W. Zwanzig, J. Chem. Phys. 19, tis”  idsiy; 
(d) J. Ross and J. Kirkwood, J. Chem. Phys. 22, 1094 (1954). 


We seek a solution of the equation 
(0K/ds) lic Pee 


FH fi27-2 
->; =) 


(2j— (j— pina °®" 


V,)2V(R)K (6) 


in the form 


K=>fK,, (7) 
n=O 


and find on substitution the set of differential equations 
as coefficients of h?": 
(OK, /0s) +(P/u) *VaKn 
1 (-)™ 
pea (27-1) 12° 


4 


(Vr° Vp)? V(R) Kays; (8) 


For n=0 we obtain the Liouville equation for the 
classical motion of the two-particle system, 


(0Ko/ds) + (p/n) + VrKo— VaV (R)-V,Ko=0, 
with solution: 
Ko(R, p; t+r | Ro, Po; ¢) 

=6(R(—r) — Ro) 5(p(—r) — po) 


R(—r) =R+AR(—1) =R+ I ~ [p(s)/ulds 


(9) 


p(—r) =p+ap(—1) =p— ~"VaV(R)ds (10) 


or 
Ko(r) =exp(—rL) Ko(0), 
L=(p/u)-Vra—VaV(R)-V,; 


these express the contact transformation. 

The first quantum correction containing only, but 
all, terms contributing to the coefficient of h? is ob- 
tained as a solution of the equation for n=1, 


(0K,/ds) +LKit+g;(Vr: V,)*V(R) Ky=0, 
namely, 


K,(R, P; t+r | Ro, Po; t) 


(11) 


(12) 


- +f " exp{(s—r) L](Va:Vp)*V(R)Ka(s)ds. (13) 


The operator L changes a function of the phase space 
coordinates according to the rule 


exp(rZ)¢[R(?), p(t) ]=e[R(t+7), p(t+7)] (14) 


along the classical trajectory. The transformation function 
is invariant to translation on the time axis and obeys 
the relation of dynamic reversibility, 


K(R, p | Ro, Do; r) =K(Ro, Po| R, p;—7). (15) 
With these aids we can rewrite Eq. (13) for a transition 
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from (Ro, po) to (R, p) in an interval of r, 


Ki(R, p | Ro, Po; rT) 
=, [D(s) VERo(s) WKo(Ro, po | R, p; —7)ds (16) 
0 


D(s) =[Vrow* Vow J, (17) 


in which the subscripts zero indicate the origin of the 

running coordinates. But these subscripts will be 

dropped for brevity since there will be no confusion. 
The operator D can be simplified in spherical polar 

coordinates (R, 0, , Pr, po, py) since the differentia- 

tions in configuration space act only on the potential 

energy function, assumed to be spherically symmetric, 

@V(R) #& 


Ds) VER(S) I= "FRC a apes)? 


eV dV 
+3 Rae aRG)| 


x| 2 + ad (18) 
Ape(s)Apo(s)* Ape(s)dp,(s)*} 

We observe here, then, the essential mathematical 
difficulty of the present problem: The differential 
operators are to act on explicit functions of R(s) 
and p(s), O<s<r, the coordinates of the classical 
trajectory after an interval s. The operand, however, 
is an explicit function of R(r)=Ry, p(r)=py, the 
coordinates at one end point of the trajectory. Hence 
the operators must be altered by a classical canonical 
transformation from the variables [R(s), p(s) ] to 
[R(r), p(r)]=[Ry, py]. This procedure is outlined 
in Appendix A. 

From Eq. (16) we draw the conclusion that the 
quantum corrections appear as simple operations on 
the entire classical trajectory, as is to be expected 
from the perturbation solution. Although the classical 
motion occurs in a plane, the quantum corrections 
constitute a three-dimensional problem. 


DIFFERENTIAL SCATTERING CROSS SECTION 


Further development is facilitated by establishing 
the relation of the phase-space transformation func- 
tion to the differential scattering cross section. The 
conditional probability of transition from the co- 
ordinates (Ro, Po) at time ¢ to (R, p) at time ¢+7 is 
given by the transformation function K(R, p | Ro, po; 7) 
and hence the conditional probability of transition in 
momentum space is the integral of K over its configura- 
tion coordinates': 


W(p | Po; 7) = (1/2eh)? ff KR, P | Ro, po; 7) dRoaR. 
: (19) 


4 The factor (2xh)~* in Eq. (18) is a result of 5-function normali- 
zation and is replaced by V~ in box normalization. 
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The differential scattering cross section for the solid 
angle element dQ is then simply given by the expression 


fe | Po; r)dp=[1/(2h)*}(Po/m) 


o( po, 2) 6( Ey— E»)dQdE,; (20) 


the symbols E,, E,, denote the energy of the system 
prior to, and after the collision, and the 6 function 
is included as a representation of the conservation of 
energy.® 

The details for the classical mechanical case are as 
follows: For the phase-space transformation function, 
we have 


K(R, p | Ro, Po; 7) =5(R—ARo(r) —Ro) 
-6(p—Apo(r)—Po), 


and the transition probability for the momentum 
vector pp into the solid angle element dQ, in a spherical 
coordinate system with polar axis Pp, is 


(10) 


a0x (1/2eh)?{[8(p—apy(r)—p.)dRaprdp, (21) 


where the vector p is specified by (~, x, @) in the 
integration and the vector py=PotApo(r) by (py 
xs, $f). The remaining integration in configuration 
space is performed in a cylindrical coordinate system 
(b, €, ) with z axis antiparallel to po; for a monotonic 
potential the differential volume element which con- 
tributes uniquely to the transition is in the limit of 
large r 

dRo = bdbdedz = bdbde( po/u)r. (22) 


The transition probability of the momentum vector. 
Po into the solid angle element dQ, per unit time and 
unit flux, is defined as the classical differential scat- 
tering cross section oc, 


acl po, 2) = {ff 


The values of (6, €, z) are related to (py, xy, oy) 
through the equation of motion and for a spherically 
symmetric potential we may set e=¢y. Again, if the 
potential function is monotonic, then the scattering 
angle is a single-valued function of the impact param- 
eter 6 for a given initial momentum pp; therefore, we 
may write 


sinx 


bdbde=b| db/dx,s |dxsdoy. (24) 


Final integration over the 6 functions leads to the 
well-known result 


ac1( po, 2) = (b/sinx) | db/dx |. 
(a) B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 


5 
(1950); (b) M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 
398 (1953). 


(25) 
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For nonmonotonic potentials different regions of the 
impact parameter 5, labeled with the subscript i, 
may contribute to the scattering into a given angle; 
the analysis is parallel to the foregoing and the dif- 
ferential scattering cross section is a sum over these 
regions 


oul po, 2) = (sinx)" 0b; |db;/dx|. © (26) 

The first quantum correction to the differential cross 
section can now be derived straightforwardly. We define 
the first quantum correction ts W(p| po; r) by #?Wi, 


W,(P | Po; 7) 
-(=) J [0% p| Ro, po; 7)dRARy (27) 
K,(R, p | Ro, po; r) 
= sf D(s)VER(s)IKa(Ro, Po| RB, ps —r)ds. (15) 


The properties of the classical transformation function 
have been discussed and the desired form of the differ- 
ential operator D is listed in Appendix A. The integra- 
tion over the configuration coordinate R can be done 
at once and the coordinate system chosen for the inte- 
gration over Ro is the same as just used, namely, 


dRo=bdbdedz, (21) 


cylindrical coordinates with z axis antiparallel to pp. 
Next, we form the integral 


[w.00 | pos Pap 


=1(2nh)3[" TR(s) Peabo) pa8(x— x0) 

ax(2rh) [ [forex re Pr ai, 

X5(¢—,)dpbdbdedads, (23) 

and note that due to the integration over the radial 
component of the momentum vector all terms in the 
differential operator D (Appendix A) with remaining 
derivatives with respect to a radial component of 
momentum vanish, since the operand becomes inde- 
pendent of py. 

We obtain therefore after an integration by parts 
and use of Eq. (24) or Eq. (26): 


— ffm | Po; 7) Pdpdp 


= fas 7 (a/ax)| [ VéGdsee sinx| 


+ (d?/dx*) | [Vato snx] 


rua (d°/dx') | [Veet sinx] 
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— (0/dx) [3 [caw V2— V1) Gidsoc1 six] 
+(8/ay2)| 3 / (RYD)Vi— Vs) Gedsecn sing 


— (0°/dx') k i (R(s) V2—Vi) Gedsocr sla 
0 A 








~(a/ax)|3 | "(R(s) Va— V1) Grdsoc sing 


+(#/dx*) 3 ‘(R(s) V2— V1) Gsdsocr simy | (sims), 
(29) 
where V, is the nth derivative of the potential energy 
Vi=d"V/dR(s)", (30) 


and the quantities Gi—Gs are listed in Appendix B. 
The presence of the 6 functions makes the integrated 
terms in the integration by parts equal to zero if the 
scattering angle x is not 0 or z.° The contributions from 
these regions to the transport cross section is negligible. 

From the relation of the scattering cross section to 
the probability of transition in momentum space, Eq. 
(19), we obtain the first quantum correction to the 
differential scattering cross section, hia: 


. . 
fex(x) = —Se(sing) (0/24) [Vase sinx] 
— (8/32) [’VG-As0c six 
+ (8/8 [VGAs0c smx| 
+ (8/ax) 3 f * (R(s) Ve Vi) Gas sinx| 
— (#/ax2) 3 f° RV. V) Gases sim 


+(a¥/ax8)|3 [°R(s) VeVi) Geiser sing 








+(8/ax)]3 f (R(s) Va— Vi) Gdsocr sing 


— (#/dx*) [3/71R V2— Vi) Gadsocr siny}}. (31) 


6 This follows from the property of the 6 function: 


[ F(x) (d/dx)8(x—a)dx= — [ (d/dx)f(x) | 0. 
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The evaluation of the various quantities appearing in 
this equation requires explicit solution of the classical 
two-particle problem. These are well known and the 
essential points are outlined in Appendix C. 


TRANSPORT COEFFICIENTS 


The system under consideration is a gas at low 
density; the de Broglie wavelength approaches the 
size of the molecules and the description of the 
elementary event, a binary collision, by classical 
mechanics is not adequate. However, the density of 
the gas is such that the mean distance between mole- 
cules exceeds the de Broglie wavelength, and conse- 
quently the effects of quantum statistics (Bose- 
Einstein or Fermi-Dirac) are absent. This is consis- 
tent with the binary collision approximation. For 
convenience we do not consider the influence of the 
identity of the particles on the cross section itself. 

If we are prepared to accept the proposition that 
the transport coefficients for such a system can be 
derived from the Chapman-Enskog theory’ for a 
classical mechanical system merely by substitution of 
the quantum-mechanical differential scattering cross 
section for the corresponding classical quantity, then 
the transport coefficients for the quantum mechanical 
gas can be written as follows: 


Q(g) =2x ‘(i—cose(g, x) sinxdx (32) 


Q(T) =(kT/2mp)? | exp(—7*) "QO (g)dy (33) 


Y=ug?/2kT 

g=p/u, initial relative speed 
u=reduced mass 
T=temperature 

n=viscosity coefficient 


n=5kT/8Q2), (34) 


The expansion for the differential scattering cross 
section in powers of Planck’s constant may be sub- 
stituted in the preceding equations and corresponding 
expansions of the kinetic theory transport cross sec- 
tions are obtained. Although small angle scattering 
is poorly described by a near-classical development, 
the contribution of these collisions to the transport 
cross section is small because of the suppressing 
factor (1—cos'x)sinx in Eq. (31). Such a develop- 
ment is also not too well suited for a treatment of 
collisions of low relative speed, of course; but here 
again, the statistical factors in Eq. (33) restrict the 

7 (a) S. Chapman and T. G. Cowling, The Mathematical Theory 
of Nonuniform Gases Spe ay tag ae § Press, New York, 
1953), 2nd ed., ee XVII, p. 300; (b) J. O. Hirschfelder, C. F. 


Curtiss, and R. B. Bird, Molecular Theory of Gases and Liquids 
(John Wiley & Sons, Inc., New York), Chap. X, p. 671. 
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range of integration over relative speeds effectively 
to the thermal range of the order of (2k7/u)*. This 
indicates also that the thermal de Broglie wavelength 
is a useful measure of the degree of quantization. The 
expansion of the transport cross sections in powers of 
fh? is appropriate, therefore, if the differential scat- 
tering cross section is adequately represented by 
such an expansion for scattering angles not in the 
neighborhood of zero or w and for relative energies 
of the order of the thermal energy of the gas. For the 
temperature dependent transport cross sections we 
thus have 


20" (T) = Qo (T) HQ "(T)-+++ (35) 

and hence the viscosity coefficient, for instance, is 

n= 5SkT[8Qei%(T) }4{1— 72,2 Nei? (T) +++}. 
(36) 


CALCULATIONS AND DISCUSSION 


The calculations of the quantum corrections de- 
rived in the last section are complex for realistic 
models of molecular interactions and can only be done 
by resort to lengthy numerical integrations. A simple 
form of potential function is adopted and the quan- 
tum corrections are calculated. The results enable 
one to make an immediate comparison with analogous 
calculations based on the WKB development as used 
by de Boer and Bird. Unfortunately, the equations 
themselves are not directly comparable. 

If the potential energy of interaction corresponds 
to repulsion and has the analytic form 


V =a?/R?, (37) 


then the quantum correction for the viscosity trans- 
port cross section Q® (g) is 


7Q, (g) = —0.78 wh?/(ug)?. (38) 


For this model of interaction the equations used by 
de Boer and Bird yield 


FQ (g) = —0.50 wh?/(ug)?. 


There is agreement in sign but not in numerical value. 
It should be remembered at this point that de Boer 
and Bird obtained a positive quantum correction to 
the viscosity transport cross section for a repulsive 
potential varying as the twelfth power of the distance. 

The analysis of available experimental results on 
the viscosity of helium, hydrogen, and deuterium at 
low temperatures shows that the quantum corrections 
to the kinetic theory cross sections are negative.* This 
implies that an increase in the thermal de Broglie 
wavelength has the apparent effect of decreasing the 


(39) 


8 {a) J. M. j. pacement, Pa — ee J. Seer idee): 
me ee Knaap. s bergen, ysica > 
(b) A. O, Rietveld, A. van Itterbeek, and C. A. Velds, ibid. 25, 
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range of certain potential functions, with an at- 
tendant decrease in the cross sections. A similar be- 
havior is encountered in the quantum corrections to 
the second virial coefficient. 

It is not strange, therefore, that the model of the 
potential, with long range interactions, also leads to 
negative quantum corrections, as the above phenomena 
can, and does occur. It is interesting to note, is con- 
clusion, that a repulsive potential can produce positive 
or negative quantum corrections’ depending on the 
steepness and range of the potential. 

Numerical calculations of the quantum corrections 
for the transport coefficients derived in the present 
communication for realistic models of potential in- 
teractions are in progress. 
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APPENDIX A 


Let the coordinates of relative motion of the two- 
particle system be Ro, po at a given initial time prior 
to collision; the coordinates after an interval s be 
R, p; and the final coordinates after the collision 
and a time interval 7, Ry, py. The canonical trans- 
formation of the operator D, Eqs. (16-18), to the 
final coordinates [R(r), p(r) ]=[Ry, py] will be listed 
here. Choose the spherical coordinate system with 
polar axis in the direction of Po; the radial component 
of the momentum vector py; is denoted by , and the 
two angles by xy, ¢;. A spherical coordinate system is 
also chosen for the vector R with polar axis parallel 
to the constant angular momentum vector of the 
motion. The classical motion occurs in a plane, 
therefore, perpendicular to the polar axis, and if the 
angles are denoted here by 0, ¢, then we set g=2/2, 
p,=0. The required transformations are: 


ant ape apa) ni 


sou oe (2) = (At) 


“Opt Ope dx? \ipal x? 


By a 


xs Ops Ops xs, xs Pps] F 
OpRdpe Oho Apr apt Oe Ope |apOx; 





os am are 
on apax? at +-operators on ¢y. 


Ope Ope] dx? 


(A2) 


ay 2 
Oprldp?  dpRdp,? dx; 





9 Hbs_ Oxs ce Ops , Os Pxs , Ins PPs|_ 
OPROpy Py 


apndp, 2p, Ope Oe Opp ape) apjax, 


Fad Fe ——.+ operators on ¢;. 
(A3) 


Opel JdpAOx? Apr\dp 


Owing to the selection of the coordinate systems, the following identities hold: 
(Op;/ Ope) Pg =0 
(&p;/ApRAPy) pmo=0 
(xy/9 ps) p_~0=0 
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so that Eq. (A3) can be reduced to 


(; # ;) -(-7P :) o+(oPe) (522) ae 
OprOP el] po \OpROP? prev Py IPS] p,—v\9Pr/ Op? 


+{50 xs 4 OXs el 
Opr Ope Opr Op? 


pep 9X5 
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fu) 2 (muon) 2 
Oprdp? pye09OXs Opr Op, pe0Oxe 


+operators on ¢y. 


The terms remaining in the final equations for the quantum corrections are listed in Appendix B. 


APPENDIX B 


The functions appearing in Eq. (31) are the remain- 
ing terms from the operator D and are denoted as 
follows: 


Gi=[0*xs/OpR(S)* Ieper 
G2=3{[0*x,/OpR(s)* LOxs/ApR(S) }}xpmx 
Gs=[0xs/ApR(S) Paper 
Gi=[0°xs/OpR(S) Op0(S)* Ixpox 
Gs= {2[0*xs/Ape(s) Opo(s) ILdxs/Apo(s) ] 
+[0xs/ApR(s) L9°xs/Opo(S)*} xp—x 
Go={L0xs/Apn(s) ]LOxs/Op0(s) P}xp—x 
G:=[0*xs/OpR(S) OP o(S)* jxpax Po 
Gs= {Ldxs/Ope(S) JL0°xs/OPo(S)* Jxpmx vgn 


The relation of these differentials to the equation of 
motion is given in Appendix C. 
APPENDIX C 
The necessary relations for the evaluation of the 
quantities G;—Gs appearing in the final equation for 
the quantum corrections, Eq. (31), are established in 
this Appendix. For two particles interacting with 


centrosymmetric forces, the equations of conservation 
of energy and momentum are 


po? = pr?+ pe?/ R?+2nV (R) 
po=bpo=nR'O(s). 


(C1) 
(C2) 
The symbols denote: 


u=reduced mass 
b=impact parameter 


R, 6, pr, pe=polar coordinates and conjugate momenta 
ats 


s=time interval. 


The scattering angle for completed collisions is related 
to the angle of the spherical coordinate system for the 
relative momentum after the collision, xy (see Appendix 





A), by the equations 
xp=(2n+1)r—-0(0) if 2nw<0( 0%) <(2n+1)4 
=0(20)—(2n-f1)m if (2n+1)r<0(%) <(2n+2)x 
(C3) 
0c) =2] "pope pi/R*—2uV(R)T4UR/R? (CA) 


po — pé?/ Rn? —2uV (Rm) =0, (CS) 
where n=0, 1, 2, ++. For monotonic potential functions 
the scattering angle @(«©) is limited to the range 
0<0(«) <a and we consider this case in further detail. 

If the relative motion is approaching the point of 
minimum separation of the particles, then the angle 
x, is 


R 
y= 0—pof Cpat— pit/y?— 2wV (y) Hdy/y? 


=e [ "Cpat— pot/y?—2uV(y) Fdy/y*; (C6) 


but if the relative motion is receding from closest 
approach, then we have 


x= 1—0— po] TL ot—pé/s¢—2uV (9) Pay/ (C7) 


Differentiation of x, with respect to pr and pp is possible 
in these equations and the quantities G, through Gs 
can be computed if the potential energy of interaction is 
specified. 

The evaluation of the derivatives of x; with respect 
to p, requires an additional development. The co- 
ordinate systems originally chosen (see Appendix A) 
describe the classical motion confined to a plane; 
the component of momentum perpendicular to_ this 
plane, p,, is therefore zero. Now consider the virtual 
motion in a new plane with finite value of p,. The 
original and new plane possess in common the radial 
vector R and form an angle denoted by & The mo- 
mentum vector of the virtual motion in the new 
plane is 


Po(s) =trpattope/R+ipp,/R, (C8) 
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where fg is the unit vector along R, iy is the unit vector 
perpendicular to R in the original plane, and f, a 
unit vector perpendicular to the original plane (see 
Fig. 1). In Fig. 1, the original plane of motion is 
taken to be the YZ plane, and the new plane is shown 
shaded. The angle & between the planes is given by the 
equations 


cost = po/ (pe’+ py’)! (C9) 


For xy’, the angle between the initial momentum 
vector Pp and the final virtual momentum vector, we 
have (see Fig. 2) 

cosxs”=cos(*#—8) cosAd+cos(r/2—8) cosy. (C10) 


The relation 
cosy =sin(A@) sin(#/2—-&) (C11) 
and simple trigonometric identities lead to 
cosx,” = — cos cos( AG) +sin@ sin( Ad) po/ (pe?+p/)'. 
(C11) 


The angle A@ between the radial vector R and the final 
momentum in the virtual plane of motion can of 
course be expressed in terms of polar coordinates of R 


taPr 











Fic. 1. Relation between the original plane of motion (YZ 
plane) and the new plane of virtual motion (shaded plane). The 
initial momentum vector Po is not shown above; the final mo- 
mentum of the virtual motion is pp. 





Fic. 2. The relation among R, the radial vector at time s; 
the initial momentum poin the YZ plane; and the final momentum 
Pp» in the plane of virtual motion (shaded). A@ is the angle trav- 
ersed by the radial vector in the latter plane since the time s; 
xy’ is the virtual scattering angle. 


and their conjugate momenta; if the relative motion 
approaches the scattering center we have 


Rm 
a0=— | “(petpe)! 


[p?— (p+ pe?) /y*—2uV (y) F4dy/? 
2 2\4 
+)" +p¢ ) 


X?— (pP+p-)/y—2nV (y) Fidy/y’, (C12) 


but if the relative motion recedes from the scattering 
conter, then A@ is given by the expression 


a= — |" (pe-+02) 


[p?— (pi+p) /y’—2uV (y) Pidy/y*. 


From the foregoing equations we can determine the 
remaining derivatives of the scattering angle x; in the 
plane of the actual motion for which g=2/2 and p,=0. 
The quantities G; and Gs are 


(C13) 


Gr= — (9/dpr) (P°A0/9¢*) p,~0 
— (sin*0/ pi?) cosec*x (9xs/IPR)xs—x 
Gs= (Oxs/OPR) xfox{ — (PAB/OP,?) po 
+ (sin?0/ pe) cotx = (sin6/p¢") cos6} 
where A@ is given by Eqs. (C12) and (C13). 


(C14) 


(C15) 
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The properties of a polymer are related to the properties of its constituent groups and to its geometry. 
That is, relations between polymer wave functions and group wave functions are obtained. The equations 
generalize a result of Kirkwood to include the effect of time-average fields. The main assumption in the 
derivation is that no exchange of electrons between groups occurs. The usefulness of these wave functions 
is illustrated by expressions for the absorption coefficient, polarizability, optical rotation, dipole moment, 


and stability of a polymer. 





INTRODUCTION 


N 1937 John G. Kirkwood! derived a theory of 
optical activity. He related the optical rotation of a 
molecule to the optical properties (polarizabilities) of 
groups in the molecule. In so doing he obtained wave 
functions for the molecule that were a function of the 
group wave functions. Moffitt, Fitts, and Kirkwood? 
in 1957 rederived these wave functions explicitly in- 
cluding degenerate states, i.e., polymers. In this paper 
we will derive once again these wave functions, but we 
will include the previously neglected effect of static 
fields. To show the usefulness of these wave functions 
we will relate the absorption coefficient, polarizability, 
optical rotation, dipole moment, and stability of a 
polymer to the properties of the individual groups in 
the polymer. A consistent treatment of these various 
optical and electrical properties has many advantages. 
The best group parameters to use can be determined 
from comparison of polymer property A with the 
calculated value. Then prediction of property B can 
be made with some confidence. For example, the optical 
rotation might be calculated from the much more 
easily measured absorption curve. 


WAVE FUNCTIONS 


A polymer is considered to be made up of groups of 
electrons and nuclei. The groups are chosen, if pos- 
sible, so that there is negligible exchange of electrons 
between groups. If this choice is not possible, then the 
present treatment can not be applied. We can consider 
polystyrene or polyamides, for example, but not poly- 
phenyls. 

The total electronic Hamiltonian for the polymer is 


AL DV een 


i j>i 


articles 
Va54;5=€ e y (Z'Z 2/1 5t;)- 
s t 


Ss 


(1) 


* This work was s mre in part by a research grant from the 
National Institute of Arthritis and Metabolic Diseases, Public 
Health Service, and by an unrestricted grant from Research 
Co! ration. 

. G. Kirkwood, J. Chem. Phys. 5, 479 (1937). 

1W. Moffitt, D. D. Fitts, and J. ‘G. Kirkwood, Proc. Natl. 

Acad. Sci. U.S. 43, 723 (1957). 


The electronic charge is ¢; Z,' is the charge on the sth 
particle in the ith group, where at least one offthe 
charges is an electron; r is the distance between two 
particles in different groups. The 3; specify the kinetic 
energy of the electrons in group i and that part of their 
potential energy which involves only the other electrons 
and nuclei of the group. The potential energy of inter- 
action between particles in different groups is given by 
the second term. We will treat this term as a perturba- 
tion. 

The solutions of the zero-order polymer Hamiltonian 
are represented by zero-order polymer wave functions 


y: 
Ww =[].0 


Via? = (dja/50) II¢ 0 


j=1, 2+++;a=anya 
Via ha’ = (bjara’/obr0) | Tio 


j, R=1, 2+++3 a, a’=any a. (2) 
The real, orthonormal wave functions of isolated, un- 
perturbed groups are represented by ¢;, $j, ¢; the 
subscripts 0, a, a’ represent their ground and excited 
states. Thus, ¥o° represents the ground state of the 
polymer; ¥j." represents the polymer with group 7 
excited to the ath level; etc. The polymer excited 
states will be N-fold degenerate. The number WN can be 1 
or any number up to the total number of groups in the 
polymer. We are, of course, considering a general poly- 
mer not necessarily composed of identical groups. The 
wave functions to use for these N-fold degenerate 
states in any further calculation are appropriate linear 
combinations: 


N 
War’=>_C iakW ic? K=1, 2+++N 
i=l 


N 
DC axC ox* = 
=1 


N 
DC axC jax* =0. 


K=1 
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ELECTRONIC PROPERTIES OF POLYMERS 


We choose the zero-order polymer excited-state func- 


tions in Eq. (2) as a complete set for the expansion of 
the first-order functions’: 


Yo! =yor— »» > LIV) ia; j0P ia? / hv ‘0a ] 
“ x DX XLV) ia: iar in ja”/(P na +¥;00') 1; 


t+ g>i a af 


Vax'= xe iak (i? — p> 2 L(V) ia; jah ia’?/It(¥j0a'— Voa) | 
~ ae D LCV) ina’; jo ia'9/I(V00" — Yon) J 
+21(V) ia; a/Ttv0a J}. (4) 


The (V) represents the perturbation term integrated 
over the appropriate zero-order wave functions. For 
example, 


(V) ixio= [¥icV scar (5) 
To perform the integration we use either of two meth- 
ods. First, we expand V in a multipole expansion. Then, 
if we choose our groups electrically neutral, the first 
nonzero term after integration is a dipole-dipole term; 
this is the term Kirkwood used originally. Alternatively, 
we can subdivide our groups into smaller parts having 
net charges; the first term is now just Coulomb’s law 
for these monopoles. This latter method was introduced 
by London‘ and used by Moffitt’ and Haugh and 
Hirschfelder. These last authors derive the method 
and discuss its validity. For localized electrons (sigma, 
nonbonding, etc.) the dipole method is appropriate, 
while for pi electrons the use of a monopole at each 
nucleus seems best. The results for the expansion coeffi- 
cients in Eq. 4 are: 


(V) ia; 0 Wioa*'T i5* w,00 
- p> 22 (Pat'Pe'/ Rait;); 

(V) sa; a’ = Wana T 5° Bina" 
= > 22 (Prce'paa’/ Rats), 

(V) saa’; 30 Bian’ *'T i;* 00 
= 2 Do (Prea‘pun’/ Rest) 


or, 


For all groups 


DP ea'Ts 5 = Vida LPrta'=0 


*In the equation following we have omitted the Yie,jo” term 


from the — of y an, as it does not contribute in first order 
to any of the calculated electronic properties. 


‘F. London, J. Phys. Chem. 46, (1942). 
5 W. Moffitt, . Natl. Acad. Sci. U.S. 42, 10 (1956). 
(1988) Haugh and J. O. Hirschfelder, J. Chem. Phys. 23, 1778 


and 


where 


vin= [dovidudr 


is the transition dipole moment of group i and pyo' is 
the transition monopole. Similar definitions hold for 
the ground-state dipole moment yo and monopole 
pao’. The proper decomposition of a group into mono- 
poles is discussed by Moffitt® and Haugh and Hirsch- 
felder.* The dipole interaction tensor T j= (1/R;?) (1— 
3R,Ri;/Ri?). The R’s are the distances between 
either the point dipoles or monopoles. 

With the wave functions defined by Eqs. (4) and (6) 
we can obtain the electronic properties of a polymer 
molecule. 


Energy Level 


The shifts in energy levels of a monomer on forming a 
polymer’ and the analogous shifts when gas mole- 
cules are dissolved in a solvent” or form a molecular 
crystal"'-” have received the most attention and are the 
most difficult to calculate. The difficulty arises from the 
vibrational structure, which we have ignored in the 
previous section. As Simpson and Peterson” have 
pointed out, for a crystal one does not know whether 
to apply the Born-Oppenheimer approximation to the 
crystal as a whole (strong coupling) or to the individual 
molecules in the crystal (weak coupling). An analogous 
problem occurs in a polymer, of course. The calculated 
shifts in energy levels depend completely on the as- 
sumption about strong or weak coupling, and it is very 
difficult to make the right choice @ priori. In many 
systems intermediate coupling occurs, which makes the 
calculation of energy levels even more difficult. Happily, 
this problem of coupling strength does not occur in the 
calculation of intensities and other electronic proper- 
ties considered in succeeding sections. The vibrational 
structure, of course, governs the shape of the absorp- 
tion and optical rotation curves, but it does not affect 
the total oscillator and rotational strengths. 

We will only outline the calculation of energy levels 
in a polymer relative to the energy levels in the isolated 
groups. The shift in energy of any level in the polymer 
is just the perturbing potential [second term of Eq. 
(1) ] averaged over the corresponding wave functions 


(Eq. (4) ]: 
AEy= f Wo* Vyo'dr, 


AEs«x= f Wan’*VWax'dr 


(7) 


7G. S. Levinson, W. T. Simpson, and W. Curtis, J. Am. Chem. 

Soc. on 4314 (1957). 
D. S. McClure, Can. J. Chem. 36, 59 (1958). 

°F G. McRae and M. Kasha, J. Chem. aes 28, 721 (1958). 

0 E. G. McRae, J. Phys. Chem: 61, 562 (1957). 

up. P. Craig, J Chem. Soc. 1955, 2302. 

2 W. T. Simpson and D. L. Peterson, J. Chem. Phys. 26, 
588 ( 1957). 
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The polymer transition frequency corresponding to the 
isolated group frequency Vo is 


YoaK = Voat (AEax—AEp) /h. (8) 


Instead of explicitly writing down the algebra indi- 
cated by Eq. (7) we discuss the various contributions 
to the change in transition frequency on polymerization. 

There is a term for the energy needed to produce a 
divole in group i which is in the time-average field of the 
rest of the polymer. This can be represented by 


Do ( wiaa— Uino) *E;. (9) 


It is just the potential energy change in removing a 
ground state dipole at group i and introd~ing an ex- 
cited-state dipole. There are corresponding terms for 
dipole-induced dipole and London forces between 
groups. Usually, the most important contribution to 
the polymer transition frequency comes from the 
interaction among degenerate groups, however. This 
term is 


N N 
AEax(deg) = >> > Ciak*Ciax(V) ia:ja. (10) 


i=l jxi=1 


If one assumes weak coupling, the electronic transition 
moments appearing in (V) ja; ja must be replaced by the 
much smaller vibronic transition moments. For ex- 
ample, we replace toa by woow, where 


Voa= [ew uL.dr, 


woor= | Estykadr{VoitVadr, (11) 
and the #, V are electronic and vibrational wave 
functions, respectively. As the vibrational integral is 
much smaller than unity, the calculated splitting of a 
degenerate level becomes negligible when weak coupling 
is assumed. 

For the intensity calculations, the transition moment 
will always appear squared, and we will be interested 
in sums over vibrational states. It is easy to show that 
the sum of squares of vibronic transition moments 
equals the square of the electronic transition moment: 


2 
Toa? =wat | i Voo* Vade] , 
6 b 


Voo= >CoVen, 
b 


(12) 


>| / Voo* Vadr| ~ LCs =1. 


This means that the subsequent intensity equations 
will be independent of assumptions about coupling 
strength. 
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Polymer Stability 


The conformation and stability of a polymer will 
depend on the forces between its constituent groups. 
In addition to bonding forces and short-range repulsive 
forces, there will be other longer range forces. Pitzer 
and Catalano have written for the heat of formation of 
a hydrocarbon 


AH ;(0°K) = AHg+AEst+AEz+Akp. (13) 


The various energies are AHz, the sum of bond energies 
of the molecule; AEs, the strain energy or short-range 
repulsion energy; Az, the zero-point energy; and 
AE, the energy of the polymer relative to the isolated 
groups, as defined in Eq. (7) (the correlation energy) .” 
For polymers, this equation will be most useful in pre- 
dicting the relative stability of different conformations. 
The problem of helix-coil transitions in polypeptides 
and polynucleotides and the relative stability of right- 
and left-handed helices of enantiomers can be con- 
sidered. For these problems, AEg and AEz will be 
essentially identical for the two conformations. Whether 
AEs or AE, is the dominant factor in the stability 
will depend on each individual system; however, AF 
will, in general, be an important term. 
Performing the integration in Eq. (7), we find 


AEo= 2) DV) 0-0 LXV) ia; 30 P/ hv ion 


i pi 


= YE KLM) wai2/h(v s00-+¥;00") J; 


i‘ £t 4:7 


(V) 10:50 winoe T 5+ wjoo (14) 


or 


os > [e.00'p004/ Re :t; J. 


The first term is the interaction between permanent 
dipoles in the molecule; the second term is the dipole- 
induced dipole term; and the last term is the London 
force between groups in the molecule. Although per- 
manent dipole forces are often negligible compared to 
London forces for gas-phase molecules, in a rigid 
polymer these forces may be quite important. In using 
Eq. 14, it is convenient to include AE» for bonded groups 
in the bond energies and only sum over nonbonded 
groups. 


Permanent Dipole Moment 


Equations for relating the permanent dipole moment 
of a molecule to its bond dipoles are well known." 
We include the equation obtained by the use of the 
present wave functions mainly for completeness. The 


(1986) S. Pitzer and E. Catalano, J. Am. Chem. Soc. 78, 4844 
“4 C, P. Smyth, Dielectric Behavior and Structure (McGraw- 
Hill Book Company, Inc., New York, 1955), p. 235. 
%R. P. Smith, T. Ree, J. L. Magee, and H. Eyring, J. Am. 
Chem. Soc. 73, 2263 (1951). 
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dipole moment of the polymer is 
voo= [oo wher, 
Yoo= Lv 22 UL V) ia; 708 i00/hvina]. (15) 
‘ t F a 
If we use the first definition of (V) ia; jo in Eq. (6), we 
can write Eq. (15) in terms of polarizabilities. As the 
static polarizability is 
a;>= 2>°Lv ica tt ia/hvoia), (16) 


we can write 


Yoo= De viw— > i ' a; T 5; joo. 


i 7Fi 


(17) 


That is, the total dipole moment of the polymer is the 
sum of the group permanent and induced moments. 


Optical Properties 


We mentioned in the Introduction that similar wave 
functions (minus the time-average field terms) had 
been used previously to calculate the optical rotation of 
polymers.’ They have also been used to discuss the 
light absorption of polymers; in particular, an explana- 
tion of hypochromism in polynucleotides has been 
presented.” The inclusion of the static field terms, 
however, should be an improvement. Also, we will 
write the equation both in terms of the tensor quanti- 
ties for the molecules (the polarizability tensor, the 
optical-rotation tensor, etc.) and in terms of the values 
averaged over all directions in the molecule. Rigid 
polymers are relatively easy to orient, making the 
measurements of direction-dependent properties pos- 
sible. Other differences in the application of these 
wave functions become apparent in succeeding sec- 
tions. 

The quantities of interest for the optical properties 
are polymer transition moments such as wos and Moa, 
the electric and magnetic moments, respectively. We 
can write a general transition property qoa for a poly- 
mer as follows: 


doa= [voltayatar. (18) 


For a property which can be written as a sum of group 
properties we have 


qoa= [verXa Wa'dr. 


(19) 


1D. D. Fitts and J. G. Kirkwood, Proc. Natl. Acad. Sci., U. S. 
43, 12 (1957). 

1 W. Moffitt, J. Chem. Phys. 25, 467 (1956). 

nt Tinoco, Jr. and R. W. Woody, J. Chem. Phys. 32, 461 


eB Tinoco, Jr., J. Am. Chem. Soc. (to be published). 


Therefore: 

R. ( V) ta; ja’ 

qoa= YU Corfae— se ae 
k=l i=l Fi alta 

Qiow | 


Qia’o 
x “— apes 
Vj0a’—Voa Va’ +Voa 


ie x! V) ia: j0(  iaa— Q io) a 


i¥i hvoa 


“ (V) ia; ja ja0 
2hia 





j¥i=l 


(V) ia’; j04j00" 


Fi alta (Va —Voa) 


V) ia’; 504 iaa’ 
ie, 5 pail 0 |. 


j¥i a!+$a hvoa" 





(20) 


The last term will in general be small compared to the 
other terms because of its denominator; we drop it in 
subsequent equations. 


Absorption Coefficient and Refractive Index 


The absorption of plane-polarized light by a mole- 
cule depends on the magnitude and direction of the 
electric dipole transition moment. The integrated 
intensity of absorption can be characterized by an 
oscillator strength tensor defined as 


foa= (82? mvoa/he*) wos wao 


= (6909mc?/me*No) / toadw. (21) 


The eoa is the absorption coefficient tensor in 1/ mole 
and w is the frequency in cm~. If we average the ab- 
sorption over all directions in the molecule we get the 
more familiar expressions 


foa - (82? mvo4/3he*) Uoa* Bao 


= (2303mc?/xe?No) I €oadw. (22) 


We can write the polarizability tensor for the polymer 
and the corresponding average polarizability as 


a= (2/h) 2 Lroavoawso/ (voa*— v*) | 
a= (2/3h) LL (v4 vos’ wao)/(voa2—v*) ]. (23) 


We should add an empirical damping factor to the 
denominator of both expressions to indicate that the 
actual polarizability does not become infinite at v=voa. 
The exact shape of the a vs » curve near voa and the 
magnitude of vo, depends on the vibrational structure 
of the polymer; we do not try to predict them. 
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The value of woa* ao, which characterizes the ab- 
sorption and refractive index of the polymer, can be 
obtained from Eq. (20). If the A level is N-fold de- 
generate in zero order, we sum over all WN levels: 


voa* u10=N Boa Boo 


FH AL) ie wie Wier ne 


i=1 j+i a/+a h(vj0a'?— Poa") 


N x V) sae i0a* 
->| >! ) ia: ja B ida* Wa 


im. Limi hvoa 








ay save’ (wer— vel 


Fi hyo 


>> > > (V) dav’: RU a" Bite’ 


i=l ji alta h( Ya" — Voa) 





(24) 


If the A level is not degenerate, we set V=1. The first 
term is just the property of the unperturbed group. 
The next two terms represent the interaction of the 
group transition moment with the transition moments 
in other groups. The last two terms include the inter- 
actions with the static field of the polymer. The denomi- 
nators in the terms show that significant contributions 
to the interaction come only from yo or transitions 
with frequencies vo,’ near the frequency under con- 
sideration va. 

Equation (24) explicitly relates the absorption and 
refractive index of a polymer to measurable properties 
of its constituent groups and to the geometry of the 
polymer. It therefore provides for changes in polariza- 
bility and oscillator strength with conformation. Both 
the average properties and the tensor (direction-de- 
pendent) properties are determined by the configura- 
tion of the polymer. This is different from the usual 
discussions of molecular polarizabilities, which assume 
that the group polarizabilities are simply additive.” 
As Pitzer” has pointed out, this assumption may be 
approximately valid for the average polarizability, 
but not for the polarizability tensor. 

Discussion of the absorption spectrum of polymers 
has usually been confined to wavelength shifts.7~* 
The experimentally observed changes of 25% to 50% in 
the absorption coefficients of polypeptides* and poly- 
nucleotides™ owing to conformational changes have been 
considered in the present context.” 


(1908 P. Smith and E. M. Mortensen, J. Chem. Phys. 32, 502 
1 C. G. LeFevre and R. J. W. LeFevre, Revs. Pure and Appl. 
Chem. (Australia) 5, 261 (1955). 
™K. S. Pitzer, Advances in Chemical Physics, Vol. II, (Inter- 
science Publishers, Inc., New York, 1959), p. 59. 
*3K. Imahori and J. Tanaka, J. Mol. Biol. 1, 359 (1959). 
*P. Doty, H: Boedtker, J. R. Fresco, R. Hazelkorn, and M. 
Litt, Proc. Natl. Acad. Sci. U.S. 45, 482 (1959). 
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Optical Rotation 


The rotation of plane-polarized light by a molecule 
can be characterized by the following equations*: 


[m]=(3/n?+-2)[a]M/100; 


and 





144N*/ ¢ \~ImyoaX (Pr) 04 
(eR 


imj= he \2mc 


The specific optical-rotation tensor [a] is in deg/dm 
g/cm*. M=molecular weight, and m=refractive index 
of the solvent. The bie, tery tensor is the sum of 
the position r and momentum p vectors of all the 
electrons in the molecule. In using this equation, we 
must remember that to find the optical rotation in a 
particular direction we need to dot in the propagation 
vector of the light instead of the electric vector. If we 
again average over all directions in the molecule we 
obtain 


[m]=— (48Nw*/hic) p> Im[(voa-tMoa)/(vo4a?—v*) J. 
(26) 


vor —¥ 


We have made the substitution 
Mo4= (e/2mc) (rXP)oa (27) 


and interchanged the dot and the cross after averaging. 
Before we can use Eq. (20) we must write the transi- 
tion magnetic moment of the molecule as a sum of group 
properties!” 


Moa = (e/2mc) Rix Pioat DMoa. (28) 


R; is the distance from an arbitrary center to group i. 
We can now specifically write out an expression for the 
average optical rotation of the molecule. This equation 
is very long and cumbersome; it is more useful to con- 
sider special cases. 

The optical rotation will depend on the transition 
electric and magnetic dipole moments for the groups. 
It can be shown” that if an isolated group possesses a 
point or plane of symmetry either the electric or magne- 
tic moment must be zero for every transition (including 
vibrations). This is equivalent to the statement that an 
isolated group with a point or plane of symmetry is 
not optically active. Therefore, each transition in the 
polymer can be classified as either electric dipole for- 
bidden by local (group) symmetry or magnetic dipole 
forbidden by local symmetry.” The resulting equations 

% The optical-rotation equations also need a damping term in 
the denominator. A discussion of the shape of a vs », [m] vs » 
and ¢ vs v curves in an absorption band is given by Moffitt and 
Moscowitz.* 

2 W. Moffitt and A. Moscowitz, J. Chem. Phys. 30, 3 (1959). 

” H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry 
(John Wiley & Sons, Inc., New York, 1944), p. 346. 

28 We can always our group to have a point or plane of 
symmetry except for the case of an asymmetric group of x elec- 


trons such as phenanthrophenanthrene.™ 
» oy S. Newman and D. Lednicer, J. Am. Chem. Soc. 78, 4765 
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are: 
Electric dipole forbidden ( y io, = 0) : 


guartneasornS, > & 


1 fi a/ta 


2V ia; ja’ Ysa’ *IN soa joa’ 
h(¥ joa"? — vod") 





V ia; 0( Wiaa— ¥ 100) *M ina 
hoa 





tl fi 


2 > > V saa’; jo sta’ *T ing 


1 ji afta h(a — Yea) 





Magnetic dipole forbidden (m jo. =0) : 
N 
Yoa*Moa = (2ri/c) D bee 


tl j+i a/ta 
(V) ia; ia? soa? joa’ (R:— Rj) + ( v s0aX Bjoa’) 
h(¥j0a"*—Voa") 


lly li 


1 fi alta 


-Srr 


1 f+i afta 


x 





V aa’; j0¥ 0a * io’ 
h(a" — Voa) 





2V ia; ja’ V ina*™ joa’Voa 
h(v joa"? — Voa?) 





(30) 


In this last equation we have set terms involving the 
permanent magnetic moment of a group M1jo0 equal to 
zero. In general, Moo is equal to zero, and in any case 
there will be no correlation between M joo and pw. We 
have also made use of the identity 


— DP i0a= (i2amv ioa/e€) Bida- (31) 


In Eq. (29) we must use the transition monopole 
definition of (V) ia; ja’, etc., to get a nonzero value for 
the rotation from a transition that is electric dipole 
forbidden by local symmetry. However, these defini- 
tions plus the static field terms (last two terms) in 
Eq. (29) remove one of the objections to Kirkwood’s 
original calculation of optical rotation. The objection 
was that his treatment did not include the effect of 
electric-dipole forbidden transitions. Since these types of 
transitions (n—>x*, for example) contribute to the opti- 
cal rotation of many common compounds, this was a 
serious lack. It remains to be seen, of course, whether 
Eq. (29) can quantitatively account for the optical 
rotation of this class of compounds. 

The first two terms of Eq. (30) have been used in the 
past for calculation of optical rotation.':*-* They can be 
written in terms of polarizabilities if desired. 

There is one more difference in the proposed use of the 
present equations for the calculation of optical rota- 
tion. It concerns the previously suggested?*.” special 
frequency dependence of the optical-rotation contribu- 
tion from degenerate levels. Moffitt proposed the 
following treatment of degenerate levels. The contri- 


® J. H. Van Vleck, Electric and Magnetic Susceptibilities (Oxford 
University Press, New York, 1932), p. 272. 
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bution to the rotation from a set of levels A which are 
degenerate in zero order is 


[a= DL Rax/ (ran?) 1 


Rax is the rotational strength of the Kth degenerate 
level and vax is the corresponding frequency of that 
level. This expression is expanded in a Taylor’s series 
about v, with the following results: 


(32) 


[mla=[ #2 Rax/ ox») 


2a 5 Raxlvax—r4)/(040—)* [+ ees, (33) 


The second term is the unique frequency-dependent 
contribution from the degenerate level, which Moffitt 
proposed should be compared with experiment. In 
order to use Eq. (33), however, we need to be able to 
calculate vax, which depends on the vibrational struc- 
ture and is therefore very difficult to obtain. We know 
that neither Eq. (32) nor Eq. (33) is useful near the 
absorption band, yet the large differences between a 
(v42—v*)—! and a (v?—»*)-? dependence will occur only 
near this band. For these reasons we have written Eqs. 
(28) and (29) as total rotational contributions from a 
particular level (degenerate or not). The frequency 
dependence will be of the general Drude type (v4?— 
v*)—!, but the exact shape of the curve is not predicted. 


DISCUSSION 


Before summarizing the possible uses of the polymer 
wave functions presented in this paper, we must discuss 
their validity. The fundamental assumption in the 
derivation is that electrons can be assigned to a particu- 
lar group. That is, we neglect (a) exchange of electrons 
between groups in the ground state and (b) transfer of 
electrons from one group to another in excited states. 
Therefore, we must choose our groups in the polymer 
so that this neglect is valid. The other approximations 
made in the present equations are mainly for compu- 
tational convenience. Examples of this type of approxi- 
mation are (a) use of first-order perturbation theory 
only, (b) neglect of interactions involving three groups 
at a time, and (c) the multipole expansion of the 
perturbation potential with the retention of only the 
first term. Consideration of all these conditions leads 
one to the conclusion that the present equations should 
be most useful for molecular crystals and conforma- 
tional effects in polymers. In both systems there will be 
significant interactions between non-nearest neighbors; 
these effects will be mainly of the type discussed here. 
Previously, the main use of equations of this type has 
been in these fields. 

Polymers seem particularly interesting because in- 
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formation can be obtained about their configuration in 
solution. Polynucleotides, polysaccharides, polypep- 
tides, and proteins, for example, undergo changes in 
conformation upon variation of temperature, pH, 
solvent, etc. These changes, in general, do not involve 
any differences in primary chemical bonding, but they 
do give rise to changes in optical properties. These 
changes can be interpreted with the present equations. 
Differences between stereospecific and random syn- 
thetic polymers can also be treated. We should not 
ignore small molecules completely, however, one can 
make qualitative and perhaps quantitative predictions 
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of the effect of substituents on the spectra of simple 
molecules also. 

Other properties of a molecule which depend on the 
electron distribution can be considered from the present 
point of view. For all calculations, the information 
needed is the geometry of the molecule plus the dipole 
moment and transition moments of its constituent 
groups of electrons. 
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We describe a new formulation of methods introduced in the theory of irreversibility by Van Hove and 
Prigogine, with the purpose of making their ideas easier to understand and to apply. The main tool in this 
reformulation is the use of projection operators in the Hilbert space of Gibbsian ensemble densities. Projec- 
tion operators are used to separate an ensemble density into a “relevant” part, needed for the calculation of 
mean values of specified observables, and the remaining “irrelevant” part. The relevant part is shown to 
satisfy a kinetic equation which is a generalization of Van Hove’s “master equation to general order.” Dia- 


gram summation methods are not used. The formalism is illustrated by a new derivation of the Prigogine- 
Brout master equation for a classical weakly interacting system. 





INTRODUCTION 


HIS article is the first of several to be devoted to 

the study, from a unified point of view, of various 
topics in the statistical mechanical theory of irreversi- 
bility. 

Since the appearance in 1946 of Kirkwood’s pioneer- 
ing work in this field, activity has been intense and 
varied. 

In the last few years significant advances have been 
made by Van Hove! and by Prigogine and his co- 
workers.? The work to be presented here originated in 
an effort to understand the methods introduced by 
these authors and to see their interrelations. In the 
course of this study it became evident that the Van 
Hove-Prigogine (VHP) methods can be made easier 
to understand and to use if a new point of view is taken. 
The initial formulation of this point of view is the main 
subject of this article. Future articles will deal with 
further developments. 

We shall begin with a rough characterization of the 
VHP methods: (a) the initial state of a many-body 


1L. Van Hove, Physica 21, 517 (1955); 25, 268 (1959). 

2 I. Prigogine and R. Balescu, Physica 25, 281, 302 (1959) and 
“a given therein; R. Brout and I. Prigogine, ibid. 22, 621 

1956). 


system is specified; (b) the evolution of this state is 
followed by means of a many-body perturbation 
theory, involving expansion, rearrangement, approxi- 
mation, and resummation of infinite series in powers of 
a perturbation; and (c) kinetic equations describing 
special features of this evolution are shown to be valid 
in an asymptotic (long-time) sense, for certain kinds 
of initial states. 

An important feature of the VHP methods is that 
coarse-graining or time-smoothing is not needed. 
Random phase assumptions are not introduced except 
in specifying the initial state. 

The examples worked out in detail by VHP are 
concerned with situations where a small parameter & 
(which may be a coupling strength, a density, etc.) 
characterizes the interaction responsible for irreversible 
behavior. They demonstrate the validity of kinetic 
equations in the limit ¢(time) >, £0, and & is held 
constant. The formulation to be given in this article 
allows a simpler and more precise treatment of such 
weak interaction problems, but does not add anything 
substantially new to their results. 

When the interaction parameter £ is not small, the 
VHP methods become exceedingly complicated. The 
emphasis that has to be given to algebraic detail tends 





ENSEMBLE METHOD IN THE THEORY OF IRREVERSIBILITY 


to obscure issues of a more physical kind. As a result 
it is hard to apply their methods and to assess the 
validity of their conclusions. The formulation to be 
presented here avoids some technical difficulties in the 
VHP methods. We hope that it will be useful in prob- 
lems where £ is not small, but at present no new results 
have been obtained in such problems. 

Our reformulation of the VHP methods is character- 
ized by extensive use of Gibbsian ensembles (in which 
we differ from Van Hove, whose concern with the 
evolution of initial pure quantum states is more in the 
Boltzmann tradition), 

Projection operators in the space of all possible 
ensemble densities* are used to separate an ensemble 
density into a “relevant” part, required for the calcula- 
tion of ensemble averages of specified quantities, and 
the remaining “irrelevant” part. This is a generaliza- 
tion of the common separation of a density matrix 
into diagonal and nondiagonal parts, as used for 
example in Van Hove’s derivation of the Pauli equation. 

The projected or relevant part of an ensemble 
density will be shown to satisfy a special kinetic 
equation. This equation is in some respects a generaliza- 
tion of Van Hove’s “master equation to general order.” 
If the initial ensemble density lies entirely within the 
subspace defined by the projection operator, our kinetic 
equation takes on a particularly useful form. It becomes 
a closed equation for the projected ensemble density; 
it describes the decay of this density; and it is. not 
Markoffian.t This equation is of fundamental im- 
portance in the theory of irreversibility. 

As an illustration of our formalism we shall present 
another derivation of a master equation, first derived 
by Prigogine and Brout,? for a weakly interacting 
system in classical mechanics. 


DERIVATION OF A KINETIC EQUATION . 


Liouville’s equation is the natural starting point of 
any theory of time-dependent processes in statistical 
mechanics. In this section it will be used in the deriva- 
tion of a useful kinetic equation. 

In order to avoid duplication, we shall introduce a 
notation which can be used simultaneously for both the 
classical and the quantum mechanical theory. 

The ensemble density (phase space distribution 
function or density matrix) at time ¢ is f(¢). The average 
of a dynamical variable a (function, matrix or opera- 
tor) at time ¢ is (a; f(t) ). The Hamiltonian function or 
operator is called H. 

In classical statistical mechanics, Liouville’s equation 
is conveniently written 


iLof(t)/ot]=iLH, f(t) J=Lf(), (1) 


3 “Ensemble density” is used to denote either a quantum me- 
chanical density matrix or a classical phase space distribution 
function. 

‘ A kinetic equation is called Markoffian if it involves properties 
of an ensemble density only at a single time. 
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where [A, B] denotes the Poisson bracket of A and 
B. This equation defines the operator L, which is 
Hermitian by virtue of the imaginary unit i. Equation 
(1) has the formal solution 


f(t) = exp(—u#L)f(0). (2) 


The operator exp(—iL), introduced by Von Neumann 
and used by Kirkwood, is defined by Eq. (2). It has the 
property of displacing a function in time along a 
trajectory in phase space. 

In quantum statistical mechanics Liouville’s equa- 
tion takes the form 


iLaf(t) /at]=*"LA, f()J=L/(), (3) 


where [ A, B] is the commutator AB— BA. This equa- 
tion defines a Hermitian operator L. Equation (3) 
has the formal solution 


f(t) = exp(—i#L)f(0), 


which is actually equivalent to 
S() = exp(—itH/h)f(O) exp(+iH/h). (5) 


The solution in the form of Eq. (4) is preferred because 
of its analogy with the classical case. (Fano® has shown 
how to construct the quantum mechanical L explicitly). 

In the rest of this section we shall not distinguish 
between the classical and quantum mechanical inter- 
pretations of this notation. 

Now we introduce an operator P. We have in mind 
specifically a projection operator, but its projection 
property will not be used until later. P is used to divide 
an ensemble density f(t) into a “relevant” part f(t) = 
Pf(t) and an “irrelevant” part fo(#) = (1— P)f(4), 


SO=AOt+KhO. (6) 


We require that P be a linear operator and time 
independent so that we can commute P and 0/01. 
Liouville’s equation can then be written as a pair of 
equations, 


PLi(Af/at) J=i(Afi/dt)=PL(fitf), (7a) 
(1—P)[i(Of/dt) ]=i(Af2/at) = (1— P) L(fitf2). (7b) 


The second of these equations can be solved formally 
for fo(¢) in terms of f2(0) and f,(¢). In this solution we 
require the operator exp[—i(1—P)L#] which is 
defined by the formal solution of 


i(aG/at) = (1— P) LG; 
G(t) = exp[—it(1— P) L]G(0). 
The solution of Eq. (7b) is 
fat) = exp[—it(1— P) L Jfa(0) 


(4) 


(8) 
(9) 


~if as expl—is(1— P) L\(1— P) Lft-s). (10) 


5 U. Fano, Revs. Modern Phys. 29, 74 (1957). 
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When this is substituted in Eq. (7a) we obtain 
if, (t) /t]= PL exp[—it(1— P) L] fo(0) + PL (#) 


~if asPL exp[ —is(1— P) L](1— P) Lfi(t—s). (11) 


This is a generalization of Van Hove’s “master 
equation to general order in the perturbation.” It 
corresponds to his equation when (a) the Hamiltonian 
is separated into an unperturbed part and a perturba- 
tion, (b) we use the matrix representation in which the 
unperturbed Hamiltonian is diagonal, and (c) the 
projection operator selects the diagonal part of any 
matrix in this representation. Van Hove’s interference 
terms are contained in f2(0). 

Equation (11) is of particular value when /2(0) =0, 
since it then becomes a closed equation for fi(t). The 
assumption f2(0)=0 is equivalent to Pf(0)=/(0). 
The projection operator P specifies a class of initial 
ensemble densities for which the assumption is valid. 

The physical significance of the characterization 
fo(0) =0 of a class of initial states will be discussed in a 
future article. We shall then describe a method of 
expanding an ensemble density in terms of a complete 
set of functions in Hilbert space. The basis functions 
are found by orthogonalizing a set of observables with 
respect to a microcanonical density. This method is 
an extension of one developed by Fano.’ It may be 
used for the construction of initial ensemble densities 
in terms of prescribed information. 

In Van Hove’s derivation of the master equation, the 
assumption f2(0)=0 is the same as discarding inter- 
ference terms. It corresponds to an initial phase- 
randomization. 

Equation (11) [henceforth with /2(0)=0] has a 
number of interesting properties. 

It is a closed equation for the projected ensemble 
density, giving correctly the time dependence of that 
part f(t) which lies in the P-subspace, but giving no 
other information. If P projects onto the subspace of 
functions of dynamical invariants, then df;(#) /at=0. 

Equation (11) contains a memory, represented by 
the convolution in time. It describes a non-Markoffian 
process. 

Another feature of Eq. (11) is its “irreversibility.” 
Roughly speaking, the total ensemble density, initially 
in a certain subspace, “leaks” out of this subspace 
so that information is lost. 

It is interesting to see the form taken by Eq. (11) 
under Fourier transformation. The transform of fi(#) is 
defined by 


g(a) = ['dtexpliwtiqn il), 


where the frequency is given a positive imaginary 
part, e>0, to insure convergence. At the end of a cal- 
culation the limit «0+ should be taken. We consider 
the particular but typical case where the Hamiltonian 


(12) - 
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separates into an unperturbed part Hp and a perturba- 
tion H,, and the operator L separates into Ip+ Lh. 
Furthermore, we assume that the projection operator 
commutes with J», which is a common situation in 
practice. Then Eq. (11) can be written in terms of a 
“scattering operator” T(w), 


(w+ie)g(w) =if:1(0) + P(Lot+ T(w))g(w), — (13) 


where T(w) satisfies an equation of the Lippmann- 
Schwinger type, 


T (w) =L1+-Ly(wtie—Ly)-(1—P)T(w). (14) 


The kinetic theory of gases can be formulated using 
Eqs. (13) and (14), together with a binary collision 
expansion of T(w). This will be reserved for a future 
article. 


ILLUSTRATION 


As an illustration of how the preceding formalism 
can be applied, we shall derive the Prigogine-Brout 
master equation in the limit of weak interaction. 

We consider a classical system of N particles in a 
volume V. The Hamiltonian is 


(15) 


B= 2(¢#/2m) + DE EUW), 


where the jth particle has momentum j;, position r,, 
and mass m. The potential energy of interaction of the 
pair (jk) is U(rj,) and depends only on their separation. 
The parameter \ determines the strength of the interac- 
tion. 


The corresponding Liouville operator is 


L=Int+rh, 
Lo= ~i (p/m) (@/2n), 
=—(i/2) LD Fal (0/861) — (8/apx)], (16) 


where 


MF x= —ALOU (rx) /r;] 


is the force on 7 due to k. 

The master equation is concerned with the momen- 
tum dependence of a phase space distribution function 
f(r, p; t). We introduce the projection operator 


(17) 


p=(V¥)-1 [ dy, (18) 


which has the effect of removing all position de- 
pendence from f, 
P(r, 31) =fild; 2). (19) 


We shall consider only initial states which are 
spatially homogeneous, so that Pf(0) =f(0) and f.(0) = 


*B. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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0. Then Eq. (11) becomes a closed equation for the 
spatially homogeneous part of the entire f(#). The 
projected function fi(#) gives correct averages of all 
functions of momentum. 

It is easy to show that the term PL/,(#) in Eq. (11) 
vanishes. The contribution from [ vanishes because 
f, is independent of position. The J, part is 


PLA= HUD") a Or F 5, 


XL[(0/0p;) — (8/Apx) If(P; 4). (20) 


This is zero because the integral of a force over all 
positions is zero. The same argument serves to eliminate 
a term PLf,(t—s) from Eq. (11). We are left with the 
exact kinetic equation 


afi(t) /al=— | ‘dsPL exp[—is(1— P) L]Lf,(t—s). ee 


Next we use Lfj=ALj/fi, since [of,=0. We also note 
that (for arbitrary G) 


PLG=)\PLG (22) 
because P removes the contribution from I». This 
gives 


afi(t)/at=r[ dsK(s;d)fult—s), (23) 
0 


where K(s;X) is an operator in momentum space, 
K(s;\)=—Ply,exp[—is(i—P)L]L,. (24) 


Equation (23), which is still exact, can be simplified 
further in the limit of weak interaction and long time. 
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We introduce the new time scale, 

T=) 
and replace fi(#) by p(r). Equation (23) becomes 


(25) 


cfr? 
ap(r)/ar=[° dsK(s;2)o(r—N*s). (26) 
0 
We assume that the memory of K(s;\) extends only 
over a finite interval of time 0<s<T in the original 
time scale, or 


K(s;\)=0 if = s>T. (27) 

In actual cases the memory extends roughly over the 

time required for a particle of momentum ? to traverse 

the distance over which the interaction does not vanish. 

Now we can take the limit A—0 at fixed r>0. In this 
limit we obtain 


do(r) /or= I “dsK (s;0)o(1) (28) 


which is a Markoffian equation. The memory operator 
in the limit is 
K(s;0) =— PL, exp(—isLy) (29) 
because 
(1— P) L=Ln+AL,— PL; (30) 


and PL is of order \ because of Eq. (22). Equations 
(28) and (29) are, in rather condensed notation, ex- 
actly the Prigogine-Brout master equation. 
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We consider properties which are possessed by typical functions of very many variables such as the 
n-particle molecular distribution function of a dynamical system. We show that such a function “selected 
at random” will in all likelihood approximately satisfy the molecular chaos condition and, to a better ap- 
proximation, will very likely satisfy the Kirkwood superposition relation. 





1. INTRODUCTION 


E consider distribution functions f(a-++%n,) 
which are nonnegative, symmetric in all the 
variables x:++*+2,, and normalized 


[flav radden dey =1. (1) 
For the purposes of this paper, it is immaterial whether 
the variable x, is a single variable or an abbreviation for 
several (such as the six coordinates specifying the state 
of a point molecule). Also, whether the range of integra- 
tion is finite or infinite (as in the case of velocity co- 
ordinates) is unimportant. For simplicity, we therefore 
take x; to be a single real variable with the unit interval 
as its range 


0<x;<1. (2) 


When convenient, we shall use x for (1,+++x,) and dx 
for dx,-++dx,. To call attention to the number of 
independent variables in f(«) we may use the notation 
f(x). 

Reduced or marginal distributions (also nonnegative, 
symmetric, and normalized) are defined by 


fi(m) = [re + * Xn) dXq* + dX, 


Satie 2m) = [fair + tn) demain (3) 
In probabilistic terminology, the random variables 
%4***X, are said to be independent (for brevity, f is 
independent) if 


f(a *Xn) =fi (a1) file) rs *fi(%n). 
We say that f is chaotic if 
fo(m, X2) =fi(ai)fi(xe). 


This is a weaker condition than independence. 

We would like to formulate properties of sequences of 
functions {™(x) with » tending to infinity and, in 
particular, one that for most such sequences (properly 
defined) the chaos condition becomes more accurately 


(4) 


(5) 


* The molecular chaos results contained in theorems 1 and 2 of 
this paper were described in an address at State College, Penn- 
sylvania, July, 1953; Phys. Rev. 91, 1031 (1953). 


satisfied as m becomes large. More precisely, take a given 
sequence f(x) for which the one-particle distribution 
is fixed for all n, 


(6) 


fi(m) = [re (x ++ *%_) dxg* > dx, 


The two-particle reduced distributions will, in general, 
depend on n, 


£0 (2iy a4) = ff (are ea)daye sedis (1) 


(here the superscript denotes the number of variables 
in the base function). We wish to consider conditions 
under which the difference, fo (x1, x2) —fi(%)fi(2), 
becomes small for large m. Clearly, this cannot be true 
of all sequences f(x), since it is easy to construct a 
sequence for which the reduced distribution f2™ as well 
as f, is arbitrary. On the other hand, if one restricts the 
class of functions f(x) too much, one can prove the 
theorem too easily! For example, if the functions 
f™ (x) are taken to be uniformly bounded independent 
of n, f™(x) <M, then one can show that for every such 
bounded sequence f(x), the reduced distributions 
fi™(m) and fe™(%, 42) can only converge to the 
constant 1. In order to obtain a reduced distribution 
fi(a1) which is somewhat arbitrary, f(x) must be 
allowed to become unbounded exponentially in n. 
Within the class of such rather ill-behaved functions 
f™, we shall find that the ones which are not chaotic 
behave even more poorly. It should be emphasized 
that the symmetry of f™ is crucial for this result. 
Aside from its purely mathematical interest, a 
theorem of this type is of significance to kinetic theory. 
The chaos property has long been known to be vital for 
the derivation of the Boltzmann equation.' Moreover, 
this requirement is found to enter in two distinct ways. 
In an elementary formal analysis, the chaos condition 
(actually, a somewhat weakened condition which is 
irrelevant for our purposes) is required to hold for all 
time. The basic philosophy of a dynamical analysis is 
that, whatever may be assumed to hold initially, the 
1For example, see (a) P. and T. Ehrenfest, Encykl. Math. 
Wiss. 4, 2 (1911); (b) J. G. Kirkwood, J. Chem. Phys. 15, 72 


(1947); (c) H. Grad, Handbuch der Physik (Springer-Verlag, 
Berlin, 1958), Vol. 12, p. 205. 
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equations of motion alone should determine the sub- 
sequent behavior. It is not our purpose to discuss here 
the question of the propagation of chaos in time, granted 
it initially. Our problem is whether a physical system, 
“randomly prepared” at the initial constant, will be 
found to be chaotic. If, indeed, we could not convince 
ourselves that this is so, this would imply the existence 
of an independent hitherto unannounced law of nature 
(possibly the existence of Maxwell’s demons). 

This matter is a statistical one, concerning functions 
of many variables. In the application of a mathematical 
result of a statistical type to nature, there always 
remains a gap. All that a theorem can state is that in a 
certain sense a specified result will be observed ‘almost 
always.” It usually remains a matter of the reader’s 
conviction whether the measure that is used to separate 
likely from unlikely is the proper one. This well-known 
point is underlined here, because the criterion that is 
found to distinguish unlikely choices in the present 
context is a rather unusual and unconventional one. 

The error by which chaos is not satisfied is, under 
certain conditions, seen to be of the order 1/n. Estimat- 
ing more closely, it is found that the Kirkwood super- 
position condition, viz., 


fal a, 20) _fa(m, x2) fo(x1, Xs) fo( x2, za) (8) 
Si(%r)fa (2) fi (xs) 

is satisfied with a smaller error of the order 1/n*. Again, 
this is a mathematical result which is somewhat difficult 
to interpret physically. A distribution function oc- 
curring in nature cannot be said to be random. On the 
other hand, we are familiar in statistical mechanics with 
situations in which the equations of motion may be 
powerless to contradict a result that is based purely on 
the very large number of particles. One might be 
tempted to adopt such statistical results in cases when 
it is not evident that they must be violated (as is 
clearly the case of the chaos requirement for small 
intermolecular distances x,—x, where correlations are 
known to be strong). 


2. COARSE-GRAINED DISTRIBUTIONS 


The basic difficulty in investigating the limit of large 
n is to compare functions of a different number of 
variables. We would like to be able to say that a se- 
quence f(x) approaches a limit in some sense as n 
tends to infinity, or that two functions f™ (%°++x,) and 
{™ (a,*+*%m) define approximately the same proba- 
bility distribution. To do this it is necessary to use a 
coarse-grained distribution and to make very strong use 
of the symmetry of /. 

The unit interval 0<x;<1 is subdivided into r 
equal intervals (the n-dimensional unit cube into r* 
cubes), and these intervals are labelled by the index 
,; which takes integral values $;=1, 2-++7 (i=i, 2+++m). 

? The significance of this problem was first noted by Kirkwood, 


footnote reference 1b; for a discussion of this point see footnote 
reference Ic. 
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The n-dimensional cubes are thus indexed by the set 
&= (&-++£,); i.e., the continuous variable x is replaced 
by the discrete variable ¢. We denote integration over 
the cube & by f:( ) dx and define the coarse-grained 
distribution 


(9) 


fem J fax, 


which has the normalization 
Dfe=1. 
E 


Note that J; represents integration over a single cube 
identified by &, while }-; is summed over all values of £ 
(all cubes). 

For a given cube = (&--+é,), we count the number 
of indices £; which are equal to s and call this number 
k,; (R takes the values 0, 1---). By the symmetry of 
f(m***%n), the value of fe is the same for all cubes é 
which are represented by the same value of k= 
(ki+++k,). Consequently, f¢ can be considered to be a 
function of k, and it should cause no confusion if we 
represent this function by the same symbol f(z). 
By use of the symmetry of /, we have obtained a func- 
tion f() of r variables in place of the function f; of 
variables. This offers the possibility of investigating 
the limit »—>- in a fixed space. The variables k are not 
independent but satisfy the relation 


r 
dYk=n. 
=l 


The proper k-space is therefore an (r—1)-dimensional 


hyperplane. 
This mapping of é into & is not one-one; the number 
of points which map into a given point & is the multi- 


nomial coefficient 
(= 
kh] kyl+++k,! 


The normalization of f(&) is therefore given by 


pie BC )= 


We now introduce the function 


(10) 


(11) 


(12) 


Fe) =(7) 108). (14) 


which has the normalization 


DF (k)=1 (15) 
k 

and claim that this correctly represents the coarse- 
grained equivalent in k-space of the original distribu- 
tion f(1+++a,). To verify this, we consider a symmetric 
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phase function ¢(4-++x,) and its mean value 


)= [o(a)f(x) de. (16) 
The mean value of ¢ (with respect to volume) on a 
cube & is denoted by 


(17) 


By symmetry, ¢; is a function of k which, without con- 
fusion, can be denoted by $(&). If ¢ is a step function 
with a constant value on each cube é, we have the 
exact formula 


)= Life= LA(h) F(R). (18) 
More generally, we can interpret this formula as a 
coarse-grained approximation to (@) obtained by 
replacing @ by its volume average on each cube &. 
It should be remarked that, although ¢ and f appear 
symmetrically in (16) as do d and F in (18), the volume 
element r~™ and the multiplicity 


() 

k 

have been combined with ¢ and f respectively to obtain 
the average ¢ and the normalized function F. When con- 


venient, superscripts will be attached to F™ to indicate 
the parameter n. 


It now remains to identify the reduced distributions 
fi(%), ete., in coarse-grained form. To do this, we write 


flss)= fon—m)fo)ay= fe Dacy.—a) (ody, 
(19) 


In other words, fi(x:) is just the mean value of the 
symmetric phase function 


(y) =n Q08(yi— m1) ; (20) 


x, is a parameter in ¢. We now replace ¢ by its coarse- 
grained average, 


= (r/m) EJ ay—addy. (20) 


Fixing £ and assuming that the coordinate x; lies in the 
interval s(s=1, 2+++r), we see that 


0 if EAs 
[ s.-=)ay- **dyn= 
gE 


1/r if f=. 


Thus the summation in (21) merely counts the number 
of indices £; which are equal to s, viz., k,, and we 


(22) 


HAROLD GRAD 


obtain 
$(k) = (1r/n) R,. (23) 


It is convenient to change the normalization by 
dropping the factor 7; thus, taking 6=k,/n we obtain 
the reduced distribution 

F,(s) = (1/n) (Re). (24) 


Here F; is a function of the discrete variable s=1, 
2+++r instead of the continuous variable x of f(x). 


The factor r was dropped from (23) in order to have the 
normalization 


DFi(s) =1; (25) 


1/r is merely the step size that was removed to obtain a 
summation from 1 to r of s instead of an integration 
from 0 to 1 of a. 

In exactly the same way we write 


fo(m, %2) = foo-m 5(yo— x2) f(y) dy 


= [mom PLay.—m)s-a) fay, 


(26) 
identify the appropriate phase function 


o(y) =[a(n— N28) 8091-1), (27) 


and compute the coarse-grained average 


keke if st 


sa) 4x0} (28) 


k,(ke—1) 


Here s is the interval containing x and ¢ the interval 
containing 2. For the same reason as before, we drop 
the factor r? and obtain the reduced distribution 


(kk: ) if s¥t 
(ka(Re—1)) if s=t. 
Finally, a simple computation yields the result 
F;(s, t, u) 


if s=t. 


(29) 


F,(s, t) =[n(n—1) | 


(kak iku ) 
=[n(n—1) (n—2) }-*5 (he(Re— 1) Bu) 


(ke(Re—1)(ke—2)) if s=t=u. 
| (30) 


The interpretation of F, as given in formula (24) is 
very simple. For a given cube é we have a set (hi: ++k,) 
which we plot as a step function, &, as a function of s. 
This is a frequency count (i.e., an approximate coarse- 
grained reduced distribution) assigned to the cube &. F; 
is the average of this local distribution over all cubes £. 


if s¥ix~u 


if s=(~u 
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For F, the interpretation is equally simple. Before 
averaging over cubes £, the expressions in the brace in 
(29) represent the number of combinations of pairs 
of particles, one being in s and one in ¢. 

We conclude this section with a simple example, the 
special case of strict independence, f(%°+*%,)= 
fil%1)++*fi(%n). We denote the coarse-grained integral 
of f:(%1) over the interval s by 9,, 


[ ieadan=p. 


From the multinomial expansion 


(31) 


n 
(Pit pot ++++Pr) he (i )ot--- 
we read off 


F(k) =(‘ Jot ++ Dyke, 


The following elementary results, 
(ke )=mpe 
(kaki) =n(n—1) paps, 
(ka(ke—1) )=m(n—1) 9? 
(kek ck = n(n—1) (n—2) p.PiPu 
(ke(Re—1) Re) =m(n—1) (n—2) p.*pr, 
(ke(Re—1) (Re—2) )=n(n—1) (n—2) p, 
allow one to verify that 

F,(s) =). 

F2(s, t) = pape 

F;(s, t, u) =p.pipu. (35) 


It is amusing to note that this roundabout method of 
computing the distributions F;, F:, and Fs; involves 
correlation expressions such as k,(k,—1) in (29) which 
become uncorrelated only after averaging with respect 
to k. 


3. THE GENERATING FUNCTION 


We wish to consider the behavior of the discrete- 
valued function F™ () for fixed r as n tends to infinity. 
First we introduce the variable 


Ll, 


which has the property that 0< y,<1. We use the same 
symbol for F as a function of y, F™(k) =F™ (ny) 
F™(y). The behavior of F™ as n tends to infinity is, 
of course, not well defined until the remaining variables 
in F™ are suitably restricted. Since we wish to fix the 
function F; as m is varied, and since F,(s)= (y,) 
[Eq. (24) 7], we conclude that the proper question to ask 
is the behavior of F™ with y rather than & held fixed. 


y= k,/n, (36) 
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The simplest possible example is f(x-+-x,)=1 


which yields 
n 
(n) = hed 
F™ (Rk) ( k a : 


The function F™ does not approach a limit as becomes 
large (either as a function of & or of y). What it does is 
become peaked and approach a 6 function in the neigh- 
borhood of y,=1/r. It is evident that the same result 
follows from any function f(%°++x,) which is uni- 
formly bounded independent of ; the situation is 
dominated by the factor 
() 
k 


which becomes peaked. The choice of an independent 
S (a1* + *%n) =fil(m)***filan) yields a different but simi- 
lar result; the distribution F™ [see Eq. (33) ] is again 
peaked but this time in the neighborhood of an ar- 
bitrarily assigned point, y,=~,. We can now assign 
the one-particle distribution F,(s) arbitrarily. The 
function f(x°++%,), as the product of m equal factors, 
behaves exponentially in m. 

Perhaps the simplest way to ameliorate this singular 
behavior is to consider the limit [F™(y) ]”*. This is 
equivalent to the common expedient for obtaining 
thermodynamic quantities, viz., to take the logarithm 
and then divide by m. On using Sterling’s formula for 
the factorial, we obtain the perspicuous result 


n\i™ 
lim (;) =[yitt> + ey¥e tt 


lim[n— loe(? I= — Dy, logy.. 
For the case of independence, Eq. (33), we obtain 
lim[n-" logF™ ]= Dy, log(p./y.) = log ¥*(y). (38) 


(37) 


These remarks lead us to consider a more general 
class of functions F™(y) for which the uniform limit 


lim[ F™ (y) }!"=¥(y) (39) 


exists. We call such a sequence r-convergent (F™ and 
y are functions of r variables) and call the function 
¥v(y) the generating function of the sequence F™. 
Except for certain mild restrictions on ¥(y) to allow 
F™(y) to be normalized (this will be discussed later), 
any nonnegative continuous function ¥(y) can be used 
to generate a sequence F™(y) and thus a sequence of 
coarse-grained functions f™ (4° ++,). It is easy to show 
that F™ is asymptotically independent for large n only 
if it is generated by ¥*. Thus the class of generated 
functions is without question wider than the class of 
independent functions in that the special functions 
¥*(y) of (38) are replaced by arbitrary functions. It is 
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this class of generated functions which we shall in- 
vestigate. It will be seen that the chaos property is also 
special in this class, but it is much more widespread than 
independence and is even, in some sense, almost uni- 
versal in the class of generated functions. 


There is an intermediate class of functions which may ° 


be worth mentioning. A generating function ¥(y:- + +y,) 
which is a product, ¥(y1)¥(y2)>+-W(y,-), has the prop- 
erty that log¥™ is a sum function which, in the limit of 
large r, can be written as an integral. In the special 
case of independence, this is Boltzmann’s H function, 
cf., (37). 

There is an immediate generalization of this concept 
of r convergence to simply convergence. A sequence 
f™(a,+++x,) is said to converge if it is r-convergent 
for each of a sequence of increasing r=, fo, «++ to an 
appropriate function ¥(y--+y,). This is a rather com- 
plicated concept, and it will not be discussed further. 

It is worth remarking that for the case of inde- 
pendence, the approximation F™~c,(p*)" (the con- 
tant ¢, is required for normalization) is better than the 
more conventional approximation to the binomial 
(or multinomial) distribution by a normal distribution. 
The normal approximation is valid only within a range 
of order n+ of the peak, whereas the power approxima- 
tion is much better over a wider range. 


4. MOLECULAR CHAOS 


In terms of the variable y=k/n, Eq. (24) and (29) 
become 


F,(s) = (ye) 
(eye) 
F,™ (s, t) = (1-—1/n)" 
(y.2)—(1/n) (ye), s=t. 


The problem is to determine the behavior of F,(s, t) 
in the limit of large m while keeping Fi(s) fixed. The 
answer is almost immediate. From (41) we obtain 


F."(s, t) — Fi(s) Fi(t) = (yey) — We) (ye) + O(1/m) (42) 


which is valid for s=¢ as well as s¥t. We recognize the 
difference (y.y:)— (ys)(y:) as the covariance matrix 
of the distribution F™(y). We conclude that a neces- 
sary and sufficient condition for chaos to hold in the 
limit of large m is that the covariance matrix of F™ (y) 
approach zero. The latter evidently implies that F (y) 
becomes peaked and approaches a 6-function. 


(40) 


SAI 
(41) 


Theorem 1: A necessary and sufficient condition 
that F,™(s,¢) become chaotic as m becomes large is 
that the sequence F™(y) become peaked in this limit. 
The location of the peak is given by the prescribed 
mean values (y,)=F;(s). 


This theorem has been very easily proved and makes 
no use of the complications in the previous section 
involving generating functions; however, it is not very 
intuitive. It is not clear, at first glance, whether peaking 
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is a property to be expected in general or one to be 
surprised at. This is clarified by the following theorem. 


Theorem 2: If the generating function ~(y) for a 
sequence F™(y) attains its maximum at a single point 
y’, then F™(y) becomes peaked in the limit of large n. 


The proof of this theorem for continuous y(y) is 
quite easy. It is convenient to consider the function 
F™(y) as a step function defined for continuous y 
rather than only at the discrete points y;=0, 1/n, 2/n, 
+++, 1. Replacing F™(y) by n"F™(y), we can now 
integrate with respect to y rather than sum; this pro- 
vides an easier comparison with the limiting function 
[¥(y)]}". Now, choose an arbitrary spherical (or 
cubical) neighborhood of ¥°, | y—y | <». We wish to 
show that the sum of F™ (or integral of n"F™) outside 
this sphere can be made arbitrarily small compared to 
the sum inside the sphere by choosing m sufficiently 
large. By hypothesis, ¥(y°)—¥(y)>0 for y+». We 
write ¥(¥") =o; (we shall see later that Yo= 1, but this 
is unimportant). Outside the sphere we have yo— 
¥(y) >ayo>0 for some a. A small subsphere of volume 
V can be found within the 7 sphere such that yo— 
¥(y) <a. Within the 7 sphere we have 


J (or Pay>vor(t—ta)"V; 


outside the 7-sphere we have 
[ wor ray<vor(t—a). 
id 


Now, by the definition of y as a generating function, 
for any small « we have {using the uniform convergence 


of [Fo] to y} 
(1) "YW" < F< (1be)Y", 


for all sufficiently large n. We choose e= }a and observe 
that 


J nF (y)dy>n'Yo"(1— fat ga?) "V, 


/ n' F (y)dy<n'po"(1—fa—fa*)". 

1 

By inspection we see that the outer integral can be 
made arbitrarily small compared to the inner integral 
by choosing m large. 

The two theorems combine to give the result that a 
sequence F is asymptotically chaotic if the generating 
function ¥(y) attains its maximum at a single point. 
We now contend that this situation is very likely among 
functions ¥/y) chosen “at random.” It is possible that 
this question can be formalized by introducing, say, the 
Wiener measure over the space of continuous functions, 
but we shall be content to examine it intuitively. It is 
very difficult to draw intuitive conclusions about merely 
continuous functions; we shall therefore examine 
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smooth functions with, for example, continuous second 
derivatives. For simplicity of language, consider y to 
be a single variable. First we dismiss as unlikely the 
random occurrence of a function ¥(y) with a linear 
segment; in other words, the maximum is not attained 
on a whole segment. If the maximum is attained at an 
infinity of points, one of them must be a point of ac- 
cumulation, and it is easily seen that the second deriva- 
tive as well as the first derivative vanishes at this point. 
The vanishing of both these functions simultaneously 
we interpret as being unlikely. Finally, consider the 
case of a finite number of isolated maxima. If y is 
one such point, it would seem exceedingly unlikely, on 
intuitive grounds, that ¥(y) would return to exactly 
the same height at another local maximum y/(y'). 

These arguments are, of course, rather arbitrary and 
subjective, but we shall not pursue the matter here. 

It may be profitable to briefly discuss the physical 
relevance of the theorems which were proved. It is, of 
course, true that the concept of generating function and 
the maximum properties of a randomly chosen function 
are quite artificial and possibly even unnatural. On the 
other hand, the existence of any theorem at all of this 
general types removes some of the mystery inherent in 
the apparent tendency of natural systems to be ob- 
served when chaotic. Also, there may very well exist 
much more powerful theorems of this type. 


5. FURTHER PROPERTIES OF PEAKED 
DISTRIBUTIONS 


If the generating function ¥(y) has continuous 
second derivatives, the behavior of the peaked distri- 
bution [y(y)]}* can be studied in some detail. In 
particular, we can study the dispersion about the mean 
(which is small of order 1/m). It is well known that in a 
neighborhood of the maximum, ¥(y°) =o, one can use 
the approximation 


[v(y) ~yo" exp[— (0/2) Deas(ys— 7) (yi-y/) J 


(43) 
where 
4i5= —Wo 1(0°Y/dy0y;) | ¥°; (44) 


(a;; is assumed to be positive definite). This approxima- 
tion is sufficiently accurate for purposes of integration; 
outside its range of validity, which is y—-y’=O(mn-4), 
the value of ¥*" is very small. To this approximation, 
one need only know the point y° at which y is largest 
and the matrix of second derivatives at this point. 
The remainder of the function ¥(y) is unessential. 

To obtain F™(y) it is necessary to normalize the 
distribution (43) 


FO (y)—A¥( n/n)" 
X exp[—(n/2) iaii(yi—y?) (yi?) ] 
Wo * Al(n/2e)"?LY(y)P; (45) 
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here A is the determinant of a;;. In order for this 
normalized F™ to be generated by ¥, [F™ ]“"—y, we 
must take Yo=1. 

From the normal approximation to F™, (45), we 
easily compute (with an error which has the order 


1/n*) 
(Ye ) - ye 
(eve) = yoy (1/1) bee 


(VeIYu = yoy y.o+ (1/n) (bsyo+ buy +b uye?) ’ (46) 
where the matrix 5,, is the reciprocal of a;;. We see that 
the second moments of F are closely related to the 
matrix of second derivatives of ¥. Thus the statement 
that the essentials of y are contained in y and a;; 
alone is reflected in the statement that F™ is ade- 
quately described by its first and second moments, or 
alternatively, by its first two marginal distributions 
F,(s) and F,(s,t). By the way of contrast, for the 
independent distribution, y is (precisely) determined 
by the maximizing coordinate y’, and F™ is to sufficient 
accuracy known in terms of the single marginal distri- 
bution, F;. Of course, fo lowest order, even the arbitrary 
peaked distribution is within an error 1/n fully deter- 
mined by F,. 

We have just observed that, for a smooth function 
¥(y) with a single maximum, we required y=1 to 
allow F™ to be normalized. It is easy to verify that 
this is always so; the maximum value of y must be 
unity no matter what the point set on which it is 
attained. The proof is trivial, and we shall omit it. 
Moreover, we saw that it was necessary to introduce a 
normalization constant c, such that 


F=c.[Y(y) J. 


To obtain the exact independent distribution (33), we 
must even take c, to be a function of y. The sequence 
F™ jis, of course, not uniquely defined by ¥(y). It is 
unique provided we restrict c, to be a constant; but, in 
general, we can construct many sequences F™ from a 
given generating function by choosing C,(y). 

An interesting problem arises if ¥(y) takes its maxi- 
mum at exactly two points, 7° and y!. The distribution 
is doubly peaked with comparable contributions from 
each maximum provided that the second derivatives are 
not degenerate. However, if, for example, ¥(y) has a 
corner at y=y', then the normalization at this point 
is Cy~n" instead of c,~n"!? at the smooth point. In this 
case, the distribution F™ would be peaked around y° 
even though y has two equal maxima. 


6. SUPERPOSITION 


To easily study refinements of the low-crder chaos 
result, we restrict our attention to the case of smooth 
¥(y) for which the normal approximation (45) is 


(47) 
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valid. We recall (40) and (41) (and introduce y=k/n 
into (30) to obtain 
F;(s, t, w) =[(1—1/n) (1—2/n) T* 
(Yu), 
XK} Yu) — Nu) 


(y2)— (3/n) (y2)+(2/n®) (ye), s=t=u. 


It is an easy computation to obtain from (46) 
(yeye)= (Ye) (ye) + O(1/n), 


— (Wye) eu) (Yu) 
Oe) udm) 


Substitution of these values into (41) and (48) im- 
mediately yields the superposition formula (8), ig- 
noring only terms of order 1/n’. It is worth remarking 
that substitution into (46) and then (41) of the exact 
expressions },; for the independent distribution (33), 
viz., 


s#tAu 


s=tFu. 


(49) 





+O(1/n*). (50) 


bue= Va— (ye) (ye), (51) 
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where Y,, is the diagonal matrix 
(n) 


(2) 


(52) 


Or) 


yields chaos only when terms O(1/n*) are dropped. The 
reason is that the multinomial distribution is approxi- 
mated by the normal distribution only to this order. 

The application of these probabilistic results to 
statistical mechanics is not clear. There is, of course, 
the possibility mentioned earlier that the statistics 
overwhelm the dynamics thereby yielding results of 
very widespread validity. More precisely, in any 
situation which is approximately chaotic and in which 
the deviation has the order 1/n, it would be very sur- 
prising if the superposition formula did not hold. There 
are many cases in equilibrium statistical mechanics 
which do not exhibit a distant correlation of this 
magnitude. On the other hand, it may be that stronger 
statistical results can be proved. In any event, we have 
seen that the superposition hypothesis has a purely 
mathematical significance, possibly independent of its 
use in statistical mechanics. 
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Previous theoretical treatments of the transition between the helical and random forms of the desoxy- 
ribose nucleic acid (DNA) molecule are extended to include formally the explicit consideration of the dis- 
sociation into two separate chains and the consideration of the effects of the ends of the chains. An approxi- 
mate form for the fraction of base pairs that are bonded is obtained in terms of two parameters, a stability 
constant for base pairing and a constant representing the interaction of adjacent base pairs. The matrix 
method of statistical mechanics proves to be adaptable to this problem. Some numerical examples are worked 
out for very long molecules, for which case it is found that the effect of concentration is small. 





INCE Watson and Crick! established that the 
native molecule of desoxyribose nucleic acid 
(DNA) is a double-chain helix, it has been commonly 
supposed that the denaturation induced by heat or 
other agents corresponds to the breakdown of the 
helical structure followed by the separation of the two 
chains.? Several theoretical treatments of the first part 
of this process have already appeared.** These theories 
are restricted to long chains, the effects of the ends being 
neglected. In this paper the matrix method of statistical 
mechanics** is adapted to the DNA problem, repro- 
ducing the previous results in a more rigorous manner 
and including the end effects. We have already used the 
matrix method successfully on the simpler helix-coil 
transition of polypeptide chains." The extension to 
the DNA case requires going to very large, practically 
infinite, matrices because of the long-range effects 
present in DNA, and the demonstration that the use 
of such matrices does not lead to impossible complica- 
tions may be of some interest in itself. 

The native DNA molecule appears to consist of two 
complementary chains of the same length, each in turn 
consisting of a sequence of mononucleotides. The 
heterocyclic bases of the nucleotides of one chain are 
presumed to be hydrogen bonded to the complementary 
bases of the other chain.' There are four different bases, 
adenine, thymidine, guanine, and cytidine, and the 

* Contribution No. 1620 from the Sterling Chemistry Labora- 
tory, Yale University, New Haven, Connecticut. 

f Visiting Professor at Yale in the spring of 1960. Permanent 
address, School of Science and Engineering, University of Cali- 
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analytical and structural evidence suggests that adenine 
bonds effectively only to thymidine and guanine only to 
cytidine. Hence, unless the opposing bases of the two 
chains are matched properly, the bonding does not 
occur. (In this respect native DNA differs from its 
synthetic analogs, where all the bases of one chain are 
the same.) We shall assume that the two chains can 
be matched in only one way, with each base in register 
with the complementary base of the other chain. Our 
problem is then that of the formation of » bonded 
pairs from two complementary chains of ” bases each. 

We assume, for simplicity, that all base pairs are 
bonded with hydrogen bonds of the same strength. 
(This assumption is not quite correct, since Marmur 
and Doty” have shown that the melting temperatures 
of the pure adenine-thymidine and guanine-cytidine 
polymers appear to differ by about 50°C. Consequently 
there must be a small difference between the bond 
energies of the two forms.) 

In this paper an explicit treatment of the molecule 
as a polyelectrolyte is not contemplated. To a consider- 
able extent, the energetic interactions of the negative 
charges on the phosphate groups can be lumped to- 
gether with the other interactions between the bases 
into one stability parameter for pairing, which then 
becomes dependent upon the ionic strength of the 
solution. The titration curve of the bases is affected 
by these interactions, but as its discussion involves 
several unclear points concerning the attachment of 
the hydrogen ions, and as Steiner has recently pub- 
lished® a substantial investigation of it, further men- 
tion here is omitted. Electrostatic interactions probably 
play only a minor role in the stability of the helix in 
solutions with substantial concentrations of added 
salt.¥4 

We assume that the base pairs can exist in any of 
three states, bonded in the helix, unbonded in free 
chains, or in unbonded sequences between two helical 
portions. Jn In the latter state the sequence of 7 unbonded 


ae ~~ J, Marmur’ and P. Doty, Nature 183, 1427 (1959). 
F, Steiner, J. Chem. Phys. 32, 215 (1960). 

“4 This is not true in solutions of low ionic strength. See, for 
example{L. F. Cavalieri, M. Rosoff and B. H. Rosenberg, J. Am. 
Chem. Soc. 78, 5239 (1956). 
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Fic. 1, Schematic representation of a state of the DNA mole- 
cule, showing the free chains at the ends, the helical portions 
(represented as untwisted ladderlike structures for simplicity), 
and the unbonded bases between helical portions. 


base pairs forms a ring of 2j+-2 links, that portion of a 
chain between two successive bases being considered as 
a link. By “free chains” we mean complementary 
portions of the complete double molecule that are either 
unattached to each other, or are attached at one end 
only, so that the internal degrees of freedom of the 
unbonded base pairs are unrestricted by the bonding 
of the other pairs. See Fig. 1. 

The two complementary chains may be unattached 
to each other except by the bonding of the base pairs, 
so that when the latter is dissolved the chains separate 
completely. It is also possible in some cases that an 
occasional bond of a more permanent nature holds the 
two together even when the base pairs are not them- 
selves bonded.” It is very little extra work to enlarge 
the formalism to consider examples of both cases. In 
the first case the results depend on the concentration 
of the solution, since a bimolecular reaction is involved. 
We first set up the formalism for handling this case. 

Consider a solution of DNA chains of two comple- 
mentary types, a and 8, but of equal length, and which 
can pair to form double-stranded molecules, ab. Let the 


© Usually the molecular weight is unchanged on denaturation. 
It is only very recently that clear evidence has been obtained for 
the complete separation of the two chains. See M. Meselson and 
F. Stahl, Proc. Natl. Acad. Sci. (U.S.) 44, 671 (1958); P. Doty, 
J. Marmur, J. Eigner and C. Schildkraut, ibid. 46, 461 (1960). 


molar concentrations be ca, c and Ca, respectively. 
Then the equilibrium constant K for the pairing reac- 
tion is 

K=Cw/CaCo. (1) 


(The solution is assumed to be sufficiently dilute so 
that interactions between the molecules, other than 
pairing, are negligible.) Let the concentrations of a 
and b be equal, and let the total concentration, free 
and paired, of a or b be equal to c, 


C= Cart Ca= Cato. (2) 


Then we have 
Ca=@=[—1+ (1+4Kc)*]/2K. (3) 


If @ be the fraction of bases in the ab molecules that 
are paired, and © the fraction of all bases that are 
paired, we have 


0=cwb/c=0[2Kce+1—(1+4Ke)'/2Ke]. (4) 


Our problem is to derive an expression for the 
equilibrium constant, K, and the fraction, 0, in terms of 
elementary quantities. By a well-known result of statis- 
tical mechanics," K is related to the partition functions 
Qa, Q», Qa of the molecules a, b, and ab by the expression 


K= VQw/ QaQr. (5) 


Moreover, we shall see that the quantity @ can be 
derived from Q.» if the dependence of the latter on the 
free energy of a bonded base pair is known. Hence our 
problem becomes that of deriving the partition func- 
tions. For this we proceed in the following way, which 
is an extension of the matrix method. 

We consider now a single pair of complementary 
chains in a volume V of solvent, and call the partition 
function of this pair Q, including both the paired states 
and the unpaired (unbonded) states. We can write Q 
formally as follows to display the distinction between 
the two kinds of states, 


Q=[1+ (us/V) Dw.J0.0. (6) 

Here the second term represents the paired states, so 
that 

Qar= (us/V) wiQ.0r, (7) 


while the quantity (us/V)Q.Qp is the partition function 
of the two chains bonded at one pair of bases only, 
and the w; are the statistical weights of states i of two 
chains bonded at more than one base pair. The exact 
meaning of state in this connection will be explained 
shortly, as will the symbols # and s. 

The matrix method as commonly used involves the 
construction of a vector whose components are the 
statistical weights of the various states of a small group 
of segments of the chain. An operator, represented by 


16 See, for example, J. E. Mayer and M. G. Mayer, Statistical 
Mechanics, (John Wiley & Sons, Inc., New York, 1940), Chap. 9. 
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a matrix, operates on this vector and computes the 
Statistical weights of a new group formed by adding 
one segment to one end of the previous group and 
removing one from the other end. When this operator 
is used repeatedly a sufficient number of times it 
generates the statistical weights of all states of the 
whole chain, the sum of which is the partition function. 
In our case the group of segments must be as large as 
the largest rings that can be formed by unbonded 
sections of the two chains between bonded sections, 
since the free energy of a ring depends nonlinearly on 
the number of segments in the ring (see the following). 
We therefore take the size of our group to be n, the 
number of bases in each chain, each homologous base 
pair being considered to be the segment. 

Since the number 1 is large, it might be thought that 
nothing is gained by applying the matrix method to 
this case; however, we show that it still yields a valuable 
result. Specifically, we find a representation of the parti- 
tion function in terms of the eigenvalues of the operator, 
and find an equation for these eigenvalues, the secular 
equation, whose form is fairly simple. 

Returning to the problem of defining the states of 
the double molecule, we find that a state is sufficiently 
defined if we specify only which of the base pairs are 
bonded and which are unbonded. Thus if we let the 
symbol 0 stand for an unbonded pair and the symbol 1 
for a bonded pair, a state can be represented by a bin- 
ary number with m digits which we call the state index. 
For example, the number 000---000 represents the 
state in which none of the base pairs are bonded, the 
number 000---001 that in which only the mth pair is 
bonded, and so on. (It is assumed that we have num- 
bered the base pairs in order from one end to the other.) 

We now write down a set of rules establishing the 
values of the statistical weights of the various states. 
These rules embody our model of the molecule, which is 
the same as T. L. Hill’s®; we assume that the free energy 
of bonded base pairs involves interactions with no 
more than the nearest neighbors, while that of rings of 
unbonded base pairs depends only on the size of the 
ring. We use as references for the free energy those un- 
bonded base pairs that lie in sections of chains that 
are “free,” i.e., bonded at no more than one end, and 
we assume that the free energies of all such unbonded 
base pairs in free chains are the same, having the 
standard of value of zero. The free energies as such do 
not enter the calculation, but only exponentials of differ- 
ences of them divided by kT; these are the equilibrium 
constants of certain elementary processes. The neces- 
sary rules for the statistical weights follow. 

The statistical weight of a state whose index is a given 
binary number of » digits is Q.Q) times the product of 
the following factors: 


(1) The factor unity for every zero that appears in 
the state index. 
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(2) The factor s to the power of the number of ones 
in the state index. 

(3) The additional factor u/V when any ones at all 
appear in the state index. 

(4) A factor designated by o; for every ring of j 
segments, i.e., a sequence of j zeros bounded by ones at 
both ends. 


Some comments on these rules may be helpful. 
Rule (1) expresses the fact that the free energy of an 
unbonded segment in a free chain is taken as zero. 
Rule (2) implies that the free energy of a sequence of 
bonded segments is proportional to the number of 
bonded segments, except for the effects of the ends of 
the sequences, which are taken care of by the next two 
rules. The quantity s is essentially the equilibrium 
constant for the process of increasing a bonded se- 
quence by one segment taken from an adjoining 
sequence of free segments; we shall call it the stability 
constant for bonding. Rule (3) recognizes that a great 
deal of freedom is lost when the two chains are first 
bonded together at one base pair. According to a simple 
interpretation of equilibrium constants," ~ can be 
thought of as the volume of configuration space avail- 
able to the center of mass of one member of a bonded 
base pair while the center of mass of the other is held 
fixed, and reduced further by any necessary restrictions 
on the internal degrees of freedom of the base when it 
enters the bonded state. Rule (4) admits the fact that 
the free energy of a ring is less than that of a free chain 
of the same number of segments. 

In the following discussion, s is thought of as the 
primary independent thermodynamic variable. The 
factors « and oj; are parameters that depend on the 
structure of the model. 

We shall now explain the formal operations that pro- 
duce the partition function. These do not differ in 
fundamentals from those commonly used in the matrix 
method, but because the “small” group is now as 
large as the entire chain, some change in point of view 
is necessary. 

The statistical weight vector is an array of 2" com- 
ponents, each of which is the statistical weight, com- 
puted according to the foregoing rules, of one of the 
possible states of the chain molecule of m segments, 
including the completely unbonded, or 000---000 
state. Consider now a sequence of such vectors, the 
last of which is the vector of the complete chain as 
already described, while the preceding ones refer to the 
chain increased in length by the addition of up to n 
hypothetical segments before first segment of the real 
chain. We designate these additional segments by the 
numbers —n+1 to 0, while the real segments are 
designated by the numbers 1 to ». The first vector of 
the sequence is the statistical weight vector of the 
segments —n-+1 to 0; the second vector refers to seg- 
ments —+2 to 1; the third refers to —n+3 to 2, and 
so on up to the last, which refers to segments 1 to n. 
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The successive vectors are produced each from the 
preceding by the operation of a matrix, M, which 
expresses the rules (1) through (4) set down above. 
Since M is of the size 2"X 2" it is hardly profitable to 
attempt to write it down, nor shall we find that this is 
necessary. The required elements are readily found 
from the basic rules (1) through (4) as needed. 

Since the added segments are completely hypo- 
thetical, some freedom is available to us in defining 
their properties. This freedom allows us to choose the 
appropriate boundary conditions for the ends of the 
chain of real segments; in this article we discuss three 
possibilities. In the first, I, we assume that the two 
chains, a and 8, are not connected to each other except 
through base pairing; this requires that the added 
segments be always unbonded. In the second, II, we 
assume that the two chains are connected by a per- 
manent bond at one end; this is represented by re- 
quiring that the zeroth segment be always bonded. In 
the third, III, we assume permanent bonds at both 
ends; this likewise requires that the zeroth segment be 
bonded, as well as a further modification at the nth 
segment. 

The statistical weight vector of the added segments, 
which is the initial vector of the sequence, is then the 
following for the three cases: 


I (1, 0, 0, -+-0, 0, 0)Q.Qr 
I (0, 1, 0, «+0, 0, 0)Q.0s (8b) 
Ill (0, 1, 0, me “0, 0, 0)Q.0s. (8c) 


(Note that the first component of the vector refers 
to the state whose index has the value zero, i.e., 000--- 
000, while the second refers to the state whose index 
has the value one, i.e., 000---001, and so on.) The 
scalar fractors Q. and Q» are to be understood as 
multiplying each component. 

The statistical weight vector of the real segments is 
formed by operating ” successive times with the matrix 
M on the initial vector as given by Eqs. (8a), (8b), or 
(8c). The partition function Q is the sum of those 
components of the statistical weight vector that are 
consistent with the boundary condition at n; for cases 
I and ITI these are all the elements, while for case ITI, 
in which the mth segment is required to be bonded 
always, the appropriate components are those whose 
index is odd. Thus in the three cases Q is given by 
the following matrix-vector products: 


I 
Q=(1, 1,1, +++1, 1, 1)M(1, 0, 0, ---0, 0, 0) 10.0. 


(9a) 


(8a) 


II 
Q=(1, 1,1, «+1, 1, 1)M"(0, 1, 0, ---0, 0, 0) 0.0» 
(9b) 
Ill 
Q= (0, 1, 0,f--+1, 0,1) M"(0, 1, 0, «+ +0, 0, 0) 10.0. 
(9c) 
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Here the dagger sign * transposes a vector from a row 
to a column. 

From here on the formal operations are familiar. We 
assume that M can be diagonalized by matrices com- 
posed of its eigenvectors. Then 


M*=V-A*-(U+V)—-U, (10) 


where V is the matrix whose columns are the right- 
hand” eigenvectors of M, U the matrix whose rows are 
the left-hand eigenvectors of M, and A is the diagonal 
matrix whose diagonal elements are the eigenvalues 
of M." If the eigenfunctions and eigenvalues are avail- 
able, the evaluation of Eqs. (9a), (9b) and (9c) then 
offers little difficulty. 
A right-hand eigenvector »v satisfies the eigenvalue 
equation 
M-vt=)ot, (11) 


where A is the corresponding eigenvalue. Since the 
equation is homogeneous, the vector may be multiplied 
by an arbitrary constant; we choose this constant such 
that the first element of the eigenvector is unity: 


Voo0- --0 = 1. 


(12) 


According to Eq. (11) the operator M merely multi- 
plies each component of the eigenvector by A. According 
to our previous interpretation of M its operation is 
more complex; it removes the first digit of the state 
indices and adds a new digit on the end, simultaneously 
synthesizing the appropriate statistical weight for each 
new state. By confronting these two interpretations 
of M with each other we determine the components of 
the eigenvector and derive an equation (the secular 
equation) for the eigenvalue. For example, the state 
000---0 is obtained from the two states 000---0 and 
100---0 by removing the first digit and adding 0 at 
the end. According to rule (1), adding a 0 to the state 
index multiplies the corresponding statistical weight 
component by unity. Hence if 


v= M2, (13) 
then 
v' ooo. --0 = Vooo-- ot V100-- -0- 


(14) 


But by Eq. (11) 0’ is just Av, and v...0 is unity by Eq. 
(12), hence 
V400---0=A— 1. (15) 
In exactly the same way we get the equation, 
V’900---01 = (us/ V) Vo00- - 00+ On—1ST00- --00 ( 16) 
from which we derive vo..-01: 


Vooo-.-01 = | (us/V) t+on18(A—1) 7. (17) 


Many of the remaining components may now be 
evaluated at sight by the use of the appropriate rule. 


17 We are assuming that the matrix M is u metrical so that 
» brn “difie 


its left- and right-hand eigenvectors are different. In simple 
cases it is possible to symmetrize M, but there appears to be very 
little advantage in doing so. 
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For example, 2100...01 iS a5 times Yy00.-.00, OF Gn-25(A— 1). 
With this result we can now evaluate 1 ...00 from 
Voo0--.001 ANG 2%o9...001. By repeating this process we can 
get the general formula for all components with a single 


unity and no more than m—2 zeros following it in the . 


state index; this is 


j=n—l 
toeet---0=[(u/V)+(A—1) > oA *Jsr-*, (18) 
jan—k—1 
where k is the number of zeros following the one, k 
less than or equal to n—2. 
Finally, we have 


APjo0-..0= Pi10--.0-F Voro---05 (19a) 


or 
A(A—1) =s(A—1) 


+E(w/V)+OQ-1) Sear}, (196) 


which may be simplified to 


jun—l 
(A—s) (A—1) =s(A—1) > o-*+-:us/VA™. (20) 
j=1 

This last is the secular equation, the solution of which 
gives \. Thus we have found all the components of the 
right-hand eigenvector as well as the secular equation. 

The left-hand eigenvector may be treated in a similar 
way. The eigenvalue equation is 


u>M=)u. (21) 


The operation of M to the left adds a digit to the 
front of the state index and removes one from the back; 
it also introduces a factor into the statistical weight 
corresponding to the interaction of the factor removed 
and those preceding it in the state index. All com- 
ponents with state numbers ending in one have the 
same value; this follows from the fact that there are 
no direct interactions between digits following a one 
and the digits preceding it according to the rules (1) 
through (4). We choose the value of these components 
to be unity. We have, by confronting the interpretation 
of M with Eq. (21), the following relation: 

(22) 


An... = SU... U111---10- 
Since #...11 is unity, then 
111..-19=A— S. 


(23) 


All other components with state numbers ending in 10 
have this same value. 
In general we find that 


j=k—1 : 
U...100--.0= (A—5) I= 5 DS oA, 
j=l 


(24) 


where & is the number of zeros following the last unity. 
This formula also holds for so...0, with & replaced by n. 


Alternatively, we have 


Autooo-..0= (148/ V)) teo00-..01-+ 24000. -00, (25) 
which in conjunction with Eq. (24) yields again the 
the secular equation, Eq. (20). 

The sets of left-hand and right-hand eigenvectors are 
biorthogonal, that is, the product of a left-hand and 
right-hand eigenvector belonging to different eigen- 
values vanishes. We shall need the product of the two 
eigenvectors belonging to the same eigenvalue. This can 
be written in several alternative ways, but most com- 
pactly as follows: 


u-vt =\"—!(A— 1) (0 Ind/d Ins)-, (26) 
where the derivative is to be evaluated from the secular 
Eq. (20). E 

We shall need certain sums over the components of 


v. Combinations of the relations of the type of Eqs. (14) 
through (19) yield the following results": 


Y= Na 

(sum over all state indices) 
Yu= > \ogathd 

(sum over all state indices divisible by 2)* (28) 
dYon=r’--(A—1). 


(sum over all state indices ending in i0’s). (29) 


(27) 


We are now prepared to give the final expressions 
for the partition function, Q. As a shorthand, we desig- 
nate the components of the eigenvectors belonging 
to the kth eigenvalue, Ax, by .#; and ,v;. Then by the 
use of Eqs. (10) and (26), Eq. (9a) for the case of the 
chains with both ends free, case I, becomes 


Q/0.06= du" 100d. 20) (30a) 
k=o j= 


- (us/V) SDM/ de 1)*}(0 Ind,/d In s). 


(30b) 
For case II, one end tied, we have from Eq. (9b) 


Q/Q.0.= >a Py Kv; (31a) 
k=O i=0 


= 2/0 1)](In4/alns). (31) 


For case III, both ends tied, we have from Eq. (9c) 


Q/2.0.= >" Kuy 2 av; (32a) 
k= j odd 


ms ara Ind,/9 Ins). (32b) 
k=0 


18 We have as yet found no compact derivation of these formulas, 
although their simplicity suggests that one should exist. 
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We may note that in all cases when the chain length 
n is large, 


InQ=n Indo, (33a) 
where Ao is the largest eigenvalue. This is the result 
obtained by previous authors** by other methods. 
We shall show later that the largest eigenvalue is 
always greater than unity when the parameters are 
such that the double-chain helix is stable. In this case 
we may neglect the last term of Eq. (20) and let the 
limit of the summation index go to infinity; the equa- 
tion that results is identical with that obtained by Hill* 
by the so-called method of the maximum term.” Thus 
the equation for the mth root of the partition function, 
obtained by the maximum term method, is actually a 
close approximation to the secular equation of the 
appropriate matrix, the ” eigenvalues of which give the 
partition function exactly.” 

The melting of the polypeptide helices previously 
discussed**© may be treated as a special case of the 
foregoing. We merely let all the o; be the same quantity 


o for j greater than or equal to a certain minimum . 


value yu. We let us/V equal this quantity also. Then the 
secular equation becomes 


n—l 
(A—s) (A—1) =os[(A—1) od-#+--17 
i-s 


=osh*ti, (33b) 
This is identical with that previously obtained.” 

We now turn to an attempt to evaluate the partition 
function in terms of quantities that may be related to 
experiment. This attempt must be admitted to be 
preliminary, as we have not had time to investigate 
thoroughly the smaller eigenvalues, roots of Eq. (20), 
which play a significant role when 1 is small, and at the 
present time insufficient information exists about the 
flexibility of the chains to allow anything but a rough 
guess concerning the values of the o; for small 7. We 


hope, however, that even a preliminary attempt may > 


have some value as the basis of future advances. 
Following Rice and Wada‘ and Gibbs and DiMarzio,‘ 
we estimate the o; with the use of the theory of rings of 
random-flights chains, as first applied by Jacobson 
and Stockmayer.” According to the latter, the partition 
function of a ring of m links differs from that of a chain 
of m links by a factor that depends on m as m4, Con- 


19 We refer to Hill’s Eq. (21). To make the identification, we 

may equate the symbols in the following way, Hill’s first and ours 
second, 2=01, p?=d7, g=s/d, xii=Ciy:/o1, y=1. The quantity 
q is the solution of his Eq. (20) that we obtain by letting j,=1, 
g=s. 
2” Note however, that the approximate form of Eq. (20) ob- 
tained by omitting the last term is good only for the largest eigen- 
value, since if \ is equal to or less than one the last term is not 
negligible. 

21H. Jacobson and W. Stockmayer, J. Chem. Phys. 18, 1600 
(1950). 
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sider then the following two structures, x and y: 


2, O—O—O—O 
fe a 
—O Oo— 


‘0—0—-0—-0—.. 


In x we have a ring of ten links (the two bonds between 
the chains are assumed to be rigid), while in y we have a 
ring of two links and two free chains with a total of eight 
links. The contribution of x to the statistical weight is 
os"; that of y, s*. According to Jacobson and Stock- 
mayer, however, the ratio of the contributions of the 
two structures is (10/2)-4, or 5-4. In general, then o; 
should contain the factor (j+1)—. In addition, the 
two cross-bonds, i.e., base pairs, in y are in contact, 
while in x they are separated; this suggests that we 
should introduce another factor, go, related to the free 
energy of stacking the base pairs on top of each other, 
€. 


oo= exp(—e/kRT). 
The quantity o; is then approximated by 
oj=00(j-+1)-4. (35) 


We say “approximated” since the links in DNA con- 
tain at the most five flexible bonds while the Jacobson- 
Stockmayer formula applies rigorously only when the 
number of bonds is large; furthermore, we have neg- 
lected the effects of the considerable size of the base 
pairs themselves. Hence, this approximation is of 
questionable validity for small values of 7. For large 
values of j, however, where the number of links becomes 
large, the approximation should be quite good. 

The secular equation now assumes the form 


(A—s) (A—1) 
=aoS[ (A—1) gn_1(d) + (us/V)A-**], 


(34) 


(36) 


where 


(37) 


go-a0) = Drg+y wy. 


This equation frequently has a root Ao greater than 
unity. In this case the last term on the right of Eq. 
(36) may be neglected, and g,1(A) replaced by g..(A), 
where the upper limit of the summation index has been 
allowed to go to infinity. Then the secular equation 
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appears as 


A—S=0Sf.0(A). (38) 


The function g..(A) is related to certain functions 
discussed by C. Truesdell,” $(x, 5). In fact, g.(A) = 
\p(A-!, $) —1. The functions ¢(x, s) are tabulated by 
Truesdell, and limiting forms at small and large x are 
given. From these we get the following: 


Go(A) = 1.612—3.545(A— 1)'4+4.072(A—1) +++ 


Sa(%) =0. (39) 


The left- and right-hand sides of Eq. (38) are plotted 
schematically in Fig. 2. We can see at once that the 
equation has a remarkable behavior; there is a root 
greater than unity only when the parameter s is greater 
than a certain critical value, s., given by 


$e=1/(1+1.61200). (40) 


Therefore Eq. (38) is a good approximation only if s 
is greater than 5. 

Let us assume for the moment that s is greater than 
Se and Xo is appreciably greater than any of the other 
roots, so that Q is effectively given for long chains by 
Xo alone according to Eq. (33). Then @, the fraction of 
base pairs that are hydrogen bonded, is given by**-” 


0=4 Indo/d Ins=1/[1—aosg' (ro) J, (41) 


where g’(A) is the derivative of g..(A) with respect to 
\, and is given by the formula 


8'(X) =G(A-4, 3) —G(A, 2). 


/ 
/ 


(42) 


Jeo (A) 





(e) 


| d 2 





Frc. 2. The two sides of the approximate form of the secular 
equation, (A—s) /oos=g,. (A). The three straight lines representing 
the left side of this equation are, reading in order from the top 
down, for the cases of s<s., s=5-, and s>5-. 


2 C. Truesdell, Ann. Math. 46, 144 (1945). 
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Fic. 3. The dependence of 0, the fraction of the base pairs 
hydrogen-bonded, of »/n, the frequency of alternation of helical 
and unbonded sections, and of (z),,, the mean number of base 
pairs unbonded at each end, upon s and upon temperature. The 
temperature is expressed as the difference between the tempera- 
ture in question and the temperature at which s is unity and is 
measured in °C, See text. Solid lines, o9=0.1; dashed lines, 
oo=0.01. 


We have evaluated Xo graphically from plots of the 
type of Fig. 2 for two values of oo. The fraction 6 
was then obtained from Eqs. (41) and (42); the re- 
sults are shown in Fig. 3 as a function of s. We have 
also tentatively related s to temperature, assuming that 

d \ns/dT = AH/ RT, (43) 
analogous to the polypeptide case.” The heat of 
melting per base pair has been measured by Sturtevant, 


- Rice and Geiduschek”; they find that it is a function of 


the temperature, but we may take a rough mean value 
as 5 kcal per base pair. 

It can be seen that the sharpness of the transition 
depends markedly on the value of the “stacking 
parameter,” oo. The experimentally observed transi- 
tions in good DNA samples seem to occur within one or 
two degrees centigrade, or intermediate between our 
two curves. This would imply that the stacking energy, 
¢, from Eq. (34), is between 1.5 and 3 kcal per base 
pair. Since the experimental curves have become 
continually sharper as more homogeneous preparations 
of DNA have been obtained from simpler and simpler 


% J. M. Sturtevant, S: A. Rice, and E. P. Geiduschek, Discus- 
sions Faraday Soc. 25, 138 (1958). 
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organisms,* it seems likely that the higher value will 
turn out to be more nearly correct. 

Another interesting quantity that can be calculated 
is the frequency with which bonded (helical) and un- 
bonded, or ring, sections alternate. If the average 
number of helical sections in the molecule is », then 
v/n is a measure of this frequency. Since oo appears in 
the partition function every time that a ring occurs, the 
quantity @ln\o/d Inco is approximately the mean 
number of rings, which is approximately the number of 
helical sections. From Eqs. (38) and (41) we then find 
that 

Vv, n=60(Ao—S)/Xo. (44) 


Values of this quantity are also plotted in Fig. 3. It 
can be seen that we predict that the frequency of 
alternation of helical and random sections is appreciable, 
in the neighborhood of once per hundred base pairs, 
even a score or so of degrees below the melting tempera- 
ture. 

The question naturally arises at this point concerning 
the degree to which these conclusions depend upon the 
approximate form assumed for the quantities o;. The 
presence of a critical value of s, s., and the behavior 
in the transition region where Xo is close to one are not 
seriously affected by the approximations, since the 
function g..(A) in this region is determined mainly by 
the terms with large j, for which the approximations are 
good. However, when @ approaches unity the mean size 
of the rings becomes small, so that the result depends 
upon the small values of 7 for which the approximations 
are quantitatively poor.” 

It is interesting to consider also the situation at the 
free ends of a long double chain. If the chain is long 
enough, the relative statistical weights of any state are 
proportional to the values of the corresponding com- 
ponents of the right-hand eigenvector associated with 
Xo. Since the sum of all these components is Ao", the 
probability of any state is the value of the component 
divided by \o”. For example, we find from Eq. (29) 
that the total probability of all states that end in just 
10’s is 

P(i, 0) = (Ao— 1)Ao~ 1. (45) 

* P. Doty, J. Marmur and N. Sueoka, in Structure and Function 
of Genetic Elements, Brookhaven Symposia in Biology, 12, (1959). 
* The value of oo depends also on the validity of the Stock- 


mayer-Jacobson approximation for the ring of two links, since all 
other rings are compared to this as a standard. 
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The mean number of unbonded base pairs at the end 
of the long molecule (i), is 


(46) 


(i) w= LiPli, 0) =1/(Ao—1). 


Since Ao is close to one in the transition region, this 
mean number of free bases at the end may be quite 
appreciable. Its dependence on s is shown in Fig. 3. 

The foregoing discussion of the end effect also applies 
to the polypeptide case, for which a less accurate discus- 
sion was given earlier.‘ The previous treatments were 
equivalent to replacing Ao in the above formulas by s, 
its approximate value at large s. 

Finally we return to the question of the effect of 
concentration on the dissociation of the two chains. 
What follows applies only to case I, in which it is actu- 
ally possible for the chains to separate completely. 
We have seen that general considerations tell us that Q 
must be of the form of Eq. (6) for this case; that is, it 
must contain both a term independent of volume and 
one that varies as 1/V. Since we have seen that Xo is 
independent of V, the first term of the expression for Q 
in terms of the eigenvalues, Eq. (30b), varies as 1/V. 
Thus we have by Eq. (7) an expression for Q.» that is 
good as long as the smaller eigenvalues can be neglected, 


Qar= QuQe(us/V)do"*!(Xo— 1)~*d InAo/d Ins. (47) 


From this we immediately find that the dimensionless 
quantity, Kc, is 


Kce=cusdo"*!(Ao— 1)~*d Indo /d Ins. (48) 


We have computed some values of the latter part of 
this expression, using our previously computed values 
of Xo, etc., for the case of oo =0.1, and assuming that 
n= 1000, which is typical of a small molecule of native 
DNA. We find that the expression varies very rapidly 
with s; for example, for s=0.88, Kc=0.84X 10° cu; 
for s=0.90, Kc=1.2X 10°%cu; for s=0.95, Ke=1.3X 10” 
cu; for s=1,00, Kc=1.110* cu. Obviously a change 
of a few hundredths in s, corresponding to a fraction of 
a degree in temperature, is equivalent to factors of 
thousands in the concentration. Hence the concentra- 
tion effect should be practically unobservable with 
native DNA, although perhaps appreciable with highly 
degraded specimens. 
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We show the equivalence of three prior approaches to the theory of critical opalescence: (a) the direct 
study of the long range behavior of the radial distribution function, due to Ornstein and Zernike, (b), the 
indirect approach by Rocard, who obtained the local pressure in a system of nonuniform density, and (c), the 
indirect approach by Debye, who obtained the free-energy density in a system of nonuniform density. The 
molecular aspects of the theory are relieved to some extent from the confines of regular solution theory. 
The consequences of the Kirkwood superposition approximation, and its necessary revision, are ex- 


amined. 





I. INTRODUCTION 


N the recently revived literature’ dealing with the 
free energy of nonuniform systems, studies have 

been made of nucleation problems, by Cahn and 
Hilliard, and of critical opalescence, by Debye. The 
regular solution theory has been used to evaluate the 
energy associated with density or concentration 
gradients, while the contribution of the latter to the 
entropy has been neglected, a neglect in accord with 
the formulas of regular solution theory. The statistical 
mechanical approach has not been such that it could 
easily be relieved of the restrictions of this particular 
model. 

Discussions of critical opalescence have been based 
on an integral equation for the radial distribution 
function by Ornstein and Zernike,’ on the contribution of 
the Laplacian of the density to the local pressure, as a 
device to evaluate the energy, by Rocard,® and on the 
contribution of the square of the density or concen- 
tration gradient to the local free energy, by Debye.® 
Debye arrived at a result similar to that of Ornstein 
and Zernike, while Rocard’s conclusion (erroneously 
derived from a sensible starting point, we believe) was 
quite different.® 

What we propose is a demonstration that all three 
approaches to critical opalescence are identical, one 


2 J. W. Cahn, J. 1121 (1959). 

3 J. W. Cahn and J. E. Hilliard, J. Chem. Phys. 31, 688 (1959). 

‘E. W. Hart, Phys. Rev. 113, 412 (1959). 

5 E. W. Hart, Phys. Rev. 114, 27 (1959). 

* P. Debye, J. Chem. Phys. 31, 680 (1959). 

7™L. S. Ornstein and F. Zernike, Physik. Z. 19, 134 (1918); 
27, 761 (1926). The work has been extended by L. Goldstein 
[Phys. Rev. 84, 466 (1951), and Ann. Phys. 1, 33 (1957)]. 
To our knowledge, the “direct” correlation function which 
enters into this soeenec is known only through the integral 
equation which defines it in terms of the radial distribution func- 
tion. It has not otherwise been related to the intermolecular po- 
tential or canonical averages, or higher-order distribution func- 
tions. 

8 Y. Rocard, J. phys. radium 4, 165 (1933). 

* In a very das p and elegant approach to fluctuation correla- 
tions, M. J. Klein and L. Tisza [Phys. Rev. 76, 1861 (1949) ] 
demonstrate that both the Ornstein-Zernike and Rocard starting 
ay follow from the general equations of Klein and Tisza. 

ith less justification, they assert that different approximations 
are involved and accept Rocard’s conclusion that different formu- 
las for critical opalescence follow. 


1 J. W. Cahn _< E. ye Chem. Phys. 28, 258 (1958). 
hem. Phys. > 


being derivable from another, and to evaluate without 
reference to a particular model the parameters in the 
position correlation between distant molecules, or the 
free energy of density gradients. The parameters are 
expressed in terms of the intermolecular potential 
V(R) and the radial distribution function g(R) for 
small values of R. Approximations are necessary, but 
general and plausible. 

We believe the most straightforward approach to the 
free-energy density associated with density gradients 
is through the available work; in this, we follow the 
spirit of Rocard’s calculation. In turn, the available 
work is computed by integrating the equations of 
motion of the fluid. 

In Sec. II we obtain the equations of motion of the 
fluid, the point of view being macroscopic. In Secs. III 
and IV, it is shown that the description of distant 
correlations by the radial distribution function is 
identical with the description of density variations in 
macroscopically nonuniform systems. In Sec. V, the 
free-energy density is evaluated. In Sec. VI, the 
intensity of critical opalescence is computed. 


Il. SINGLET METHOD 


The rate of change with time of the mean velocity 
U; of a particle located at R, is given, with neglect of 
terms in u?, by! 


mp; (U;/dt) +Vi( kT) + | psViVisdRs= Fi, (1) 
where F, is an external force acting on unit volume at 
R, and will be suppressed until Sec. IV; p: and pis 
are the singlet and pair distribution functions, respec- 
tively. The intermolecular potential V3 is taken to be a 
function only of | Ri—R; |. We will develop Eq. (1) 
in a fashion similar to that used by other authors,!°" 
albeit with changes which allow a more convenient 
introduction of the necessary approximations. 

We have taken the temperature T to be constant at 


all points and all ¢, and the variation in the distribution 


0H. S. Green, The Molecular Theory of Fluids (Interscience 
Publishers, Inc., New York, 1952), p. 131. 

u ‘. H. Irving and J. G. Kirkwood, J. Chem. Phys. 18, 817 
(1950). 
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functions, or ultimately the pressure, will be ascribed 
only to variations in density p:. That is, isothermal 
conditions are supposed. In the event that these equa- 
tions should be applied to some problem where adia- 
batic conditions are more appropriate, as to a discussion 
of macroscopic sound waves, the change can easily be 
made at the end of the calculation by replacing the 
operator (0/dp), with constant T understood, by 
(0/dp)s, where S is the entropy. If neither of these 
extreme conditions, isothermal or adiabatic, is ap- 
plicable, an explicit discussion of energy transport by 
heat conduction is required. We shall further neglect 
viscous processes in the discussion of Eq. (1). For our 
primary interest in equilibrium calculations, such 
processes are irrelevant rather than neglected, but one 
may imagine problems, as a dynamical theory of 
nucleation, where the addition of a viscous stress to that 
which we compute would be desirable. 

Equation (1) may be carried further with another 
definition, 


(2) 


where g(1, 3) is the radial distribution function. What is 
desirable now is an investigation of the difference 
between the equilibrium g for constant p;, and the 
equilibrium g for p: varying with Rj, an investigation 
which might be carried out precisely by ascertaining 
the simultaneous influence on p; and pi3 of an external 
conservative force.» However, to obtain the mth 
distribution function in the presence of such a potential 
requires the (m+1)th in the absence of the potential. 
For our purposes a very plausible approximation, which 
gives the usual pressure contribution to the local stress 
correctly, and is detached from any model, should 
suffice. We assume that 


g(1, 3) =g(13, p(RitRs/2) J, (3) 


that is, the radial distribution function appropriate to 
uniform density is used, but the density is evaluated 
at the mid-point of the two molecules.” 

The presence of V(13) in Eq. (1) makes small values 
of Ri; pertinent, and so even though p; may differ 
greatly from its system average p, p=N/V, it should 
still be a good approximation to write 


g(1, 3) =g(13, p) 
+[g(13, px) /Apr e(Ri+Ris/2) —pi+--- 


and neglect higher-order terms. 

For a precise examination of the influence of variable 
p; on the local stress, under the approximations already 
employed, a Fourier resolution of p; is a more powerful 
tool than the Taylor expansion which we now employ. 

12 (a) J. K. Percus and G. J. Yevick, yr Rev. 110, 1 (1958). 
(b) J. Yvon, Nuovo cimento Suppl. 9, 144 (1958). 

18 An alternative approximation would be to choose the density 
in Eq. (3) as (or-tps)/ 2. The only effect on the calculation would 


be to change slightly the definition of 2 in Eq. (27) ; the coefficient 
of p(dg/dg) in the numerator would be changed from 1é to }. 


pis = pipag(1, 3), 


(4) 
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But so long as the pertinent wavelengths entering into a 
Fourier expansion of p; are large compared to the 
value of R at which V(R) becomes negligibly small, as 
holds for the light scattering application in this work, 
the equivalent Taylor series converges very rapidly. 

In Eqs. (2) and (4), put 


5 oo R °V. 7 
ps=pe(Ri+R,;) = a 
0 { 


(5) 


2. 1 
e(Ri+R,;/2) = dizg{ RaW)‘ Pi. (6) 
0 


Terms of order higher than i=3 will be suppressed in 
Eqs. (5) and (6). With Eqs. (4), (5), and (6), the 
integral in Eq. (1) becomes 


fowv.v(13)dRs= —p fv" Rel 3 (i!) -(R: V:) ‘pi } 
XLe(R, pr) +(8g(R, p:) /dpr) >3(24!)-1(R+¥,) i WR, 


where 
R=Re 


V’(R) =dV(R) /dR. 


An average over the orientation of R, that is, over e, 
is as far as Eq. (7) can be carried without specific 
approximations to the short-range behavior of g(R). 
We require 


(e)=0, 
(ee)=e,e;/3=1/3, 


where the e; are unit vectors along three Cartesian 
axes, and 1 is the idemfactor, and summation over 
repeated indices, i=1, 2, 3 is implied. Also 


(eee) =0, 
(eeee ) = (ee ,€,e;+e,¢,e,e;+e,e,e,e,) /15. 


The nonvanishing operators in Eq. (7) consequently 
have the following averages: 


(e(e-V;) )=4M1, 


(e(e-V,)*)=2V, 02, 
and therefore 


fosv.v(13)aRs 
=~ (01/3) [ RV'Cg-+(01/2)9¢/AnWRV a 


~(p,/315) / R*V'Lg+(01/8)0g/dp URVV2p+++°, 


(10) 
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with suppression of higher-order derivatives and terms 
in (g/dp) V(Vp)?, which enter only into the correction 
to the usual pressure term. As the correction terms are 
completely consistent only when the fractional varia- 
tion of p; from p is small, we shall take the coefficient of 
V:V2p1, in Eq. (10), to be independent of Ri. 

The first term on the right-hand side of Eq. (10) may 
be written more simply with the molecular expression 
for the local pressure Pi, the pressure in a uniform 
system of density" p;: 


P.=pkT— (p/6) { RV'eAR, (11) 


aP,/ap=kT— (p,/3) J RV'Te+(or/2)dg/ap, WR. (12) 
This substitution makes the first term on the right-hand 
side of (10) 

[8( Pi—pikT) /dp: Vip. =Vi( Pi— pikT) : 
Substitution of (10) and (13) into (1) yields 
mp,(0U,/dt) 


(13) 


+9, P,— (p/30) [Rvte+ (p/8)dg/dp dRV 2p, =0. 


(14) 


Further discussion of (14) will be postponed until a 
corresponding development of the pair distribution 
function is made. 


Ill. DOUBLET METHOD 


Here we will keep in mind only an application to 
critical opalescence, to which end the radial distribution 
function in a stationary fluid with uniform singlet 
density is required. The radial distribution function is 
related to the triplet correlation function g®(1, 2, 3) 
through" 


TV; Ing(12) +V,V (12) 


+(o/¢(12)) f(1,2,3) iV (13)dRs=0. (15) 
Application of the Kirkwood superposition approxima- 
tion, 


g(1, 2, 3) =g(12)g(23)g(13), (16) 


to Eq. (15), gives a closed equation for g(R). Let us 
anticipate, however, a result we find, that the super- 
position approximation will not yield an infinite com- 
pressibility at the critical point [or, more precisely, 
Eqs. (12) and (31), both valid if the correct g(R) is 
used, will under the superposition approximation be in 
explicit conflict at the critical point]. In order to see 


“7. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956). 
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what changes in Eq. (16) are indicated, we point out 
that the great increase in the intensity of scattered 
light which occurs at the critical point is not to be 
ascribed to a great increase in g(R) for small R, such 
being prevented by the repulsive core of the inter- 
molecular potential," but to the great extension of the 
range of R in which [g(R)—1] is sensibly nonvanish- 
ing. Therefore, let us put g(12) equal to its asymptotic 
value plus a perturbation s(12) which may be regarded 
as small in magnitude but, possibly, large in range. 
Numerical considerations in Sec. IV will substantiate 
the hypothesis that s(12) is small for the significant 
values of Ri. The presence of V(13) in the integral in 
(15) makes the pertinent values of Ris small (to make 
our lexicon somewhat more precise, the values of Ris 
are small compared to A, the wavelength of light in the 
medium, while the values of Riz cannot be taken small 
compared to \). Consequently we can assume s(23) 
to be small in 


g(23) =1+5(23), 


but g(13) must be known at small Ry. 

. We now modify Eq. (16) in a way suggested by the 
development in Sec. II. The presence of a molecule 
fixed at R, causes a nonuniform density in the vicinity 
of R,; and R;, even in the absence of a specification of 
the positions of molecules 1 and 3. We assume, then, 
that g(13) is not to be evaluated at the constant 


density, but at the density at (Ri: +R;)/2, presumed 
to be 


(17) 


eg{L(Rit+Rs)/2]—Re} =p+ps(Ru—Ri/2). (18) 


Thus we suggest using in Eq. (15), not Eq. (16), but, 
in general" in Eq. (15), 


g®(1, 2, 3) =g(12)g(23) {g(13) +0(dg(13/dp) 
X[g(Ru—Ris/2) —1]}, 


or, for Riz large, 
g®(1, 2, 3) =[1+s(12) J[1+5(23) ] 
X {g(13) +0(dg(13/dp)s(Riz— Ris/2) }. 


The consequences of the usual assumption may be 
ascertained at the end of the calculation by setting 
equal to zero terms containing a factor dg/dp. With 
(19) and with neglect of V(12) in (15), as Ris is large, 
(15) becomes 


(19) 


kTV;s(12) +o [iV (13)[1+5(23) Te(13) 


+p(9g(13) /dp)s(Riz— Ris/2) JdRs=0. (20) 


6 This remark on the nature of g(R) near the critical point is 
due to B. H. Zimm [J. Chem. Phys. 19, 1019 (1951) }. 

6 The possibility that Eq. (19) might yield a significant im- 
provement in the equation of state resulting from the super- 
position approximation is under investigation. 
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We now expand s, a function only of the magnitude of 
its argument, around Ry». Put Re=r; Ru=R. 


$(23) =s(Ru—Rus) = >2(i!)"(R-M1) ‘s(r), (21) 


s(Ru—Ru/2) = o(24!)(R-V)'s(7).—— (22) 


The substitution of the expansions into Eq. (20), and 


an average over the orientations of R as in Sec. I, 
yields for the integral term in (20) 


— (p/3) J RV'[e-+(p/2) (dg/dp) MRVis(r) 


— (p/315) J R°V'Cg+(p/8) (dg/dp) WRViVi2s(r) ++ °. 


(23) 


The use of Eq. (12) in (23), and substitution of the 
result into Eq. (20) yields 


m| (@P/ap) s(r) — (0/30) { RV’ 


X [et (0/8) (dg/dp) JdRV:*s(r) =0, (24) 


where P is the pressure at a density p. 
IV. COMPARISON 


A. Comments 


It is seen from a comparison of Eq. (24) and Eq. (14) 
that the macroscopic concepts embodied in Eq. (12) 
produce the same equation as does a direct examination 
of the radial distribution function. To make the 
similarity between Eqs. (24) and (14) complete (with 
du/dt=0 for the equilibrium application), one needs 
only to expand P;, in Eq. (14), in the deviation of p; 
from p, 


P:=P+(8P/dp) (m—p) + 


to first order, and identify the fluctuation p;—p with 
the density fluctuation caused by a molecule acting on 
the fluid at a distant point Re, that is, p.—p=ps(r). 
Thus one point is established, that there is no difference 
in principle between the Ornstein-Zernike approach to 
critical opalescence via the radial distribution function, 
and Rocard’s modification of the local pressure to take 
into account density gradients. The difference in results 
we ascribe to a spurious summation by Rocard of the 
energies of all modes of density fluctuation, rather than 
just those modes which actually scatter light at the 
given wavelength and angle of scattering. Debye’s 
treatment,® also based on semimacroscopic considera- 
tions of the energy associated with a density or con- 
centration gradient, and also somewhat intuitive on 
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the surface, did not involve this error and yielded results 
quite similar to those of Ornstein and Zernike. 

If we had used the superposition approximation, 
Eq. (24) would be changed to the extent of elimination 
of dg/dp; see Eq. (12). The magnitude of the conse- 
quent error in the vicinity of the critical point can be 
gauged from Eq. (12). Under critical conditions, de- 
noted by a subscript “‘c,” 0P/dp vanishes and 


RT.= (be/3) [ RV'Le+ (oe/2) (0/802) WR. (25) 


Elimination of the first part of the integral with Eq. 
(11) yields 


(»./2) { RV"(ag/ae.)dR / [rv'ear 


=2(1—P./pekT) 1. (26) 


Since, in practice," ( P./p.kT.) =0.3, the dg/dp term in 
OP/dp is about 30% of the g term, and has opposite 
sign. 


B. Evaluation of g(r) 


Now let us follow Ornstein-Zernike and Debye, and 
define a short-range correlation length: 


[RV'Te+ (0/8)a¢/aeWR 
P= 





(27) 
[RV'Ce+ (0/2)a¢/a°MR 


where, from Eq. (12), the denominator is (3/p) (kT— 
dP/dp). Of course, ? is by no means an “average’’ of 
R’, and even a modification of the original approxi- 
mation to make [g+(p/2)(dg/dp) ] occur in both 
integrands in Eq. (27) would not make PF an average, 
because V’ is negative at small R and positive at large 
R. For the vicinity of the critical point it does seem 
extremely probable that / is real and about equal to the 
usual range of intermolecular forces, because the range 
of R corresponding to molecular attraction, V’>0, 
must dominate if 9P/dp vanishes; see Eq. (12). We 
shall, at any rate, proceed on this supposition. 

An integration of Eq. (24), and introduction of ? 
yields 


(OP/dp)s(r) —(kRT—OP/dp) (P/10) Vs(r) =O (28) 
or 
V?s(r) —x*s(r) =0, (29) 


where 
= 10(0P/dp)/P(RT—OP/dp). (30) 


The intermolecular potential terms which are missing 
from Eq. (29) by virtue of our restriction to large r, 
could be used, in principle, to provide a source in Eq. 
(29). However, we will follow the simpler and probably 
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more reliable course of Ornstein and Zernike and 
evaluate the arbitrary coefficient of the solution by 
demanding that (0P/dp) be correctly given in the 
fluctuation theory expression" 


3P/ap=kT / {ite f [x(R)— 14. (31) 


The feasibility of this procedure is ensured by having 
the correct (0P/dp) in Eq. (30). The formula (31), 
evaluated near the critical point, is extremely sensitive 
to the long-range behavior of g(r). 

The spherically symmetric solution of Eq. (29), 
appropriate to an infinite fluid, is 


s(r) =ae~*"/r, (32) 


which, with Eq. (17), may be introduced into Eq. (31) 
to give 


OP/dp=kT/(1+42ap/x*) 
and, with Eq. (30), the value of the constant a, 
a=5/(2mpP). (34) 


This value provides some justification for our assump- 
tion that s(r) is small compared to unity, for p,.=1//, 
and therefore a=l, so that s(r) rapidly becomes small, 
though of course not negligible, as r increases. 


V. ENERGY OF NONUNIFORM FLUIDS 


Here we show that the contribution of a V%p term 
to the pressure is equivalent to the supposition of a 
| Vp |? term in the free-energy density. This will be done 
by finding the Lagrange density for which the equation 
of motion, Eq. (14), is the Euler equation.” For small 
density variations to which we will now restrict our- 
selves, Eq. (14) appears, in the notation of Secs. III 
and IV, as 


m(du/dt) + (8P/dp) VEs(r) —x*Vs(r) ]=0, 


where s(r) is the fractional density fluctuation. 

Equation (35) differs from the usual description of 
compressional waves only by the presence of the V’s 
term. Consequently we follow, with modifications, the 
Lagrange formulation of compressional waves. To this 
end, we require the equation of mass conservation 


0p,/dt= _ Vie pity 


(33) 


(35) 


0s(r) /dt=—V-u. (36) 


Upon taking the divergence of Eq. (35), we obtain, 
with (36), a restatement of the equation of motion, 


—ms+ (dP/dp) VLs—«?V*s ]=0. (37) 
It will be convenient to introduce a scalar poiential y by 


u=W (38) 


1” P, M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Chap. 3. 


which, being substituted into Eq. (36), gives 


(39) 


A suitable statement of Hamilton’s principle, ap- 
propriate to the conservative forces present here, is 


fcree, t)—U(r, t) ]drdt=0, (40) 


where, in the Lagrange density (T—U), T is the 
kinetic-energy density and U the potential-energy 
density (actually a free-energy density in this applica- 
tion). The kinetic-energy density is, from Eq. (38) 


T =}pmu?=}pm | Vy |. (41) 


The usual free-energy density, for small density 
variations, is 


p(dP/dp) (s*/2). 


However, to account for the V’s term in Eq. (35), we 
shall instead hypothesize 


U=49(dP/dp) [s*-+-«- | Vs |], (42) 


and verify that the correct equation of motion, Eq. 
(37), results. We have, beginning with a variation of 
the kinetic energy, 


5 J Térdi=pm J Vy (ay) drat 


=pm | 9h 6p) dxdt 


after integrating by parts over both r and ?#, with 
nonvarying boundary conditions. Or, with Eq. (39), 


5 i Tdrdt=—pm f 3(Sy) drdt: (43) 


next, 


5 i Udrdt=p(aP/ap) f [s(8s) +-x-2Vs+ (8s) Jdrdt 


= p(dP/ap) / (s—x-2V%s) (8s) drt, 


after an integration by parts. Substitution of Eq. (39) 
for 6s, and an application of Green’s theorem yields 


8 i Udrdt=—p(aP/ap) i [V*(s—x-2V%s) (ap) dedt. (44) 


Subtracting Eq. (44) from Eq. (43), and setting the 
coefficient of the arbitrary variation dy equal to zero, 
we recover Eq. (37). 

The verification of the free-energy density, Eq. (42), 
completes our demonstration of the mathematical 
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equivalence of the approaches of Ornstein-Zernike, 
Rocard, and Debye. 


VI. LIGHT SCATTERING 


Whether the usual light scattering theory’ is 
completely adequate in the presence of long-range 
correlations is a question we have not been able to 
answer satisfactorily. There is no doubt that as the 
critical point is approached sufficiently closely multiple 
scattering and extinction must be computed for the 
particular experimental geometry. But so far as we 
have been able to ascertain,” no revision of the mo- 
lecular theory is required. The conventional formula 
for Rayleigh’s ratio, for unpolarized incident light, and a 
nonpolarized detector, is 


2\ 2 
= MNCL fanicra 


for light of wavelength (2%/k) in vacuum, an index 
of refraction m, and scattering angle @. 


w= 2nkp sin(@/2). 


18 A. Einstein, Ann. Physik 25, 205 (1908). 

1M. Fixman, J. Chem. Phys. 23, 2074 (1955). 

*” The integral (33) in footnote reference 19, which is the lowest 
order in the polarizability that might furnish a correction term, 
has been found to be negligible compared to the usual term, Eq. 
(45) here, even at the critical point. 


(45) 
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The correlation between Gensity fluctuations 6, and 4, 
at R, and R, [Re=R and 


i=) 8(Ri— 


where 6(_) isa Dirac 6 function and the sum goes over 
all molecules in the system ], is 


(8:52) =p{6(R) +eLg(R) —1]}. 


With s(R) =g(R)—1=(a/R) exp(—«R), the param- 
eters being given in Eqs. (30) and (34), 


sinwR 10 
i (b15,) ode RGR = Aitpay, See 


R,) —P; 


5 | (46) 


In form, this result, with Eq. (45), is the same as was 
obtained by Ornstein-Zernike, and Debye. We have 
followed the more straightforward derivation of the 
former. 

As regards the experimental test of Eq. (46), 
which has not been entirely confirmatory, we would 
only suggest that a rejection of Eq. (46) is premature 
in the absence of a quantitative study of multiple 
scattering for the experimental geometry. 


21 8B. H. Zimm. J. Phys. & Colloid Chem. 54, 1306 (1950). 
2 Chow Quantie, Proc. Roy. Soc. (London) A224, 90 (1954). 
%R. Fiirth and C. L. Williams, Proc. Roy. Soc. (London) 
A224, 104 (1954). 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 33, NUMBER 5 


NOVEMBER, 1960 


Ultrasonic Attenuation in the Critical Region 


MARSHALL FIxXMAN 
Mellon Institute, Pittsburgh, Pennsylvania 
(Received April 1, 1960) 


The interaction of forced sound waves with critical density fluctuations is discussed quantitatively. The 
nonlinear equations of motion are analyzed to distinguish three contributions to the instantaneous density 
and temperature variation: (1) the spontaneous fluctuations that are defined as the solution to an initial 
value problem, (2) the macroscopically observed sound wave which oscillates with harmonic time de- 
pendence, and (3) the result of an interaction between (1) and (2). The three contributions satisfy three 
equations, which are discussed separately. A completely general combination of these equations to compute 
ultrasonic absorption and attenuation is avoided, as the requisite thermodynamic and transport coefficients 
are inadequately known. Because, however, a thermal relaxation mechanism has previously been treated on 
the basis of an oversimplified multiphase picture of spontaneous fluctuations, the present calculations are 
carried to completion on the assumption that only the local heat capacity is affected by the density fluctua- 
tions. The sound wave together with the fluctuating heat capacity produce temperature fluctuations, whose 


relaxation is the source of the absorption. 





I. INTRODUCTION 


N THE critical region a variety of systems, both 
simple! and complex,?* absorb ultrasonic waves to 
a much greater extent than the classical loss due to 
viscosity or heat conductivity.* Neither can an ex- 
planation of the intense absorption be based on relaxa- 
tion of intramolecular motions.' Probably the absorp- 
tion is caused, in a sense to be elucidated, by the large 
density or composition fluctuations in a system near 
its critical point. 
One’s first thought, that the ultrasonic absorption is 
a scattering process, similar to critical opalescence,*” is 
quickly rejected. The absorption of sound due to 
scattering from fixed inhomogeneities,"~-" resembles 
the absorption of light, and varies inversely as the 
fourth power of wavelength when the wavelength is 
much greater than the size of the inhomogeneities. This 
condition holds for the sound waves to within con- 
trollable temperature intervals around the critical 
point, but the fourth-power dependence is not observed. 
The anomalous absorption has been ascribed, in a 
qualitative way, to a time lag in the adjustment of the 
long-range density correlation to the variations of 
temperature and density induced by the sound wave, 


1A, G. Chynoweth and W. G. Schneider, J. Chem. Phys, 20, 
1777 (1952). 

2 A. G. Chynoweth and W. G. Schneider, J. Chem. Phys. 19, 
1566 (1951). 

8G. F. oa and W. G. Schneider, Discussions Faraday Soc. 
No. 15, 218 (1953). 

4D. Atack and W. G. Schneider, J. Phys. Chem. 55, 532 (1951). 

5 V. F. Nozdrev, Soviet Phys. Acoust. 1, 249 (1955). 

* V. F. Nozdrev, Soviet Phys. Acoust. 2, 209 (1956). 

7V. F. Nozdrev and V. D. Sobolev, Soviet Phys. Acoust. 2, 
408 (1956). 

8B. I. Kal’ianov and V. F. Nozdrev, Soviet Phys. Acoust. 4, 
198 (1958). 

9L. S. Ornstein and F. Zernike, Physik. Z. 19, 134 (1918); 
27, 761 (1926). : : 

10 M. Fixman, J. Chem. Phys. 33, 1357 (1960) , preceding article. 

1 L, Liebermann, J. Acoust. Soc. Am. 23, 563 (1951). 

Pp, J. be Se ge ane Soc. Am. 29, 199 (1957). 

18 A. B. Bhatia, J. Acoust. Soc. Am. 31, 16 (1959). 


a particular application of the idea of structural 
relaxation.'"*5 Also, qualitative and quantitative 
treatments have been based on the possibility of heat 
exchange in an inhomogeneous system; the system is 
assumed to consist of spheres, having one set of proper- 
ties, imbedded in a uniform medium of different 
properties. '*-"7 

Except for the scattering calculations, there seem to 
have been no attempts to treat the interaction between 
fluctuations and forced sound waves in any way which 
is free from objections to an oversimplified pictorial 
model of the fluctuations. We will attempt to remedy 
this lack. 

There are two classes of things that must be known 
before a calculation of the interaction between fluctua- 
tions and sound can be made. First is needed a descrip- 
tion of the static and dynamic behavior of long wave- 
length fluctuations in the absence of a forced sound 
wave. Secondly there is needed a description of the 
interaction between fluctuations and sound. This divi- 
sion of labors, though apparently arbitrary, is ex- 
tremely useful and perhaps even necessary. In the 
(nonlinear) equations of motion and energy transport 
which describe the instantaneous propagation of 
density and temperature variations through a fluid, 
there is not at first sight any distinction as to how 
a density or temperature variation arose, whether by 
spontaneous fluctuation, or at the urging of an oscillat- 
ing crystal, or by an “interaction.” We are free, how- 
ever, to impose such a distinction, if any simplification 
results. Therefore, we divide the density variation, 


4D. Sette, J. Chem. Phys. 21, 558 (1953). 

6 K. F. Herzfeld and T. A. Litovitz, Absorption and Dispersion 
of Ultrasonic Waves (Academic Press, Inc., New York, 1959). 

WA. B. Pi d, Phil. Mag. 42, 1209 (1951); this concerns 
liquid He I tly above the \ transition. 

™ A, Odajima, Research Inst. Appl. Elec. Hokkaido Univ., 
Bull. 5, 61 (1953). We have seen only Chem. Abstracts [48, 
7370d (1954) ; see also Research Inst. Appl. Elec. Hokkaido Univ., 
= Ser. No. 4, 125 (1954); Chem. Abstracts 48, 13305f 
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(dp) say, into three parts: (a) p: the macroscopic 
density variation, which is (6p) averaged over all 
values of the spontaneous fluctuations. We may 
reasonably assume that p; is a plane spatially damped 
wave, as is permitted by the final equation for p;. (b) 
po the fluctuation in the absence of p, that is, the 
spontaneous fluctuation. Although pp must satisfy the 
equations of motion, po is not (unlike p,), periodic in 
time. Rather, at one time, and one time only, pp is 
treated as a random variable subject to a known 
probability distribution. At subsequent times pp must 
be expressed in terms of the initial conditions. (c) ps 
the “interaction.” p, is quite simply whatever is left 
over in the equations of motion after there has been 
subtracted from the latter an equation for the periodic 
solution, p;, and for the solution, po, to the initial value 
problem. 

Our aims, then, will be first to arrive at equations 
that describe each of these three types of variation of 
temperature and density, and second, by an explicit 
evaluation of the correlations between the spontaneous 
fluctuations and the “interaction,” as this correlation 
occurs in the equation for p;, to obtain explicitly the 
absorption and dispersion. This second aim will be 
realized only in part. Two simplifications will be made. 
The fluctuations will be treated as static, and of the 
various thermodynamic quantities in the equations of 
motion which fluctuate with the local density or temper- 
ature, only the heat capacity will actually be allowed 
to do so. The second simplification could be eliminated 
fairly readily, though present knowledge of thermo- 
dynamic and macroscopic transport properties in the 
critical region does not seem extensive enough to 
warrant the work. The first simplification will be justi- 
fied to some extent. Actually to use time dependent 
correlations would not, unless the equations hold 
latent surprises, involve conceptual or mathematical 
difficulties, but the required computations seem 
severe. 


II. INITIAL CORRELATIONS 


Here we discuss the correlation between density 
fluctuations at R, and R., of which both are observed 
at the same time, say !=0. We will also examine the 
correlation between the Fourier components of the 
density fluctuation. 

Let 


p( Ri) = 28(Ri— Ri) (1) 


be the local number density; the sum of 6 functions 
goes over the positions of all molecules in the system. 
Let p be the average number density. Then 


{Le(Ri) —p Jp(Re) —p])= 5 (Raz) +e*Lg( Ru) —1), 
(2) 


where g(Ry) is the radial distribution function. Now 
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let 


p(R) —p= [ot exp(ik-R)dk, (3) 


p*=(2n)-*{[o(R)—plexp(—ik-R)dR (4) 


be the Fourier resolution of the fluctuations. Equations 
(4), (3), and (2) give 


(po) = (2n)-*8(k-+k’) {e+e fue 


—{] exp(ik-R) aR}. (5) 


We have concluded,” in agreement with Ornstein 
and Zernike,® that the long-range density correlations 
that exist in the critical region may be described by 


g(R) —1=a exp(—«R)/R, (6) 

where, in the critical region, . 
«= (4rap./keT-) (9P/dp)r, (7) 
a=5/(2mp,J*). (8) 


The critical point is indicated by a subscript c, and kp 
is. Boltzmann’s constant. Both @ and / are small dis- 
tances, of the order of the range of the intermolecular 
potential, while «~ is an “indirect” correlation length 
which becomes infinitely large at the critical point. 

A correlation of the same form as (6) describes 
composition fluctuations in the critical mixing region 
of a binary system,” and light scattering studies: 
give values of x. As an order of magnitude useful in 
qualitative thinking, «'~10- cm if (T—T7,.)=1°. 
Also, Eq. (7) yields the conclusion x «(T—T,), for 
the gas phase. 

From Eggs. (5) and (6), we obtain 


(pkp®’)= (2a) *8(K+k’) [o+-4map*/(+%?)} (9) 
6 (k+k’) p’a[ 20? (+7) T. (10) 


Thus we neglect the first term on the right-hand side 
of Eq. (9). This neglect would be illegitimate only if 
«* were large, so that the system is far from the critical 
point, or k were large, a region of k space which is used 
to describe small values of the argument in g(R). 
Neither circumstance will be of interest here. 


Ill. TIME-DEPENDENT CORRELATIONS 


The present problem is: Given the magnitude of a 
spontaneous fluctuation at time zero, say p*(0) 
expik-R, what is the magnitude of the fluctuation, 
p*(t) expik-R, at time ¢? The correlation which 


™P. Debye, J. Chem. Phys. 31, 680 (1959). 
BH. Zimin, J. Phys. & Colloid Chem. 54, 1306 (1950). 
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finally enters into a time dependent problem is 
(p*(t) p*’(0) ), or its Fourier transform over ?. 

Van Hove™ has discussed precisely this problem in 
connection with his general treatment of slow neutron 
diffraction. Although our qualitative conclusion, that 
the relaxation time of a spontaneous fluctuation be- 
comes infinitely large at the critical point, is the same 
as Van Hove’s, we conclude that his arguments, derived 
from Landau and Placzek,?'” are largely irrelevant 
to the problem. 

Let us first state the essential result of the Landau- 
Placzek- Van Hove treatment: A spontaneous density 
fluctuation decays at the same rate as does a macro- 
scopic temperature variation allowed to relax at con- 
stant pressure. The origin of this statement seems to 
be the observation that, under some conditions,” the 
linearized equations of motion and energy transfer 
possess two approximately independent types of wave 
motion: (a) variations in pressure P at constant 
entropy S, and (b) variations in entropy (or tempera- 
ture), at constant pressure. This observation, and one 
more, that fluctuations of S at constant P become very 
large at the critical point, while fluctuations of P at 
constant S remain small, constitute the chain of 
argument which is to yield the result stated. 

It is, however, difficult to see how the result or the 
argument can be correct. The notion that a mass 
fluctuation must relieve itself by a process of heat 
conduction, or that a composition fluctuation near the 
critical mixing point, to which the arguments of the 
preceding paragraph are as readily applied, must 
decay by heat conduction rather than diffusion, is not 
a notion to command intuitive assent. 

Let us, therefore, reexamine the equations governing 
the relaxation process. The essential point which 
must be kept carefully in mind is that we have an 
initial value problem: Given the initial temperature, 
velocity, and density distribution in an infinite fluid, 
what values do these quantities assume at ¢>0? An 
examination of only harmonic variations can be 

We have previously” arrived at an equation of 
motion which described an isothermal, undamped, 
density variation in the critical region, 


—§(R, )+Cr’V*[s(R, 1) —«*V*s(R, 1) ]=0, (11) 


where, with m equal to the molecular mass, 
Cr*=m-'(dP/dp)r, 


5p=ps, (12) 


and é= (0s/dt). More generally, if there is a tempera- 


*L. Van Hove, Phys. Rev. 95, 249 (1954). ¥ 
csgat} Landau and G. Placzek, Physik. Z. Sowjetunion 5, 172 

2 J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, New York, 1946), p. 244 ff. 

% These are discussed precisely by C. Truesdell [J. Rat. Mech. 
Anal. 2, 643 (1953) }. 
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ture variation 5T=7)(R, ¢), it will contribute to the 
pressure an increment (0P/97T),7 >. Also the viscous 
damping causes an acceleration of s(R, ¢)equal™ to 
— (4n/3pm) ¥*s, where 7 is the shear viscosity (» may 
be redefined to include a volume viscosity, with no 
change in the form of the equations). Consequently we 
generalize Eq. (11) (or we may say instead that we 
generalize the usual linearized equation of motion by 
the addition of the «-*V’s term) to 


—34V2{Cy[s— «202s ]+ (1/pm) (aP/aT),To! 
+ (4n/3pm) V*s=0. 


The independent variables are s(R,?) and 7)(R, ?). 
The linearized equation of energy transfer states that 
the entropy increase of a volume element is equal to the 
amount of heat energy that has flowed into the volume 
element, 


(H/T) ¥*T)=p(8S/dp)r8+(8S/8T),T, (14) 


where H is the heat conductivity. Now examine the 
decay of a particular Fourier component s(R, ¢) = 
s*(t) exp(ik-R); 7o(R, #) = 7To*(t) exp(ik-R). Equa- 
tions (13) and (14) become 

+5*+- 2?Cz?(1-+-2?/x*) s*+- 8? (4n/3pm) s* 


+(k/pm)(9P/8T),Toe=0 (15) 


(13) 


and 
(8S/8T), To +k2(H/T) To;+p(9S/dp)r8*=0. (16) 


If it were necessary to know quantitatively s*(¢) 
and 7 *(¢) for all >0, the course of solution would 
clearly be to suppose that all /-dependent quantities in 
Eqs. (15) and (16) vary as exp(—iw#). A combination 
of Eqs. (15) and (16) would then give a cubic equa- 
tion for w, having roots w;(J=1, 2, 3), say. The solution 
would then be of the form 


*)= Don éep(—iws), 


(17) 


where, after imposition of the initial conditions, the a; 
become complicated functions of the w;, but linear 
functions of the three initial values: s*(0), s*(0), and 
To*(0). Because the result is so different from, and 
more complicated than, Van Hove’s treatment, we 
shall not be able to carry out a quantitative analysis 
similar to his. However, with the conclusions already 
drawn here regarding the general solution, and an 
explicit solution for 7o*(#) in terms of s*(é), we can 
learn quite a bit about the initial modes of decay of a 
density fluctuation. 

Equation (16) is a linear first-order inhomogeneous 
equation in 7)*(#) and ¢. The solution of the initial 


* P, M. Morse and H. Feshback, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 162. 
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value problem is readily obtained as 
To*(t) = To¥(0) exp(—vt) 


—Bexp(—1) | “exp(vi)s(0) dt, (18) 


where 


y=FH/T(dS/8T),, 
B=p(9S/dp)1/(9S/8T),. (19) 


We now use Eq. (15) to examine the decay of s*(¢), 
and take the 7*(¢) term in (15) to be given by Eq. 
(18). Because our major interest is in (s*(#)s*(0) ), it is 
reasonable to consider only those parts of the é-de- 
pendent solution that are correlated with s*(0) through 
the linear dependence of the coefficients a), in Eq. 
(17), on the initial conditions. Now the contribution 
of the initial velocity to the initial energy of the fluctua- 
tions is solely to the kinetic energy, while s*(0) 
appears solely in the potential energy. Since the proba- 
bility of the initial state of fluctuations is proportional 
to the exponential of the total energy, it follows that 
s*(0) and 8*(0) are distributed independently, and 
no conclusion about (s*(t)s*(0)) would be altered if 
we put s*(0) =0; we therefore do so. 

Next, consider T.*(0). In the equation for the initial 
energy of the fluctuations,” we have not put down any 
contribution from a temperature fluctuation, and it 
would indeed be an innovation in the theory of spon- 
taneous critical-point fluctuations to suppose that 
such a contribution were necessary. However, the 
question of a possible correlation between the initial 
density and initial temperature fluctuations is crucial 
in this context, and so it may be worthwhile to state 
clearly why no such correlation exists. Note first that 
if there were such a correlation,® the density fluctua- 
tions would not become abnormally large in the critical 
region, because the 7 fluctuations, correlated to the p 
fluctuations, would make the energy of the fluctuation 
state large. Beyond this, at a molecular level of de- 
scription, there is only a narrowly circumscribed part 
of phase space that might be described by temperature 
fluctuations. The probability that a system be in a 
small element of phase space is a product of fx giving 
the velocity distribution, and f., the configurational 
distribution 


fox exp(—V/keT en), 


where V is the intermolecular potential energy, a 
function only of the positions of the molecules, and 
we have been careful to give a full designation to the 
ensemble temperature 7,., (previously called 7). 
An integration of f, over the coordinates, subject to an 
assigned singlet density distribution p(R) (or, con- 
ceivably, subject to higher multiplet assignments), 


(20) 


2 One might imagine the correlation to be induced by a term 
(@A/dTdp)p(R)T(R) in the energy; A is the Helmholtz free 
energy. 
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produces a probability density for p(R), 


[raR.---aR 


where the configurational free energy A, is a functional 
of p(R), but a function only of Tin, the ensemble 
temperature. A specification of the coordinate probabili- 
ties exhausts the constraints which may be imposed on 
a coordinate integration; there is no room here for a 
fluctuating temperature. 

This is the essential justification of the neglect of 
initial temperature fluctuations in a calculation of the 
initial probable magnitude of density fluctuations, for 
whatever use is made of the kinetic energy to define 
the initial temperature fluctuations, no correlation of 
them with p(R, ¢) | so, can be induced. The question 
to what extent the kinetic energy is adequately de- 
scribed by a velocity which is the gradient of a scalar 
potential (implicit in our equations), is referred to 
other sources.” 

Formal calculations of temperature fluctuations” 
present, in the result, the equilibrium heat capacity of 
the system. Since the remarks of the preceding para- 
graph permit the conclusion that the temperature 
fluctuations depend only on 7.n, ks, and m (nothing 
more appears in the kinetic energy), a reconciliation 
of the points of view is required and is given at the 
end of this section. 

We now return to consideration of Eqs. (15) and 
(18); take #s*(0)=7 *(0)=0. An initial density 
fluctuation produces a nonvanishing acceleration $*(0) , 
and so the density decay begins as the spreading of an 
isothermal wave. The next effect which is felt in Eq. 
(15), is a viscous damping due to the growing velocity 
(s* «<t). Thirdly, there appears, as a result of the work 
done during the displacement, a temperature variation 
(T*(t) «#). Now the initial acceleration in Eq. (15) is 
[—k*Cr?(1+*/x*) ], and therefore the smaller is Cy’, 
or the closer the critical point, the smaller will be the 
acceleration, the slower the decay.” This qualitative 
conclusion will have to suffice, for although the qualita- 
tive explanation is, relative to previous discussions, 
quite simple, namely that large fluctuations arise only 
when their energy is small, and therefore the decelerat- 
ing force small, a full quantitative treatment is much 
more complicated. 

Perhaps greater quantitative progress could be made 
in a study of diffusional relaxation in the critical region, 
as there it seems reasonable to neglect both inertial 


= exp{—Ad (o(R)), Ton /ka Ten}, 


%D, Ter Haar, Introduction to the Physics of Many-Body 
Systems (Interscience Publishers, Inc., New York, 1958). 

27 F, London, Superfluids (John Wiley & Sons, Inc., New York, 
1954), Vol. II, p. 107. 

% Footnote slermnce 3 Ee Sr 

2 R. M. Mazo, Physica 25, 57 (1959). 

*® Unless £>>x. But such values of k seem relatively improbable. 
[See Eq. (10).] This conclusion should be treated with some re- 
serve, as relaxation processes in other parts of the calculation, 
Sec. IV, may pick out k>x. 
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and induced temperature terms in the equation of 
motion. 

We can now see the meaning of the calculations of T 
fluctuations given in phenomenological fluctuation 
theory.” A closed system, aged in a temperature bath, 
will have when removed and isolated an energy different 
from the ensemble average energy. However, that part 
of the energy fluctuation which may reasonably be 
described as due to an initial temperature fluctuation, 
involves no property of the intermolecular potential 
and is independent of the local density fluctuations. 
After the isolated system is allowed to age, the pro- 
cesses of viscous flow and heat conduction (and their 
molecular analogs), will throw all the initial energy 
fluctuation into a uniform temperature increment. The 
latter we regard as the object of phenomenological 
fluctuation theory. 


IV. PASSAGE OF SOUND WAVE 


The passage of a plane sound wave through a medium 
may induce a variety of secondary processes. There 
may be ordinary scattering, in which the primary 
wave is scattered from fixed obstacles and the secondary 
wave propagates away with the macroscopic sound 
speed. As previously mentioned however, the sound 
wavelength is considerably greater than the correlation 
length of the fluctuations at the observed (T—T.), 
and the absorption will be proportional to w‘, a de- 
pendence which is not observed. If the relaxation times 
of the fluctuations are not so large that the fluctuations 
may be taken as static, the sound wave, which varies 
as exp(iwt), will leak energy into a spectrum of other 
frequencies. It would be quite possible to maintain the 
possibility of such relaxation until the final stage of the 
ensuing calculations. Then, however, in 


(s#(1) (0) )= (s#(0) (0) Dh exp — iwor(k) 


an explicit knowledge of the functions },(k), w:(k) is 
required, so that functions of 5; and w can be inte- 
grated over k. We have seen that the w; approach zero 
as the critical point is approached, and so we have 
grounds other than practicality—which would suffice— 
for our subsequent neglect of fluctuation relaxation. We 
may finally distinguish a thermal relaxation. If the 
heat capacity of the medium varies from point to point 
because of the density fluctuations, there will be a 
secondary temperature variation imposed on that of 
the sound wave, and a consequent heat flow and loss of 
energy from the sound wave. 

Because this last process seems intuitively to be at 
least as important as any other that can be simply 
distinguished, because it is tractable, and because it 
has already been treated on the basis of an unrealistic 
picture of critical fluctuations, we will examine the 
thermal relaxation process in detail. It will be appreci- 
ated, as we proceed, that the process of discarding 
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terms which do not seem to originate in this mechanism 
is arbitrary. 

Suppose that the acoustic wave induces an entropy 
increment per volume of S,(R, ¢), a number density 
increment p,(R, ¢), and temperature increment 7,(R, ¢) 
Suppose also that at any point the medium may be 
characterized by a quantity x (density or composition) , 
that differs from its mean value @: x—Z=X(R), 
presumed static. Then, with S the entropy per volume, 
an equilibrium function of its arguments, 


Sa= (9S(x)/dp) reat (9S(x)/8T) Ta, 
(9.S(x)/dp)r=(9S/dp)r+ (°S/dpdz)X, (22) 
(9.S(x)/8T),= (8S/8T),+(#S/dTdz)X. (23) 


The arguments of S are the mean values, if the con- 
trary is not made explicit. 

To provide a rationale of Eq. (21), and to explain 
further the meaning of the symbols, let us see to what 
extent it can be derived from a Taylor series expansion 
of the entropy. For a one-component system, with (dp) 
the /ofal density increment (spontaneous plus forced), 
(67) the total temperature increment, and AS the 
total increment at R of the entropy density, 


AS= (.S/dp)1 (5p) +3(8S/dp*) 2 (5p)? 
+(9S/dT),(5T) +3(8S/dT*), (57)? 
+ (0°.S/dT9p) (6T) (8p) ++*> . 


Now divide the temperature and density variations 
into parts po(R,?) and 7o(R, ¢) which are functionals 
of the spontaneous density fluctuation at ‘=0, and 
would represent the density and temperature varia- 
tions if there were no forced acoustic wave, and pa, 
and T7,, the “induced” density and temperature 
variation: 


(21) 


(24) 


(dp) =po( R, t) +pa(R, t), (25) 
(67) = 7(R, t) +7.(R, t). (26) 


By a reduction of the energy fed into the system, p, 
and 7, can be made as small as desired. Therefore, 
when Eqs. (25) and (26) are substituted into Eq. (24), 
nonlinear terms in p, and 7, can be discarded. 


AS= (9S/dp)1(pot+pa) + (8S/8T)»(To+ Ta) 
+43 (8°S/dp*) 1 (p0?+ 2popa) +3(8.S/dT*),(Te?+2T Ta) 
+ (GS/8T Ap) (poTo+poT a+ Palo) +***. (27) 


Let AS=So+S,., with the same interpretation of the 
subscripts. To avoid extraneous complications, suppose 
nonlinear effects in the heat conduction to be neglected. 
Then 


AS=A&+A8,=(H/T)VTo+(H/T)VT.. (28) 


As po and 7» are, by supposition, the proper solutions 
to the initial value problem, Eq. (27) breaks up into 
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two equations: 
ASo= (0S/p)rp0t (9.S/8T) Tot} (#S/Op*) rp? 
+3(#S/dT*),T?+ (0S/dTAp) Tot: , 
AS = (H/T) V°To; (29) 
AS.= (0S/Op) rpat+ (9S/dT) ,Ta+ (8°S/dp*) rpopa 
+ (8S/9T*), ToT. + (8S/dT Ap) (poTat palo) +*** ; 
AS,=(H/T)?T,. (30) 


Equation (29), with the deletion of its nonlinear 
terms, reduces to Eq. (14). We have supposed, and will 
continue to suppose, that Eq. (14) constitutes a good 
first approximation to the description of spontaneous 
fluctuations. [See the discussion preceding Eq. (36).] 
It is, of course, true that terms which have been retained 
in Eq. (30) must by our hypotheses (linearization 
with respect to pa, T.), be smaller than terms which 
have been rejected from Eq. (29). But this implies no 
inconsistency in the terms retained; it is possible to 
measure the absorption and dispersion of the forced 
waves, even though they are small. 

Equation (30) may be specialized with pp=X and 
the hypothesis of static fluctuations, so that To(R, t) = 
To(R, 0) =0. Equation (21) results. 

If the restriction, previously mentioned, that only 
the heat capacity is affected by the fluctuations of x, 
~ be introduced, we have from Eq. (21) 


TS,=H?T,=T(8S/dp) rbat+Cy Tot (dCy/d#) XT, 
(31) 


where Cy is the heat capacity per volume at constant 
volume. The induced temperature and density varia- 
tions can be written as their averages (over the fluctua- 
tions), plus a secondary variation that arises from an 
interaction of the induced variations with the spon- 
taneous fluctuations, 
To=1,+T2; Ti= (Ta), 


A= (pa). (32) 


The assumption of a thermal relaxation process is 
further delimited to require that p:. be negligible in 
Eq. (31); that is, the interaction of the sound wave 
and spontaneous fluctuation induces a heat flow, but 
not a mass flow. Equation (31) becomes 


HV*(T:+T2) = T(S/dp) 21+ Cy (1+ 12) 
+(8Cy/d#)X(7T;4+T2). (33) 
Take now the average of Eq. (33): 
HV*T;= T (S/d) rp:+CyT1+ (8Cy/dz) (XT2)=0. 
(34) 


The last equation of (34) follows from the fact that the 
wavelength of the mean (or macroscopically observed) 


Pa= pit pe; 
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sound wave is itself too large for appreciable heat con- 
duction from HV*7; to result. 

The essential computation, then, is of (X72). On 
subtraction of Eq. (34) from Eq. (33), there results 


HV°T2=CyT's+ (8Cy/a#)(XT:4+XT.—(XT2)]. (35) 


On two grounds we neglect [X7.—(XT2)] in 
Eq. (35). There is first the argument that 7; is much 
smaller than 7; and therefore both X7; and (XT:) are 
negligible, to a first approximation, in Eq. (35). 
Second, X7»2, being the product of two fluctuations, 
will be much less sensitive to fluctuations (of the sign 
of X, say), than X7, and consequently X7» will be 
largely canceled by (X72). 

To suppose that 7; is much smaller than 7; raises 
a question regarding Eq. (30). Why did we not retain 
terms of “order” 7p, which would be of the same 
“order” as T2po? A few remarks may add to the plausi- 
bility of the treatment. First, if [o(R)} is to be 
actually used in a calculation, there is required a pre- 
liminary average of pp over a volume element containing 
many molecules. Such a procedure smooths out the 
5 function singularities in po(R), and thereby keeps 
[po( R) } finite, and even small. For even if the volume 
element contained, on the average, only ten molecules, 
the repulsive cores would keep the maximum number 
that has any appreciable probability below, say, 20, 
and this even at the critical point. It is not [o(R) } 
that becomes abnormally (infinitely) large at the 
critical point, but the range of the correlation. Thus 
Spo(R:)po(Rz:)dRe has an infinite expectation at the 
critical point. One hopes that po7:; may be much more 
significant than po?7;, because, in the former term, 
T:(R:) may through heat conduction correlate po(R:) 
with distant fluctuations. 

Equation (35) becomes 

HV*T2=CyT'2+ (dCy/d#) XT; 
and is readily solved by a Fourier resolution. 

In addition to Eqs. (34) and (36), an equation of 
motion is required to allow determination of , 7). In 
view of the restricted model we have adopted, this 
equation will be the usual linearized equation of mo- 
tion, say Eq. (13), in which «*V*s and nV*6 are neg- 
lected because the wavelength of » is so large. With 
pi=ps, Eq. (13) becomes 


—pitm(dP/dp)rVat+m(dP/dT) pV?T,=0. 
V. SOLUTION FOR THERMAL PROCESS 


® We begin by solving Eq. (36) for 7;. The mean forced 
wave, p, and 7}, and therefore also 72, are taken to have 
time dependence exp(—iwt). Further, let 


(36) 


(37) 


x(R)= J X* exp(ik-R)dk, (38) 


74(R, t) = exp(—iut) J T* exp(ik-R)dk. (39) 
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The range over which the correlations extend, al- 
though abnormally large in the critical region, is much 
less than the wavelength of 7}, so we shall suppose that 
the evaluation of (X7:) may be completed without 
taking account, in intermediate stages, of the de- 
pendence of 7; on R. Then substitution of Eq. (38) 
into Eq. (36) gives 

T= —iw(dCy/dZ)X*T,'/(iwCy—k?H) (40) 


for the k component of 72; 7:=7;' exp(—iwt). From 
Eqs. (38) and (40), ‘ 


(X(R) 7;(R, ¢) ) 
wenp(—dl) / (X¥'T*) exp[i(k-+k’)-Rdkdk’ (41) 


’X*) exp[i(k+k’)-R] : 
(iwCy—k?H) — 





= —iw(dCy/dz) nf[= 


(42) 

For either a density of composition fluctuation [see 
Eq. (10) J, 

(X®X*®)= Ad(k+k’)/(#+2), (43) 


where A is independent of &, and, relative to x, insensi- 
tive to (7 —T-,) in the critical region. Let 


Q=—iwCy-"(8Cy/az)2A f [ (iwCy— BH) (2-402) Pak. 


(44) 
Then 
(XT2)=QT,Cy/[dCy/dE], 


and may be substituted in Eq. (34), 
T(8S/dp) ri1+CyT(1+Q) =0. 


Having completed the computation of the correlations 
in Eqs. (45) and (46), we reinstate the dependence of 
T; on R in the quantity 7,Q. An evaluation of Q will 
be deferred until it is shown how Q enters into the 
absorption and dispersion. 

Substitution of 7, from Eq. (46), into Eq. (37) 
gives 


—pt {m7 (9P/dp)r—T(9P/dT), 
X (8S/dp)rLmCy(1+0) T°} V¥a=0. (47) 


Let the macroscopic wave p; be a plane wave propagat- 
ing along the y axis, 


(45) 


(46) 


pi=e*w-iot, 


(48) 


The real and complex parts of &: yield, respectively, the 
dispersion and absorption, 


Re(ki) =w/c, (49) 
(ki) =a, (50) 


where c is the speed of sound at the frequency w, and a 
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is the absorption. Substitution of Eq. (48) into (47) 
gives 
w= hitfet-+ (ct—cr?)L(1+0)-—1]}, 
where cq is the adiabatic speed of sound, 
C2= m-(9P/dp)r— T(8P/dT),(8S/dp)r(mCy)—, 
(52) 


and cr is the isothermal speed of sound, cr*= 
m~'(0P/dp)r. It has been assumed in the derivation of 
Eq. (51) that Q gives a small correction to adiabatic 
propagation, and consequently the subsequent equa- 
tions are linearized with respect to Q. From Eq. (51), 
hi= (w/¢a) [1+-Q (ca?—cr*) /ca” ] (53) 


a=1(k,) =wes*(¢.?—cr*) 1(Q). 


An absorption per wavelength aa, where A is the wave- 
length and ay is dimensionless, may be defined as 


M=an. 


(51) 


and 
(54) 


(55) 


Because Q has been supposed small, it is a sufficiently 
good approximation in Eq. (55) to neglect the dis- 
persion in A vs w; AS2xc,/w. Consequently 


= 29 (1—cr?/c,?) 1(Q). 
From Eqs. (49) and (53), we obtain 
¢=Cal1— (1—cr?/c.?) Re(Q) ]. (57) 


Returning now to Q, we evaluate the integral in 
Eq. (44) by a residue integration: 


(56) 


/ [ (iwC,— BH) (2-402) Pd 


= (—2n/H) [ *C—i(wCy/H) PCR ede 
(58) 


=[(—20?/H)/(A+4f+) HifLe+2f( f—«) J 
+[2f*—«( f—«) }}, 


f= (wCy/2H)}. 


(59) 
where 

(60) 
Consequently, 


Q=42°A (0 InCy/d#)2f?(x4+-4f") + 
X (i[2pP—0( f—«) fle +2f( f—«)}. 


The real and imaginary parts of Q have been separated 
and may be substituted into Eqs. (56) and (57). 

Although we will not attempt a detailed comparison 
of the results with experiment, a few comments are in 
order. Both the dispersion and absorption due to the 
selected mechanism remain finite at the critical point. 
Thus, as «0, 


Q2n2A (a InCy/dé)*f(i—1). 


(61) 


(62) 
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The predicted linear increase of c with w seems to be a 
fair approximation to the xenon results,! although the 
latter are sufficiently systematic to indicate linear 
dependence on a slightly lower power of w. Moreover, 
the predicted ratio 


0, = 29(¢—Ca) /Ca (63) 


is approximately correct for the one frequency at which 
om was measured. 

As far as the absolute magnitude of Q: If we assume 
(8 InCy/d Inp)r=1 (as the van der Waals equation 
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indicates), H~Cycaly, where lq is a mean free path of a 
few angstroms, and a~ 10 A [Eq. (6) ], it turns out that 
a is about 0.05 at the critical point and w= 10°. This is 
too small by a factor of ten, but the estimate can 
hardly be taken seriously, either pro or con the result. 

A more detailed discussion, and an evaluation of 
those contributions to a, and ¢ which we have arbi- 
trarily discarded, we regard as a fruitless labor in the 
absence of precise knowledge of the thermodynamic 
properties, the transport coefficients, and the angular 
dissymmetry of light scattering, for a simple system in 
its critical region. 
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The statistical theory of the dielectric relaxation of polar liquids is developed using the fluctuation-dis- 
sipation approach to linear dissipative phenomena, and an expression is derived relating the complex di- 
electric constant to a time-dependent microscopic correlation function. It is found that a finite number of 
microscopic relaxation times leads to an equal number of macroscopic decay times, and, in the case of a 


single relaxation time ro, the decay time is given by 


To= [3€0/(2€0+€x) }70, 


€o being the static dielectric constant, and ¢» being the high frequency dielectric constant. Relaxation times 
are also determined for systems having two decay times, and for systems characterized by the circular-arc 


and skewed-arc distribution functions. 





I. INTRODUCTION 


E statistical mechanics of the behavior of systems 
comprised of polar molecules in time-independent 
fields has been frequently discussed, and is reasonably 
well understood, although various theories have 
differed in their representations of the effects of induced 
polarization.'~* Treating induced moments as displace- 
ments of isotropic, regularly spaced harmonic oscilla- 
tors, Cole has shown that for pure polar liquids* 


€0— €o= [9e0/ (2eot€x) I (€a+2)/3P(4eN/9RTV) 


{vorm)o. (1) 
Here ¢é is the static dielectric constant, €.. is the high 
frequency dielectric constant due to induced moments, 
N/V is the number of molecules per unit volume, and 
m is the vector sum of the permanent dipole moments 
in a microscopic spherical region surrounding the 
permanent moment wo when immersed in a medium of 
dielectric constant ¢. The brackets (+++ )» indicate a 
phase space average using exp[—H°(p, q)/kT] as a 
weighting factor, H°(p, q) being the Hamiltonian of the 
system when undisturbed by external fields. 

The statistical theory of dielectric polarization in 
time-dependent fields has not been previously developed 
because of complications arising from its nonequilib- 
rium nature. When the electric field polarizing a di- 
electric is abruptly removed, the polarization does not 
vanish instantly, but requires a measurable period of 
time in which to disappear. Frequently the decay of 
polarization is exponential in time and may be de- 
scribed by a single decay time, while in other cases this 


* This research was ae in part by the U. S. Air Force 


through the Air Force e of Scientific Research of the Air 
Research and Development Command. 


t Present address: Bell Telephone Laboratories, Inc., Murray 


Hill, New se aa 
1J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939). 
2H. Frohlich, Theory of Dielectrics (Oxford University Press, 
New York, 1949); F. E. is and B. J. Alder, J. Chem. Phys. 
21, 1031 (1953); A. D. Buckingham, Proc. Roy. Soc. (London) 
A238, 235 (1956) 


*R. H. Cole, J. Chem. Phys. 27, 33 (1957). 


decay may be represented by a linear superposition or 
distribution of decay times. These times are a measure 
of the time required for a system of dipoles to pass from 
a polarized equilibrium configuration to a nonpolarized 
equilibrium configuration, and therefore depend upon 
the rates of molecular reorientation. 

When the applied electric field is monochromatic and 
of the form 


E=E, exp(iwt), (2) 


w being the angular frequency of the field, the resulting 
polarization is, in general, not in equilibrium with the 
field, but differs in phase and amplitude from its 
equilibrium value. The relationship between the field 
and the polarization P is formally expressed by means 
of the complex dielectric constant «* through the 
expression 


P=[(e*—1)/4x JE, 


where E is the average macroscopic field existing 
within the dielectric. 

In the limiting case of very weak molecular interac- 
tions, Debye has shown that* 


To=[(eo+2)/(€a+2) ro. 


Here 7 is a molecular relaxation time, and 7» is the 
corresponding macroscopic decay time.® According to 
this equation these times may differ by nearly two 
orders of magnitude for highly polar media, but it is 
usually supposed that 7» and ro are nearly equal, the 
difference being attributed to the inadequacy of the 
Lorentz local field employed by Debye. 


*P. Debye, Polar Molecules (Dover Publications, Inc., New 
York, 1945). 

* Throughout this paper we shall refer to times characteristic of 
molecular reorientation as relaxation times, whereas times de- 
scribing the decay of the dielectric polarization of a macroscopic 
body will be called decay times. As measured decay times depend 
upon the geometric form of the dielectric considered because of 
sample dependent boun conditions, we shall reserve the sym- 
bol T for decay times which would be found using a dielectric- 
pane parallel plate condenser if the applied voltage were a step 
unction. 
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Several attempts have been made to extend Eq. (1) 
to the case of dielectric relaxation, thereby taking into 
account all molecular correlations.* One method has 
been to replace € in Eq. (1) by e*, and to multiply the 
right-hand side of this expression by (1+iwro)—. The 
resulting equation is quadratic in e*, and cannot be 
described in terms of a single decay time or, in fact, 
even by a distribution of decay times. 

Powles has taken a different approach to the problem 
of relating 7» and 79.’ Assuming an expression for the 
effective field acting on a molecule due to external 
charges, he finds that 


To=[3¢€0/(2€o+€.0) }ro, (3) 


if there is to be only one decay time. Of the various 
expressions proposed connecting ro and TJ», that of 
Powles has been found to correlate most successfully 
measured values of Tp) with assumed values of 7.° 

In this paper we shall seek a relationship between the 
observed macroscopic behavior of a system and its 
microscopic relaxation behavior. Starting from a statis- 
tical expression for the decay function in terms of a 
time-dependent macroscopic correlation function, we 
shall ultimately obtain an equation relating this func- 
tion to a microscopic correlation function which 
depends on the behavior of a relatively small number of 
molecules. Two basic problems arise in the formulation 
of a theory of dielectric relaxation. One is that of re- 
lating observed macroscopic behavior to the actual 
rates of molecular reorientation, while the other in- 
volves predicting these rates a priori. It is exclusively 
with the former problem that we shall be concerned. 


II. RELAXATION FUNCTIONS 


Dielectric relaxation may be described in terms of 
either the complex dielectric constant, the decay func- 
tion characterizing the decay of polarization upon the 
removal of a previously constant electric field, or the 
distribution of decay frequencies (reciprocal decay 
times). All three descriptions may be conveniently 
related by means of Laplace transforms. The logarith- 
mic distribution of decay frequencies F(a) is defined 
in terms of the decay function @(¢) by the expression 


#(1) = | ” exp(—at) F(a) (da/a), 


so that 
—d®(t)/di=LLF (a) ], 


where the operator £ indicates that the Laplace trans- 
form of F(a) is to be taken. Similarly, it follows ftom 


®R. H. Cole, J. Chem. Phys. 6, 385 (1938); H. C. Bolton, ibid. 
16, 486 (1948); i Ph. Poley, Appl. Sci. Research B4, 337 (1954) ; 
M. Mandel, Bull. soc. chem. Belges 60, 301 (1951); i J. O’Dwyer 
and R. Sack, Australian J. Sci. Research A5, 647 a 952). 

7J.G. Powles, J. Chem. Phys. 21, 633 (1953). 

*R. C. Miller and C. P. Smyth, J. Am. Chem. Soc. 79, 3310 
(1957) ; N. E. Hill, Proc. Roy. Soc. (London) A240, 101 (1957). 
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the superposition integral that 
(€*—62)/(@—te) = — |” exp(— iu) Latbo(t)/at ae 
0 


=£[—db(t) /dt]=£°[Fo(a)], (4) 


subscripts referring to the decay and distribution 
functions for dielectric polarization in a parallel plate 
condenser. Laplace transforms provide a useful connec- 
tion between the complex dielectric constant, the decay 
function, and the distribution function, for the many 
available tables of these transforms and their inverses 
often make it a comparatively simple matter to pass 
from one of these functions to another. 


Ill. STATISTICAL THEORY 


In a recent article Kubo has presented a general 
statistical theory of linear dissipative phenomena 
which is readily applied to the case of dielectric relaxa- 
tion.’ From his results it follows that the moment of an 
isotropic dielectric specimen in a time-dependent field 
parallel to the z axis is given by 


(M(0)-M(0) )o f‘ 
T [ 2© 


M(t) = (Mz )o— 





-[d@(t—t’) /dt jdt’ 
&(t) = (M(0) *M(¢) )o/ (M(0) -M(0) )o. (5) 


Here M(t) is the vector sum of all molecular dipole 
moments, permanent and induced, at time ¢, and M, 
is the z component of this vector. The first of these 
expressions is equivalent to the superposition integral, 
while the latter expresses the decay function in terms 
of a time-dependent correlation function for an equilib- . 
rium system free from external fields. 

Let us now consider a dielectric sphere of volume V 
suspended in space in an otherwise uniform electric 
field given by Eq. (2). The moment of this sphere, 
representing its uniform polarization by the field, may 
be shown to be 


M(t) =[(e*—1)/(e*+-2) ](3V/4er) Eo exp (tut), 


and the function (¢) describes the decay of this 
polarization when a previously constant electric field 
is removed. Thus we find that 


(e*¥—1)/(e*+2) =[(€o—1)/(eat2) J 
+ (4/9kTV) (M(0)-M(0) )oS[—d®(t)/dt], (6) 


€.. being the value of e* for fields of infinite frequency. 
The problem we wish to consider in the formulation 
of the statistical theory of dielectric relaxation is that of 
relating the macroscopic correlation function (M(0)- 
M(t?) )o to the time-dependent behavior of a micro- 
scopic region within a dielectric. In the limiting case 
of negligible intermolecular correlations, this function 


9R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 
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reduces to N(wo(0)+wo(¢) )o, and Debye’s results 
follow. 

To evaluate more rigorously (M(0)-M(?) )o, we 
shall neglect induced polarization for the present, 
assuming that ¢..=1. Then, because of the equivalence 
of all molecules, this correlation function reduces to 
N (yo(0)-M(é) }o. Following an approach suggested 
by Kirkwood, we shall divide the moment M(é) of 
our macroscopic sphere into two components. 
One, m(#), is that of a microscopic spherical region 
surrounding the moment yo, while the other represents 
the sum of all moments outside this small sphere. 
The size of the microscopic region must be sufficiently 
great that its interaction with the outer region corre- 
sponds to its interaction with a body possessing macro- 
scopic dielectric behavior. 

The moment m(?¢) induces an ordering of dipoles in 
the outer region through long-range dipole-dipole forces, 
and, as m(¢) varies both in direction and magnitude 
with time, this ordering also varies, attempting to 
follow the changes of m(?#). If the dynamic behavior of 
all molecules in the outer region could be exactly 
expressed in terms of the interaction of the moment 
m(¢) with a dielectric continuum, then, from a knowl- 
edge of the past history of m(¢), it would be possible 
to determine M(t) exactly. However, it is necessary 
to consider the existence of spontaneous fluctuations 
in the outer region, and, if these are supposed random 
in nature, they cannot be predicted from a knowledge 
of m(?) by macroscopic arguments. We shall therefore 
assume that the moment of this region is given by the 
sum of two terms: one, M,(t), is equivalent to the 
result found by the interaction of m(#) with a true 
continuum possessing macroscopic dielectric behavior; 
the other, A(4,), represents the resultant vector 
of polarization in the outer region at time / due to all 
random events occurring in the interval of time be- 
tween /, and f. Thus 


M(?) =m(t)+M..(/) +4(—~, ¢). 


The moment M.,.(¢), corresponding to a homogeneous 
polarization of the macroscopic sphere due to a field 
produced by the external boundary of this sphere, may 
be thought of as the sum of moments previously ex- 
cited by m(#) and subsequently decayed. We shall 
characterize the excitation and decay of this polari- 
zation by the function (¢), which also describes the 
behavior of a uniform polarization when produced 
by an external electric field. Assuming a linear super- 
position of after effects, it follows that 


M.(t)=— f MO) [d@(t—t') /dt jdt’, 


where M..°(¢’) is the moment which would be induced 
in a true dielectric continuum if the moment m(¢’) 
were held fixed at time ¢’. This moment has been shown 


to equal! 
___2(@—1)? 
(2€0+1) (eo+2) 


The total moment of the macroscopic sphere may be 
written as 


M(t) =m(t)+[M.W.(0)+A(— ~, 0) ]@(s) 





m(/’)=—A(e)m(t’). (7) 


+A if m(/’) (d@(t—1’) /dt]dt’+A(0, 2), 


for at an arbitrary time ‘=0 the system may be taken 
to be in an equilibrium configuration, and consequently 
the decay of the total polarization then existing in the 
outer region can be described by ®(¢). In the above 
expression the fluctuation term has been separated 
into two components, one, A(—, 0), representing 
the sum of all random events at time ‘=0 due to earlier 
fluctuations, and the other, A(0, ¢), representing the 
sum of such effects at time ¢ due to random events 
occurring between ¢=0 and t=/. The correlation 
function (yo(0)-M(é) )o is therefore given by 


(yo(0) +>M (t) )o= (yo(0) -m(?) Jo 
+ (yo(0) -[M..(0) +4(— 2, 0) ])ob(4) 


+4] (w(0) -m(/’) )oldb(t—?’) /dt jdt’ 


+ (wo(0) -A(0, Z) do. 


As all fluctuations after ‘=O are random and un- 
correlated with wo(0), the last term on the right-hand 
side of this expression vanishes. The second term on this 
side may be evaluated by noting that at =0 the system 
is-assumed to be in an equilibrium configuration. Using 
Kirkwood’s results we therefore find that 


(yo(0) -[M..(0) ++4(— 2,0) ])o 


= — A (wo(0) -m_(0) )o, 
and consequently 


(wo(0) -M (¢) o= (yo(O) -m(?) )o 
— A (yo(0) -m(0) job?) 


t 
+4 (uo(O) -ma(t’) )oLdb(t—t’) /dt jdt’. 
0 
Defining a microscopic relaxation function ¢(/) as 


(t) = (yo(0) -mm(?) )o/(uo(0)-m(0) bo, (8) 
it follows from Eqs. (5) and (8) that 


5()=4() +4 I (0) Cab(t—0) /at ae 


This integral equation expresses the relationship be- 
tween the macroscopic decay function ®(¢) and the 
microscopic or molecular relaxation function ¢(¢) 
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for a system of rigid dipoles. Its solution in terms of 
Laplace transforms is found to be 


£[—d(t) /dt]=£[—4(4) /{ (1— A) + AL[—9() J}. 
Equation (6) shows that 
£[—d(t) /dt}=[(e*—1)/(e* +2) (e@+2)/(eo—1)], 


as we have assumed that e..= 1. Upon rearranging terms 
and introducing the value of A given by Eq. (7), we 
obtain 


(e*—1) /(e@—1) 
— Qet)£[—-4()] 


3€0— (— 1) £[—4(t) J 
o(¢) being the decay function for dielectric polariza- 
tion in a parallel plate condenser [cf. Eq. (4) ]. 

At this point is is convenient to introduce a high- 
frequency dielectric constant €,, into our expressions, 
supposing that high-frequency polarization, in effect, 
relaxes instantly. Defining new relaxation and decay 
functions to describe the behavior of noninstantly 


relaxing components of polarization through the 
equations 


£[—¢4(!) J=at+ (1—a) £[—¢'(t) ] 
LE —d&o(t) /dt]=b+ (1—b) L—d By’ (t) /dt 
b= (€.—1)/(@—1), 


= L£[ —d% (t) /dt]= 


we find that 


(00a) aorta) a A9) 
3€0— (€o— €o) LL —¢' (t) J 

Strictly speaking, according to our derivation this 
expression is only valid when the instantly relaxing 
component of polarization is due to permanent dipole 
moments. As, however, «* is not dependent on the 
frequencywise behavior of this polarization, but only 
on its magnitude as represented by ¢€.., we shall assume 
that Eq. (9) is correct regardless of the origins of the 
high-frequency polarization. Thus, if ¢. takes into 
account only induced polarization, then ¢’(¢) describes 
the reorientation of the permanent moments in a micro- 
scopic region. Equations (1) and (9) combine to yield 


3 (2eo+e*) (st *) 4rN foie) 
e* —¢€,. = ——_ ——— } ——-(w- 
dete, \ 3 /oRTVO 


xXL£[—¢'(t) J. (10) 


This expression is the dynamic analog of Eq. (1). It 
can readily be seen that it is not obtained by replacing 
€) in Eq. (1) by e*, as proposed by others, for the right- 
hand side of this equation contains terms involving 
both ¢ and e*. 

Finally we note that if the microscopic relaxation 
function is characterized by a finite number of relaxa- 
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tion times, i.e., 


f-3'()]=-o— 


St 1+iwr; 
then it follows from Eq. (9) that 


ae 
LE —dy' (t) /dt]=| a, 
[day ()/dt]= aor 
and, consequently, the number of decay times equals 
the number of relaxation times. In general, however, 
the relationship between the a;, b;, 7;, and 7; is a quite 
complicated one. 


IV. DECAY AND RELAXATION TIMES 
A. One Relaxation Time 


The simplest case of dielectric relaxation involves 
only one relaxation time 7, and therefore 


£[—¢' (t) ]=1/(1+iwr). 


Substitution of this expression in Eq. (9) shows that 
there is also only one macroscopic decay time, and this 
is given by 

T= [3¢0/(2€0+€0) }ro. (11) 


This equation indicates that, as is usually supposed, 
the macroscopic decay time and the microscopic 
relaxation time do not greatly differ, and, in fact, 


_ Eq. (11) corresponds to Powles’ expression [Eq. 


(3) }. 
B. Two Relaxation Times 


For this particular case it has already been shown 
that there are also two macroscopic decay times. 
Thus we may write 


£[-¢' (t) ]=[a/(1+iwn) J+[(1—a)/(1+iwre) J 
LL — doy (1) /dt]=[b/ (1+iwTi) J+ (1-6) /(1+iwT2) J 
b= (4—€) /(€o—€co), 


the last of these equations defining a limiting high- 
frequency dielectric constant « for the low-frequency 
dispersion. The relationships between the three param- 
eters characterizing each function may be found by sub- 
stituting these expressions in Eq. (9). To see more 
easily how the macroscopic and microscopic functions 


_ differ, let us suppose that 72>>7;. Then we find that 


a/b= 3¢o/ (2e0+4) 
T2/72= 3€o/ (2eo+€1) 
Ty/11= (2eo+-e1) /(2eo+€0)- (12) 


The first of these equations shows that the high- 
frequency macroscopic dispersion is always smaller than 
the corresponding microscopic dispersion, Both decay 
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times, on the other hand are always somewhat longer 
than their corresponding relaxation times. 


C. Circular-Arc Function 


In some studies of dielectric relaxation it has been 
found that relaxation cannot be described in terms of a 
finite number of decay times, but that it is necessary to 
consider a distribution of such times. In the frequently 
encountered case of the circular-arc function,” 


£[—dby'(t) /dt}=1/[1+(iwT)**]. (13) 


The logarithmic distribution of decay times characteriz- 
ing this function is symmetric about the most probable 
decay time 7, a being a measure of the width of the 
distribution. Substitution of the foregoing equation in 
Eq. (9) leads to an expression identical with Eq. (13) 
for L[—¢' (t) ], except that 7, is replaced by the most 
probable relaxation time 7, given by 


To=[Se0/(2e0+€..) }¥ 9 r0. (14) 


Consequently, the distribution of relaxation times is 
of the same form as that of decay times, but is sym- 
metric about 79 instead of 7». 


D. Skewed-Arc Function 


Another frequently occurring case involving a distri- 
bution of decay times is described by the skewed-arc 
function." For this function 


L[ — dy! (t) /dt]=1/(1+iwT)?, 


” K. S. Cole and R. H. Cole, J. Chem. Phys. 9, 341 (1941). 
(19885 W. Davidson and R. H. Cole, J. Chem. Phys. 19, 1484 
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and the corresponding microscopic distribution func- 
tion may be shown to be 


mero Gea fear) ocr) 
x(a) +1] nc) o- oo | 


T<T 


=0 t>T . (15) 
The first bracketed term on the right-hand side of this 
expression corresponds to the distribution function for 
macroscopic decay times. As + approaches 7» this 
term becomes infinite. In contrast, the latter terms 
vanish at such a rate as r approaches 7» that 


limF (r) =0. 


TT 9 


Both the macroscopic and microscopic distributions are 
asymmetric, however, and both have a low frequency 
cutoff at JT». 


ACKNOWLEDGMENTS 


The author wishes to express his appreciation to 
Professor Robert H. Cole for many helpful discussions 
and suggestions concerning this work, and gratefully 
acknowledges fellowship grants from the Bell Tele- 
phone Laboratories, Inc. 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 33, NUMBER 5 


NOVEMBER, 1960 


Some Further Remarks on the Coefficient“of Self-Diffusion in Simple Dense Fluids* 


Stuart A. Ricef 
Department of Chemistry and Institute for the Study of Metals, University of Chicago, Chicago 37, Illinois 
(Received February 26, 1960) 


The self-diffusion coefficient in a simple dense fluid is calculated from the autocorrelation function of the 
momenta. If the randomization of momentum is rapid, the resultant diffusion coefficient differs from that 
first suggested by Kirkwood, Buff and Green by only (2/2)*. The physical basis of this result is considered. 
A very simple method of demonstrating the necessity for molecular correlations in the approach to equi- 


librium is discussed. 





I. INTRODUCTION 


HE theory of transport in dense fluids has de- 

veloped slowly over the past 15 years. If we tempo- 
rarily put aside the fundamental question of the “nature 
of irreversibility,” it must be recognized that the most 
successful line of attack is due to Kirkwood.!? The 
central idea of this approach is that the average force 
exerted on a given molecule or a given pair of molecules 
by the rest of the system is analogous to the frictional 
force exerted by a fluid on a Brownian particle of semi- 
macroscopic dimensions. Although this force may be 
expected to fluctuate rapidly in time, the implication 
of the above identification is that there exists a time 
scale on which the basic dynamical event may be con- 
sidered to be independent of both prior and future 
events. The time evolution of the distribution function 
is then described only in coarse grained intervals of 
length +, where 7 is to be chosen by the criterion of 
independence stated. Within this framework Kirkwood 
was able to derive a generalized Fokker-Planck equa- 
tion for the evolution of the distribution function. The 
friction constant which appears in this equation is 
formally related to the autocorrelation function of the 
intermolecular force acting on the molecule or group of 
molecules. In the subsequent theoretical development 
wherein the transport coefficients are related to integrals 
over the perturbation to the equilibrium distribution 
function,’ the friction constant appears as a parameter. 
A power series solution of formal structure was ob- 
tained by Kirkwood for the autocorrelation represen- 
tation of the friction constant but its numerical evalua- 
tion is much too difficult for practical use. Kirkwood, 
Buff, and Green‘ on the basis of a dimensional analysis 


* This work was suggested to the author by the late Professor 
J. G. Kirkwood when the latter was a visiting professor at The 
University of Chicago, February, 1959. 

} Alfred P. Sloan Fellow. 

1 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 

2J. H. Irving and J. G. Kirkwood, J. Chem. Phys. 18, 817 
(1950). 

* See, for example, R. W. Zwanzig, J. G. Kirkwood, K. Stripp, 
and I. Oppenheim, J. Chem. Phys. 21, 2050 (1953); R. W 
Zwanzig, J. G. Kirkwood, I. Oppenheim, and B, J. Alder, J. 
Chem. Phys. 22, 783 (1954). 

‘J. G. Kirkwood, F. P. Buff, and M. Green, J. Chem. Phys. 
17, 988 (1949). 


suggested the relation 


t= (Nm/30) if VV 0 (R)BR, (1) 


with go (R) the equilibrium pair correlation function, 
and V the pair interaction potential. More recently 
Rice and Kirkwood* have derived Eq. (1) by assuming 
that diffusion in a dense fluid proceeds by a series of 
displacements each small compared to the interatomic 
spacing. The analysis proceeds by time smoothing the 
force along this diffusive trajectory and using a distri- 
bution function which is Maxwellian about the local 
mean velocity and temperature in momentum space 
and at local equilibrium in configuration space. Collins 
and Raffel® have also derived Eq. (1) by a totally differ- 
ent method which utilizes the assumption that the 
initial curvature of a decay trajectory (of say the 
momentum of a “hot” molecule) is equal and opposite 
in sign to the curvature at later times. Due to assump- 
tions made in the analyses neither of the above deriva- 
tions constitutes a precise determination of the fric- 
tional coefficient in terms of the intermolecular forces. 
It is the purpose of this brief note to obtain a relation- 
ship for the frictional coefficient without the use of 
time smoothing or an explicit distribution function. 
It will, of course, be necessary to characterize the 
irreversibility of the motion in some suitable manner. 
We shall see in a particularly transparent manner 
that it is the nature of the intermolecular correlations 
which define the approach to equilibrium, and that in 
the absence of correlations between pairs of particles 
the diffusion coefficient is undefined. 


II. SELF-DIFFUSION COEFFICIENT 


The starting point of the development of this paper 
is the Liouville equation 


L{™ =—af™ /at (2) 


(3) 


b= YU (py/m) Vay +F; Vp, J, 


5S. A. Rice and J. G. Kirkwood, J. Chem. Phys. 31, 901 (1959). 
* F. C. Collins and H. Raffel, J. Chem. Phys. 29, 699 (1958). 
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SELF-DIFFUSION 


and the autocorrelation function definition of the self- 
diffusion coefficient 

D=(3m')-["(pu()-Prt+s) Ms. (4) 
As usual p;, R;, and m are the momentum, position, 
and mass of molecule j, f™ is the N-body distribution 
function, and F; is the force exerted on molecule j 
by the N—1 other molecules of the system. Equation 
(4) is equivalent to the more familiar Einstein relation 
in which D is dependent upon the mean square dis- 
placement in a semimacroscopic time interval 7. To 
evaluate the integral in Eq. (4) it is convenient to use 
the formal properties of the Liouville operator. If 
A(p™, R®) is a dynamic variable, the evolution of A 
in time is governed by 


A(t+s) =eA(t), 
whereupon Eq. (4) may be written 


(5) 


D= (3m) [" (p(t) -e*pi(t) ds. (6) 
0 
In both Eqs. (4) and (6) the average is to be per- 
formed over an equilibrium ensemble. The integral in 
Eq. (6) is most conveniently handled if use is made of 
the series expansion 


(pi(t) -e%p(t) = Lr -L»pi(t))(s*/n!). (7) 


There are two cases in which the evaluation may be 
performed without excessive difficulty. Since these 
. two cases will correspond to interesting physical situa- 
tions we restrict attention to them and consider no 
others. 

It is instructive to proceed as far as possible with a 
general analysis before introducing a simplification. To 
this end, define the dyadic Ae, (/,.%) by the relation 


As (1, k) = (PiL*"px )mom; (8) 


where the average is taken over the equilibrium mo- 
mentum distribution. Now 


D»=[]? (9) 


and 


N 
Lpe= 2 Pa/ m) + (0/R;,) Fi, 
1=. 
so that by substitution 


Aaa(1, b) = APA a(h fi .(0/@R,) Fr. 


(10) 


(11) 


If this procedure is repeated until a total of m operations 
have been carried out, it is seen that 


Aou(t, #) = (1/m") So+++ SAo( 1, jn) * (2/8R jn) Fina 


jnml jum 
+ +++ ©(0/8R,)Fy. (12) 


IN SIMPLE DENSE FLUIDS 
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The diffusion coefficient depends not upon the dyadic 
Az»(I, &) but rather upon the scalar Tr(Ao,(k, ®) )eont; 
where the dyadic is averaged over the equilibrium 
configurational distribution function. On using the 
well-known relation 


Ao(1, jn) =3mkT1, 
and defining scalar coefficients Bz, by 
3mkT Bon = Tr(Aon(k, 2%) cont, 
we again easily find 


ig TH{C(—)"/me JEN“ 


++ lym) 


(13) 


(14) 


X ((VaerVawVins)* +** *(VexVagVix) )}- (15) 


Due to the nature of the average over an equilibrium 
ensemble, all odd terms in Eq. (7) vanish and we have 
as our final formal result, 


(Pu-epa)= DL s?*/ (2m) Baal, k). (16) 
n=O 


Case I 


Consider now the simplification introduced if the 
ordered products of VVV are considered uncorrelated. 
Each factor of VVV then makes the same contribution 
and thereby from Eq. (15) 


§Bon=(—)*LN (VV )/3m}. (17) 


The substitution of Eq. (17) into Eq. (16) and summa- 
tion of the series gives 


(peep) =9mkT cos (N (V?V )/3m)s ], (18) 


clearly showing that D is undefined in this case. Thus 
the correlations between pairs of molecules are required 
for the approach to equilibrium. 


Case II 


If the frequency of dynamical events is very large, 
then we may anticipate that (p.i(/)-pi(é+s)) will 
vanish after a short time, and a suitable approximation 
to Eq. (6) will be obtained by retaining only the first 
few terms in the power series expansion. Thus, 
(Pise*“P1) = (Par Pi) (Par Lp s+ (pi L?pi )as?-+ ++ 

=3mkT[1—(N (VV )/6m) s?+-- ++] 


=3mkTf(s), (19) 


since 
(p22) =3mkT 
(pi: Lpi)=0 


N 
(Pi: L*p,)=kT (VaysFi)=—kT > (Ve 2V1;). (20) 
j=2 
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In order that the neglect of higher-order terms be valid, 
it is sufficient that s*K2m?/t? with { defined by 
Eq. (1). For the case of dense fluids this is likely to be 
satisfied. A suitable correlation function which repro- 
duces the terms displayed in Eq. (19) and has the 
property of making the momenta independent after a 
short time interval is 


f(s) = expl— (N(V°V )/6m) s*], 


a form similar to that used by Longuet-Higgins and 
Pople’ in their study of the dense rigid-sphere fluid. The 
use of Eq. (21) leads to 


(21) 


D=(kT/2m) (6rm/N (VV ))3, (22) 


(23) 


= (2Nm/3m) [ove (R)@R. 


III. DISCUSSION 


The purpose of this note has been to derive Eq. (23) 
without the explicit use of time smoothing and second 
to explore briefly the nature of the approach to equilib- 
rium. We note that Eqs. (1) and (23) differ by the 
factor 2/r. The calculated diffusion coefficient for 
liquid argon at 90°K is, from Eq. (1), 2.6010 
cm?/sec,>* and from Eq. (23), 3.25 10-* cm*/sec. The 
experiments of Corbett and Wang* give D=2.06X 10 
cm*/sec. The worsening of the agreement suggests that 
we examine the nature of the approximations leading to 
Eq. (23). To obtain the specific form displayed we must 
have s*<2m?/{,?. For the case of liquid argon f= 
4.8X10-” g/sec, whereupon s must be less than 10~* sec 
to make the second term in Eq. (19) less than 20% of 
the lead term. For the case of the dense rigid sphere 
fluid Harris and Rice* have recently calculated the 
longest relaxation time for the return to equilibrium of 
a distribution perturbed in momentum space but 
always at equilibrium in configuration space. In the 
gas phase the time required corresponded to approxi- 
mately four collisions. However at liquid densities, 
the time required corresponded to only one collision. 
Now, in a real fluid transfer of energy occurs contin- 
uously through the potential energy of interaction. 
Although no meaning can be assigned to the concept of 
a collision under these conditions, it is clear that 
significant energy exchanges must occur at a rate 
equal to or greater than that corresponding to the colli- 
sion rate of the rigid sphere fluid at the same density. 
By extrapolation, we are led to the conclusion that the 
relaxation time in a real fluid should be equal to or less 
than the relaxation time for a rigid sphere fluid of the 
same density. Such a conclusion appears reasonable 


(98s) Longuet-Higgins and J. Pople. J. Chem. Phys. 25, 884 


8 J. W. Corbett and J. H. Wang, J. Chem. Phys. 25, 422 (1956). 
®R. A. Harris and S. A. Rice. (to be published). 
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but requires detailed analytic verification. If correct, 
the truncation of the power series is justified. 

We interpret the lack of agreement between calcula- 
tion and experiment to mean that the assumed Gaus- 
sian form for the autocorrelation function is erroneous. 
In fact, the physical picture to which Eq. (1) conforms 
is one in which the selected molecule on the average 
moves quasi-randomly in the time r. In a dense medium 
one would anticipate that a motion carrying the mole- 
cule away from the center of its “cell” and towards its 
near neighbors would be more likely to be followed by 
a motion with some nonvanishing component in the 
direction back towards the center of the “cell.” Under 
these circumstances the autocorrelation function would 
oscillate about zero before asymptotically vanishing. 
The use of the Gaussian approximation implies that no 
such negative correlations exist and that each displace- 
ment is random relative to all other displacements. 
Since the diffusion coefficient is effectively determined 
by the area of the decaying autocorrelation function, 
the use of a Gaussian form for the envelope must lead 
to a value of the frictional coefficient which is too small. 
In the case of the hard sphere fluid the fact that relaxa- 
tion in momentum space occurs after only a very few 
collisions makes the Gaussian approximation quite good 
in several respects. In the real fluid although the auto- 
correlation function may vanish after a very short 
time interval, negative correlations can never be 
neglected. 

Of greater theoretical interest is the simple demon- 
stration of the well-known fact that interactions are 
necessary for an approach to equilibrium. The model 
fluid to which the uncorrelated products of VVV corre- | 
spond is related to an Einstein model for the solid. 
That is, the lack of correlation is representative of a 
model in which the particle is assumed to move in a 
manner independent of all other molecules except for a 
simple coupling to the medium. Direct examination of 
Eq. (6) for more general “independent particle” 
models (i.e., a normal mode representation of the 
crystalline state) shows, in agreement with our previous 
arguments,” that interaction (anharmonicity) is re- 
quired to permit the diffusive process to become dis- 
sipative. This result displays in a particularly simple 
manner some of the arbitrary assumptions ordinarily 
invoked in calculations of transport coefficients from 
simple models of the fluid state. 
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A statistical thermodynamic theory has been developed employing distance scaling as a coupling pro- 
cedure. This is an extension to real fluids of the technique applied by Reiss, Frisch, and Lebowitz to rigid- 
sphere systems. One considers molecules interacting with pair potential u(r), except for one particle which 
interacts with potential u(r/A). This single particle, essentially a scaled version of a normal molecule, is 
termed a )-cule. It is convenient to restrict discussion to potentials with rigid cores at r=a and cutoffs at 
ya. Attention is focused on a function, 6(A, p, 7), which reduces to G of footnote reference 1 in the case of 
rigid spheres. The pressure, chemical potential, and work of expanding a \-cule are simply related to 6. One 
can write © exactly for \<1/2y and simple connection conditions hold at A= 1/27. An integral condition and 
A= condition on 6 also exist. While © is not completely specified, the foregoing conditions determine 


much of its behavior. 





1. INTRODUCTION 


ESEARCH in the statistical mechanics of classical 

fluids, including the liquid state, has centered 
around the free volume-cell theories and the radial 
distribution-function method. These theories have 
been moderately successful in predicting thermo- 
dynamic properties. Recently Reiss, Frisch, and 
Lebowitz! (hereinafter referred to as I) have taken a 
somewhat new approach to the theory of rigid sphere 
systems and have been able to make striking quantita- 
tive predictions of the thermodynamic properties of such 
fluids. Reiss, Frisch, Helfand, and Lebowitz? have 
employed that method to allow calculation of certain 
select properties of real fluids. 

The present work is another effort to extend to the 
treatment of real fluids the technique of I which we 
shall show is essentially the use of distance scaling as a 
coupling parameter. We shall concentrate on a func- 
tion, 8, which reduces in the rigid sphere limit to the G 
function of I. The © function can be made to play a 
role of central importance in the statistical thermo- 
dynamics of fluids. It is also closely related to several 
microscopic, nonthermodynamic quantities. 

In the following section the 6 function will be de- 
fined and its relation to statistical thermodynamics and 
molecular processes will be elaborated. Under certain 
special, but no prohibitively restrictive conditions, it 
will be possible to display explicitly the expression for 
6(A) when the argument A, the distance scaling param- 
eter, is small. We will then wish to say a bit about the 
analytical properties of © to aid in the extension of © 
to higher \ values. For \ very large, some exact condi- 
tions which the function must satisfy can be developed. 
Finally, there exists an integral condition which may 
aid in extrapolation. 


‘iE es by the Air Force Office of Scientific Research. 
eiss, H. L. Frisch, and J. L. Lebowitz, J. Chem. Phys. 
31, 369 (1959) ; Proceedings of the 10th International Conference 
on Refrigeration, freee. August, 1959 (to be published). 
*H. Reiss, H E. Helfand, and J. L. Lebowitz, J. 
Chem. Phys. 32, 119 (1960). 


In Sec. 5 a relation between the 9 function and the 
customary particle correlation functions will be de- 


veloped. 
2. DEFINITION OF THE 6 FUNCTION 


Consider the statistical thermodynamics of a single 
component fluid in terms of the radial distribution 
function. Employing either the virial theorem’ or the 
volume scaling method of Born and Green* the equa- 
tion for the pressure may be written as 


p/pkT =1—(p/6kT) i “rdu(r)/dele(r)4er%dr, (2.1) 


where is the pressure, p the particle number density, 
k the Boltzmann constant, T the temperature, u(r) 
the two-particle intermolecular potential, and g(r) 
the radial distribution function normalized to unity at 
infinite r. 

There are several methods of determining the chemi- 
cal potential. An interesting technique which we shall 
focus attention on is the reversible coupling of a single 
particle to an equilibrium system of (N-1) particles. 
Kirkwood’ has employed the depth of the potential 
well as a coupling constant. This procedure has also 
been used partially by Reiss, Frisch, Helfand and 
Lebowitz? in the extension of I to the description of 
real fluids. 

The rigid-sphere theory of I employs the sphere 
diameter as a coupling parameter. This is an example of 
a distance scaling coupling. Thus, the total potential 
energy of the fluid may be written as 


Un(ti, «++, fv; A) =Un-a(fe, +++, Ev) 


+Eu(nya), (2.2) 
=2 


8 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of ge and Liquids (John Wiley & Sons, Inc., New York, 


M. Born and H. S. Green, Proc. Roy. Soc. (London) A191, 
168 (1947). 
5 J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935). 
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where n;= | f:—1T |. When A=1 particle 1 is fully 
coupled. When \=0 the potential « has argument © 
for all values of r:; so that « always is zero and particle 1 
is fully decoupled. For other values of \ particle 1 is a 
scaled version of the other molecules. Such a scaled 
particle we shall term a A-cule. The A-cule may be re- 
garded as a single solute particle and the remainder of 
the fluid as the solvent. Since the intermolecular 
potential has the functional form u(r)=«p(r/a) we 
see that u(r/X) =e(r/ad). The A-cule is thus to be 
pictured as a particle with characteristic distance 
\a rather than a but the same potential-well depth and 
¢ function. 

The coupling procedures for determining the chemical 
potential, u, are based on the fact that 


u=(04/8N)y.r=A(N, V, T)—A(N-1, V, T) 


=kT InN A*—kT In(Zy/Zy-1), (2.3) 


where A is the Helmholtz free energy, V the number of 
particles (assumed large), V the volume, A= 
h(2xmkT)-+, and Z is the configuration integral 


Z(A)= [ eee J exp[—Uw(A)/kTMdry-+-dty, (2.4) 


with Z(1) =Zy and Z(0) = VZy_1. Equation (2.3) may 
be written as 


@ InZ 
u=kT Inpa—KT a, 
0 


) Oe —Lerzey py [A 


i=2 


x| J ia J expl—Uw(a)/kT}- TI arj|irde, (2.5) 


j=? At 


We may write 


du(r/r) a(r/doulr/>) ny, 
a a (r/d*) u’(r/d). 





(2.6) 
(N.B. The prime on « denotes differentiation with 


‘respect to the argument r/), not merely r.) The radial 
distribution function, g(r, ), defined by 


rele) =EN—1/20If-~ f 


X exp[—Un(A)/kT ]d"75-++d*ry, (2.7) 
has the physical significance that pg(r, \) is the density 


of molecules at a distance r from a \-cule. Combining 
thesé results we have for the chemical potential 


1 C) 
1= kT Inpat— pat | wanf (r/d) u’(r/d) g(r, A) 


(4ar*dr/d'a*). (2.8) 
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These results may be unified if we define a function 
@(A, p, T) by 


00,0, 7)=—] "A 


The 6 function depends on the variable \ as well as the 
thermodynamic state specified by p and 7. In this 
paper the 7 dependence will never explicitly be em- 
ployed so that we shall not usually write it out. Fre- 
quently the p dependence will also be left implicit. The 
pressure and chemical potential may now be written 
in terms of 0 as 


p/pkT = 1+4npa°0(1, p), 


um rdr 
eis. (29) 


(2.10) 
and 


1 
u=kT InpA?+4xpa%kT if NO(A, pdr. (2.11) 
0 
Equations (2.10) and (2.11) are identical in form with 
equations appropriate to rigid sphere systems! with the 
contact distribution function G(A)=g(Ae+, A) of I 
replaced by 9. 

Let us look further into the physical significance of 
the © function. In Eq. (2.11) for w the ideal term 
kT \npA* accounts for the translational free energy and 
the entropy of mixing. The integral term is the work of 
adding the molecule at a fixed position. More generally, 


the average work of adding a -cule at a given position 
is 


W(aA, p) =4epa%eT [ D0, p)dr’ = (2.12) 
so that the work of expanding the A-cule’s characteris- 
tic distance from da to (A+dA)a at constant density is 

dW (A, p) =4arpa®kTn0(A, p) dr. (2.13) 
This relates € to the expansion work by 

O(A, p) = (1/4rpa*kTr*) [OW (A, p)/AA],. (2.14) 


One reason for it being convenient to introduce the 
function W becomes clear upon examining the Mayer 
and Montroll* expression for this expansion work func- 
tion. Referring again to Eqs. (2.2—4) it is seen that W 
may be written in terms of an activity coefficient 
T(A) as 


W (a, p) = —kT In[Z(A)/Z(0) J=—kT Ind), (2.15) 
and that Z(A)/Z(0) may be expanded as 
P(A) =Z(A)/Z(0) 


=(VZya)7 | exp[—Una(t, +++, ty) kT] 


x il exp[—u(ra/d)/RkT |dti-++dtw. (2.16) 
it 


6 J. E. Mayer and E. Montroll, J. Chem. Phys. 9, 2 (1941). 
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If the Mayer f function 


f(s) = exp(—u(s)/kTJ—1 (2.17) 


is introduced and the product under the integral in 
Eq. (2.1) expanded in terms of the f’s, and one integra- 
tion is performed, we find 


P(N) =1+ 2 (6"/m!)ba(X) 


(2.18) 


t= [f(ra/)dte (2.19) 


®n= [|r fone 29%, Bmpt) O02" + OE, m41 


(2.20) 


where g™ is the m particle correlation function’ defined 
in the absence of the A-cule. 

Performing a change of variables, we may express 
#, in terms of the second virial coefficient: 


#, = — 2 B= — ($) ra*A*B*, (2.21) 


where 


Wind fr (s)ds=$na*B* (2.22) 
and B* is the second virial coefficient reduced by the 
value of the second virial coefficient of a rigid sphere 
system. 

To gather further insight into © we shall consider its 


significance in the case of several types of molecular 
interactions. 


3. MODEL POTENTIALS 


Rigid Spheres 


As previously stated the present development is a 
generalization of the rigid sphere theory of Reiss, 
Frisch, and Lebowitz.! In the rigid sphere case the 
potential has the form 


no) r<a, 
u(r) = (3.1) 
0 r>d. 
Using the standard technique!” for evaluating the 
integral involved in the definition of 6, Eq. (2.9), we 
find 
O(A, p) =g(Aa+, A)==G (Aa, p) (3.2) 


where G is the symbol used in I. The derivations 
employed here therefore serve as an alternative to the 
probability arguments used there. 


Square Wells 


The square well is among the simplest potentials 
capable of qualitatively exhibiting real fluid behavior, 


7™T. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), Chap. 6. 
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Frc. 1. Comparison of the finite range potential —— with the 
Lennard-Jones 6-12 potential ------ for argon. 


e.g., a vapor-liquid transition. Therefore, we shall 
frequently specialize to this case in order to avoid 
undue complications in illustrating techniques. For a 
potential of the form 


oe, r<a, 


u(r)=j—e, a<r<ya, (3.3) 


0, ya<r, 
we find that the © function in terms of radial distribu- 
tion functions is 
O(A, p) =g(a+, A) —y*wg(yra+, d), 
where w=[ exp(e/kT) —1]. 


Finite Range Potential 


While we are discussing potential models, let us 
introduce one which will be quite useful in the sub- 
sequent discussion, and which is capable of quantita- 
tively emulating real fluids. This potential has the form 
(cf., Fig. 1) 


(3.4) 


2, r<a, 


u(r) =40(r), a<r<ya, (3.5) 


0, ya<r, 


where v(r) is any suitable function, e.g., the Lennard- 
Jones 6-12. In such a case the rigid core cutoff might be 
chosen where »(r)=0. It will not strain matters too 
severely if we restrict y to be less than 2. More general 
conditions are tractable but in places lead to a slightly 
more complicated formalism. 

Hitherto we have discussed © primarily in terms of 
radial distribution functions. Our aim was to develop a 
physical description in terms of a quantity which has 
long been familiar. We will now proceed to a considera- 
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tion of the properties of 6 itself, namely, to the develop- 
ment of certain conditions which describe it. 


4. CONDITIONS ON 6 


Integral Condition 


In view of the fact that Eqs. (2.10) and (2.11) for 
p and yw are formally identical with Eqs. (1.1) and 
(2.9) of I from the theory of rigid-sphere fluids, the 
integral condition (2.22) of I will apply, with the 
replacement of G by 9. Briefly stated we employ the 
thermodynamic equation 


p 
p= ['o(2u/a0) rdp (4.1) 
0 
with Eq. (2.10) on the right-hand side and (2.11) on the 
left. We find 


41170(1, 0) =o" [ 4n0%0(0, p)dd 
0 


p 1 
-| o'dp’ | 4rNO(A, p’)dX = (4.2) 
0 0 ‘ 


as an exact condition. This equation does not have a 
unique solution. Nevertheless it is evident that Eq. 
(4.2) strongly restricts the possible shape of the 0 
function. In addition it is capable of telling us quite a 
bit about the density dependence of © when its 
dependence on \ is known. (Note the indefinite limit 
on the p integration as opposed to the definite limit on 
the A integration.) 

As in Lit is possible to derive an integral equation for 
8 with definite \ limits by considering the statistical 
mechanics of mixtures. Development of this point will 
be postponed until Sec. 5. 


Value for Small \ 


The exact expression for the 6 function may be 
determined for a range of small values of \. This possi- 
bility arises as a consequence of the finite upper cutoff 
possessed by the intermolecular potential function 
[ u(r) =0 for r>+ya]. There are several approaches to 
this calculation and we shall present two of them. The 
first is based on Eqs. (2.14)-(2.20). 

According to the definition of the Mayer f function, 
f vanishes when u vanishes; i.e., f(r/A) =0 for r>~yda. 
On the other hand it is a property of the radial distribu- 
tion function that g(r2)=0 for re<a. Examining 
Eq. (2.20) for 2 we see that for values of \<1/(2y) 
there is no configuration of particles 1 and 2 such that 
the radial distribution function or one or the other of the 
f functions in the product does not vanish. The same 
argument applies to all higher order ®,,, so that 


®,,(7, \<1/2y) =0 (4.3) 


@(A<1/2y, p) may thus be expressed in terms of 4, 
(i.e., the second virial coefficient) only, and by Eggs. 


for m>2. 
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(2.14), (2.15), (2.18), and (2.21), one finds 
P'(A<1/2y) =1— (3) xpa''B*, 
O(A<1/2y) = B*/[1— (3) mpa*A*B*). 


Equation (4.5) may also be obtained directly from 
the definition of the 6 function, Eq. (2.9), by studying 
the radial distribution function g(r, 4). The effective 
range of integration in (2.9) is r<yAa where the po- 
tiential does not vanish. For values of \< 1/27 the A-cule 
may be in interaction with but one molecule at a time. 
This is brought out in Fig. 2 where a molecule and )- 
cule (with \<1/2+) are pictured as being in interaction. 
One notes that when the center of molecule 2 is inside 
the potential range of the A-cule no other molecule can 
approach within (yAa) of the A-cule because of the 
rigid core sphere of exclusion of molecule 2. Thus the 
radial distribution function between molecules and )- 
cules has the r dependence of a Boltzmann factor, 
exp[—u(r/A)/kT]. The prefactor, however, is not 
unity and to determine it, it is necessary to discuss the 
problem in a quantitative fashion. 

The radial distribution function is defined to order 
1/N by [cf. Eqs. (2.2), (2.4), and (2.7) ] 


(4.4) 
(4.5) 


g(r, 0) =LV*/Z() 1 expl—Un-a(t +++, #4) /AT] 


II exp[—u(rii/A)/kT ]dt3-+-dty. (4.6) 


For the given range of r and \ particle 1 (the A-cule) 
can interact only with particle 2, as was just explained, 
so that in the product which appears in the integrand 
only the i=2 term differs from unity. By expressing 
all distances relative to fz we may write 


g(ri2, 4) ={ exp[—u(rie/A)/RT}}/PA). (4.7) 


Fic. 2. A d-cule with \<1/2y in interaction with a molecule. 
Note that no other molecule can enter sphere of interaction of the 
d-cule. + center of the A-cule, + center of the molecule, — 
sphere of exclusion of molecule, —— — range of interaction of 
d-cule, — — — sphere of exclusion of )-cule. 
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Using Eq. (4.4) for I'(A) and inserting g into Eq. 
(2.9), we obtain 


O(A<1/2y) = — (a@kT)—“[1— (§) xpa**B*] 
x [ * su! (se OUT sds, (4.8) 
0 


The integral on the right-hand side may be written as 


-arf 8 {dle *?—1 |/ds}ds, 
0 


so that an integration by parts yields Eq. (4.5) for 
@(A<1/2y). 
Continuity Conditions 

It is possible to study the analytic properties of 0 
as a function of \ at A=1/2y, and in particular the 
continuity of © and its derivatives. The chain of reas- 
oning we shall use will be to show that the first dis- 
continuous derivative of y(A) at 1/27 is the third, which 
implies, by Eq. (2.15), that W(A) and its first two 
derivatives are continuous. This, in turn, leads one, 
by Eq. (2.14), to the conclusion that © and its first 
derivative are continuous at A= 1/2y. 

As seen previously, up to A= 1/27 the function y(A) 
is given in terms of ,(A) which has been evaluated in 
Eq. (2.21) and which is continuous. At \=1/2y the 
function #, enters I’ since now two /’s can be simul- 
taneously nonzero (®,, m>3 still vanishes). Thus we 
may concentrate on a study of the continuity properties 
of 2p. 

To simplify the discussion let us restrict considera- 
tion, at first, to the square well model. For such a 
potential it is possible to greatly simplify #2; viz., all 
but one of the sixfold integrations may be performed. 
One finds that® 


#,= — 81° { (w+1)*L (A, 4) —2(wt+1)o[ L(y, vA) 


—L(—vy, yA) ]+u®L (yA, vA)}, (4.9) 


where w= exp(¢/kT)—1, ¢€ is the depth of the well, 
and L is the integral 


L(u,»)=—(h)e° j  se(sa) 


X [st— 6s?(u?+-0*) +85 (ui+0*) —3(w?—v*)* ]Jds. (4.10) 


In this form the derivatives may be explicitly taken and 
examined. One finds that &,, d@./d\, and d*@,/d)? are 
continuous for all values of X. The third derivative 
d*,/dd* has a discontinuity at A= 1/2y (recall that this 
is the first point for which @,40) as well as at many 


8 The calculation is quite extensive, although for the most part 
straightforward. Converting to bipolar coordinates renders three 
of the variables of integration redundant. Two more of the 
variables appear only in the limits of integration. One — 
further by inverting the order of integration to make the s=rz, 
integration the last. Extensive use may be made of symmetry if 
one defines g(—s) =g(+s). 
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greater values of \. Explicitly the third derivative is 
given for any \ by 


d*B_/dd8= Sah*a°[8 (w+ 1)2g(2da) 
—(y+1)4(w+ 1) og (Aa+yAc) 


+8y'u*g(2yAa) ]+ continuous part, (4.11) 


so that the points of discontinuity are determined by 
those of the radial distribution function. We shall 
return to this point shortly. 

Following the chain of reasoning outlined earlier we 
conclude that 6 and its first derivative are continuous 
at A= 1/2y. In the case of a hard sphere system it can be 
shown! that the first discontinuities in &,, appear in the 
(2m—1) derivative. Because of the similarity in the 
type of integral which appears for square well and 
hard sphere one is tempted to conjecture that this 
result applies also to the more general potential. If 
this is the case then one would have that © and its 
first derivative are continuous for all \. 

By means of a change of variables in Eq. (2.20) for 
®,, one can shift points of view on this continuity 
problem. Thus, write 


+ fli 


Xg™ (AZ, ees, AZy,m41) dZ2° ° °dZi,m+1; (4.12) 


from which it is seen that the analytic properties of ®,, 
are totally related to the analytic properties of g™. 

While attention has been confined to the square well 
in this section the results are actually quite general. 
The discontinuities in the f function are what lead to 
discontinuous © derivatives. Whether f is flat between 
discontinuities or not is unimportant. As a matter of 
fact if f were completely analytic © would be analytic. 
However, if f undergoes drastic changes in short, but 
finite distance, as it is known to do physically, © would 
also change drastically in nature with a small, but finite, 
increment of A. 


Infinity Condition 


When the A-cule becomes very large it is possible to 
consider its effects from the point of view of macro- 
scopic thermodynamics. In the case of a rigid-sphere 
potential (footnote reference 1) the A-cule behaves like 
a rigid wall. © for hard spheres is related to the density 
of molecules at the wall, while this density, in turn, is 
directly proportional to the pressure. The infinity 
condition for a more general potential is not as simple, 
but one still can be found. Once again the salient 
features of the derivation are brought out most clearly 
when discussion is restricted to the square well poten- 
tial. Let us consider a system with a very large \-cule 
in its interior. The volume of the system, V, may be 


*@,, corresponds to the function (—1)"F, of I. 
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divided into three regions. Part 1, of volume V\= 
V — (4) A*a°, is outside the sphere of interaction of the 
A-cule. Volume 2, V2=$2(7'— 1)A*a’, is within the well 
of the \-cule. Region 3 is the exclusion sphere of the 
d-cule. For the present discussion we will consider the 
total system to be infinite. The A-cule is now also taken 
as approaching infinity but with (V2+V3)/V—0. In 
this way the over-all density is unaffected by its pres- 
ence. The work of expanding the d-cule is related to the 
Helmholtz free energy of the system A by 


3 3 
dW =dA=—) pdV i+ Daan, 
=) =l1 


+ surface of A-cule terms. (4.13) 


The summations are over the three regions. The surface 
terms are of higher order in 1/A and may be neglected 
here. The pressure 3 is zero since no particles can get 
inside 3. The important volume changes may be related 
to dd by the expressions in the earlier part of this 
paragraph. The total chemical potentials, @;, include 
the effect of the A-cule’s field, and must be equal in the 
equilibrium condition. There are no molecules in 
region 3 so dN3=0, and therefore dN\=—dN>2. On 
using these facts with Eq. (2.13) we may write 


dW =4m)d*p,®kTO(~ , pi) dA, 
=4nda*ypdd—4aN203(y—1) pad. (4.14) 


The pressures may be expressed in terms of 6 functions 
by Eq. (2.10) so that one obtains as a condition relating 
O(2) to O(1) 


p10( 2, pr) = [prt $ra*p,*O(1, p1) ] 
= (y°—1) [2+ 41ra*p0 (1, pe) J. (4.15) 


This equation is actually somewhat complex in that 
p2 is a function of p;. A relation between these two 
densities arises from the condition 


O=f2—fi= (ue—€) — m1, 
which yields, by Eq. (2.11), 


(4.16) 


1 
¢/kT = \n(p2/p) +40? X*Lp20(A, p2) —010(A, pr) Jad, 


(4.17) 
to be considered simultaneously with Eq. (4.15). 

The case of hard spheres may be obtained by special- 
izing to y=1 with finite e, or by letting e=0. In either 
limit Eq. (3.14) reduces to 

Ozs(©, p) =G(%, p) =p/pkT, 
where G is the notation of I. 


5. A MORE GENERAL INTEGRAL a FROM 
THE MIXTURE VIEWPOIN 


In footnote reference 1 the possibility of writing a 
determinate integral equation for G by considering 
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dilute mixtures of A-cules in molecules was exploited. 
It is easily shown that the parallelism between 0 and G 
applies here and one may write the same equation for 
real fluids; viz., 


000, ») =—ps"(a/ae) tof “4020 (2, p)da} 


+$rpa'*O(r, p), (5.1) 


where 


Q(A, p) = — Fra*p*(90(1, p) /Apr],,.0. 
With the definition of 6, Eq. (2.9), we obtain 


(5.2) 


QUA, p) =9ap? “rw! (*)LOgam(t, b, )/Ap adr, (5.3) 


where gmm(r,p,pr) is the molecule-molecule radial 
distribution function in a mixture with molecule 
density p and \-cule density py. 

In order to develop further insight into the Q func- 
tion it is of interest to find another expression for it in 
terms of correlation functions. The p, derivative of 
&mm may be written as 


V~ [0g mm/2pr |p, .0= [OZmm/ON> |w,-0 
= gmm(Nx=1)—gmm(N,=0), (5.4) 


where J is the number of \-cules. Now if the presence 
of a single A-cule is reflected in gmm by specification of 
the value of A, i.e., gmm(A), then 


V-0gmm/OPr. |p, .0= &mm (A) oe &mm(0) 


» 
= | L2mn() /0n” Mn’ (5.5) 


The molecule correlation function gp,,--- 4, (Te, 
*, Tkny A) (Zmm® is the radial distribution function 
&mm) may be expressed to order 1/(N—n) as 


Biy---k,"(X) =[V*/Z(A) if oi -[ 


iT 


j=1,x4ki-- 


X exp[—Un(A)/kT] Po 


(5.6) 


where the A-cule is particle 1. Differentiating 
Ingo;” (723, 4) with respect to A, multiplying by 
gs (A), and introducing higher-order correlation 
functions yields, after some manipulations, 


aca 0) _ v8) (ftsind® 
On kTV? 
X Laue (A) gus (A) — gina (A) Jara 


2 fdu(r2/r) 
+i ae? 


X Lge (A) gos (A) — giss (A) Jd. 





(5.7) 
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Employing (5.4), (5.5), and (2.6), we arrive at 


[aa Jona [(N—3)/AT I N2ar’ ff (ra/ Da ra/r’)Lsa® OW) — gu 0X) ga OW) deedtU) 


+ (2/7) f ran f (ra/) a (rare) B05 eX) HR/N), (5.8) 


which may be substituted immediately into Eq. (5.3) 
for Q. It is to be noted that important contributions to 
both integrals of Eq. (5.8) come only from the region 
where the A-cule, particle 1, is near the pair 2,3. In 
the second integral this is evident from the short range 
nature of «(r12/A). In the first integral the potential 
u(ru/X) requires that 1 be near 4. Thus when 1 is far 





Qus(A, p) =— ico 


g23 (723= a, d) | 
"oye 





from 2, 3, so is 4. The particles are then correlated only 
in pairs so that gia =giu™gos” and the integrand 
vanishes. 

It will be convenient to examine certain properties 
of Q by referring to the hard sphere case. In this in- 
stance Eq. (5.3) becomes 


(5.9) 


Let us consider the value of Q for A<4. In the first integral of Eq. (5.8), because of the 6(ru—)q) 
nature of «’(r4/X), the A-cule must be wholly inside of particle 4 for a nonvanishing integrand. In this case the A- 
cule cannot be in contact with, or in any way influence, any particle except 4, so that 


Sioa (A) = gra (A) goss (A), 


The first integral may be written, for \<}, as 


» 
[(N—3)/kT] I (dx’/X”) | rite’ (t4/d’) gu (0’) dtl J [goss (X") — gos (X’) Jerry}. 


By definition of the correlation function, Eq. (5.6), the 
expression in { } vanishes. In the second integral 
on the right-hand side of (5.8) the A-cule must be 
totally inside of particle 2 so that 


8128 (A) = gi2™ (A) g(A), A<H, (5.12) 
and this term also vanishes. Thus, for \<} in the hard 


sphere case we have Qus(A<}, p) =0, a result already 
obtained in I in a different manner. 


\<}. (5.10) 


(5.11) 





Similar results may be demonstrated for the general 
case of a potential with core at @ and cutoff at ya. In 
this instance we have 

Q(A,e)=0, A<1/2y. (5.13) 
It is easily shown that the @(A<1/2y) of Eq. (4.5) isa 
solution of Eq. (4.1) when Q=0. 
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The Boltzmann equation is found to be determined to arbitrary order in the density as a consequence of 
the molecular chaos assumption. A three-body collision approximation is given explicitly and shown to be 
identical to that implied by the Bogolyubov assumptions; the relation between the molecular chaos assump- 
tion and the Bogolyubov assumptions is discussed. It is shown that the Enskog modification of the Boltz- 
mann equation for dense gases composed of rigid spheres is correct, subject to the molecular chaos assump- 
tion. The current disagreement over the correct form for this equation is discussed. 





I. INTRODUCTION 


HE kinetic theory of dense gases has been based 

largely on a modified Boltzmann equation proposed 
by Enskog! in 1922 as an equation for rigid spheres. 
The Enskog theory has been found to be good for dense 
gases composed of rigid spheres as studied by high-speed 
computing techniques,? and it has been useful in the 
development of semiempirical formulas for transport 
coefficients in real gases. 

In recent years the role of statistical mechanics in 
kinetic theory has been emphasized and various 
attempts have been made to derive the Boltzmann 
equation and its Enskog modification from the Liouville 
equation. Derivations of the dilute-gas Boltzmann 
equation appeared** in 1946 and stimulated interest 
in the use of the latter to obtain equations such as the 
Enskog equation for dense gases. 

It was found by Born and Green that the “molecular 
chaos” assumption used by Boltzmann in his intuitive 
derivation of the dilute-gas equation is a sufficient 
assumption in the derivation of the Boltzmann equa- 
tion from the Liouville equation. An approximation 
is involved in the derivation, the binary-collision ap- 
proximation, but it is shown in this paper that correc- 
tion terms for higher order collisions may be included. 
The correction term for dense gases in the binary- 
collision approximation was considered by Green’ and 


* This research was carried out under the National Science Foun- 
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ratory and is based in part on a thesis submitted by Henry B. Hol- 
linger to the University of Wisconsin in partial fulfillment of the 
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the kinetic theory of dense gases has been developed 
to this approximation®; the results are consistent with 
the Enskog theory. 

In a theory proposed by Bogolyubov®* a hierarchy 
of ensemble distribution functions is considered and 
each function is assumed to be a functional of the one- 
particle distribution function f. Additional assump- 
tions are introduced and an equation for f is obtained. 
In the binary-collision approximation this theory gives 
essentially the same Boltzmann equation as that 
obtained by Born and Green. A formulation of this 
theory has recently been given by Choh and Uhlen- 
beck.®° Thus a kinetic theory to the ternary-collision 
approximation is available and dependent on the 
ternary-collision dynamics. 

The time-smoothing technique introduced by Kirk- 
wood’ in his derivation of the dilute-gas Boltzmann 
equation has been used in a derivation of an equation 
for dense gases composed of rigid spheres." The results 
obtained are not consistent with any of the afore- 
mentioned results and are of considerable interest 
at the present time because a number of papers have 
recently been presented in support of the Enskog 
modification of the Boltzmann equation.-" There is, 
then, some controversy over the form of this equation 
and the issue is not the proper use of the molecular 
chaos assumption but rather is the proper form of the 
inhomogeneous equation of change for the one-particle 
distribution function before any assumptions are intro- 
duced. It is felt by the authors that the issue has been 
settled®?-"; further discussion of this problem is 
given below. 

In the present paper the molecular chaos assumption 
is used to derive a Boltzmann equation for dense gases 
from the Liouville equation; the derivation is carried 
explicitly to the ternary-collision approximation where 
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it is found to be consistent with the Bogolyubov theory 
as formulated by Choh and Uhlenbeck. The gas con- 
sidered is not confined to a fixed space by the presence 
of walls; the interaction potential is continuous except 
at the origin. The rigid-sphere case is considered by 
regarding the rigid potential as the limit of a sequence 
of continuous potentials and the Enskog form of the 
Boltzmann equation is obtained. The case of a dis- 
continuous interaction potential is discussed elsewhere“ 
and the Enskog form obtained directly from the Liou- 
ville theorem. 

In Sec. II the model is described and the Liouville 
theorem is expressed in the form of equations on 
spaces smaller than phase space. In Sec. III a Boltz- 
mann equation is derived by introducing the molecular 
chaos assumption. In Sec. IV the Enskog equation for 
rigid spheres is obtained; in Sec. V the alternative 
form of this equation mentioned above is discussed. 
In Sec. VI the relation between the present work and 
that of Bogolyubov, Uhlenbeck, and Choh is discussed. 


Il. THE LIOUVILLE THEOREM 


In this section the Liouville theorm is expressed in 
various forms and the model considered is described 
using a notation due largely to Uhlenbeck and Choh.*” 
We consider a dynamical system containing N particles 
for which the Hamiltonian is 


N 
H= (2m) >> p2+( 1, Fs, ***, Ty). 
i=l 


The potential ® is a sum: 
N i-l 
b= ps Voi, 
i=l j=l 


where $;=¢(|1i—1;|) is the two-body interaction 
potential; ¢(r) and its first two derivatives are con- 
tinuous on 0<r<~© so that particle trajectories and 
their first partial derivatives may be continuous func- 
tions of initial points; ¢-*# as r—-0 so that two 
particles in a system of finite energy may never coalesce. 
At an initial time ¢ the system is contained in a definite 
volume V(¢) but is not required to remain there. 
The following notation is used: 


«i= (Ti, Pi) 
r=(f, fo, °°, Ts) 
a= (ay, 2, °°, Xe) 
dx;=dr dp; 
dx? =dx,dxq° ++ dx, 
dxN—* = dx54:dX442° + +dxN 
rg=|Pi—T; | 


Pis=| Pi— Pi |. 
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The phase space X is a domain in the 6s-dimensional 
Euclidean space of x* defined by: x’ is in X® means 
r>0 for every pair (i, j7#i)<s. The interval T is 
—«<t<«. The 6s+1-dimensional space of (x*, #), 
x in X® and tin T, is denoted X®- 7. 

For an ensemble of systems with the given H(x”), V, 
and with energies distributed over a bounded interval, 
we let f ™ be the function defined on X¥™ +7, which 
gives the density of points, representing systems in the 
ensemble, which are in an element dx” containing x 
at time ¢. Two types of conditions are to be satisfied 
by f ™; conditions which are called “requirements” 
may be interpreted as restrictions on the ensemble at 
an initial time; conditions which are called “properties” 
are implied by requirements. 

The function f™ is required to be continuous on 
X ™) at time ¢; it will be shown that f ™ is continuous 
on X)- 7. Thus the integral fdx*—*f ™ exists and has 
the same property on X“-T7. The function f™ is 
required to satisfy the arbitrary normalization con- 
dition 


if dx*f™) =ay, (1) 
Since the momenta in the ensemble are bounded, f “ 
satisfies the boundary condition 


{0 as |piloo. (2) 


Since V(t) is finite, f satisfies the boundary con- 
dition 


{0 as |r|, (3) 


which remains as a property on T by virtue of the 
bound on the momenta in the ensemble. The condi- 
tions (2, 3) together with the Liouville theorem imply 
that ay in (1) is a constant on 7. The function f ™ is 
required to satisfy the symmetry condition 


f (mn, M2, °° *%, Xi, Xj, 2 °°, XN, t) 


=f (x, Xa, °°°, Xj, Xi, °°, Xn, t), 


(4) 
which remains as a property on T by virtue of Liou- 
ville’s theorem. 
The transformation es on X is defined by 
een = i( 2x, 7); (5) 
where y;(x*, r) is the point in the space of x; reached 
by particle i in time + if s interacting particles are 
placed at x* and allowed to carry out the classical 


motion prescribed by x,. The Liouville theorem may be 
expressed in the form 


f OO(%, tr) =erarf (2%, 1) =f M(ermE®, 1). (6) 


We now show that f is continuous on X)-T. 
The interval T’ is —0« <r<~; the function esx" is 
continuous on X)- 7” by virtue of the form of Hamil- 
ton’s equations of motion. Since a continuous function 
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of a continuous function of 7, fixed x, is itself con- 
tinuous in 7, the continuity of f ® in time is clearly 
implied by (6). The continuity of f® on X® at 
arbitrary ¢+7 is similarly implied by (6), for if f® is 
continuous on X™) at the initial time #, then for 
arbitrary e>0 we can find 6(e) >0 so that | x¥—4" | <6 
implies |f(x¥, t)-—f% (2%, 1) |<e and using 
y' =e" we may find 4’(€) >0 so that | x¥— 2" | <a’ 
implies | y¥—@ | <6 and hence |f® (a, t+r)— 
f (4%, tr) | = [fF PCy", D-f OF, O) | <e. 

The distribution functions f “ are defined on X“+T 
by 


fox =a, (7) 


where a, is a normalization constant. The Liouville 
theorem may be expressed in the form 


f(x, t4+-7) = (cn/an) f da’-¢-renf ®) (a, 2) 


= (a,/ay) i dx\—*{ Te" — exp(—rky_1) ] 


+[exp(—rky-1) —exp(—rkw-2) J+°+° 
+[exp(—1ko41) — ee FE} f (2%, 8) 
=exp(—rk,)f (2*, t) 


+ (cv,/e%541) [axsCexp( —Tk41) —exp(—rk;,) | 


Xf CHD (er, 1) e+. 
+ (a./ay) | daX—[ ew — exp(—rxy-1) Jf (2", 1). (9) 


For the purpose of finding analogs of (9) into which a 
binary-collision approximation may be introduced we 
show that f™ satisfies the Liouville equation and 
obtain familiar integrals of this equation over parts of 
phase space. 

The Liouville operator on X is 


«=m ps: (8/ar)— Lle/arn Sa)l (a/ap.), 


i=1 


which will also be written 


x, =m Dp (a/ar) — Ea, (10) 
=] 


i=1 


where 
w—l 
2;= 206 
j=l 


0 5= (0 «5/88 ;) - (0/AP;) + (0p 4j/88;) - (0/Ap;). 
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Finally, . 
Ki=— dw iy (12) 
i=l 
where 
o;=2;-— mp; (d/dr;) : 
The Liouville equation is 
(8/dt) F+KyF =0. (14) 
We require that the momentum and position partial 
derivatives of f® be continuous on X™ at time 1. 
The partial derivatives of y*(x*, —7r)=e-%x* are 
continuous on X“)- 7” by virtue of the form of Hamil- 
ton’s equations of motion, subject to the restrictions 
on @; if x” is fixed in X, then the time-derivative of 
f ™) (2% t+-r) is 


(0/dr)f © (x, t+-1) = (0/dr) f Ly" (x¥, —7), #) 
= —1n(y*)f %(y", t) 
=e Ky (2) f (2%, #), (15) 


which is continuous on X“)-7” for fixed ¢. Since the 
x-partial derivatives of y* are continuous on X)-T", 
the x-partial derivatives of f (x, t+-r) =f %(y’, 2) 
are continuous on X)- 7” for fixed ¢; since the inverse 
of e~**s exists on 7’ we may show that (15) is 


[(0/dr) +ky ] f % (x¥, t+7r) =0 


(13) 


(16) 
by using 


(0/dr) ewe Nf ™) (2%, t) =0 
and introducing 
yh =e Ny 
oN = ern 
g(a, t, 7) =ertenf ©) (aN, t) =f OM (y, 2) 
to obtain 
(0/dr) ee *nf )(x% t) = (0/dr) g[ 2% (2%, 7), t, 7] 
=ky (2%) g-+(dg/dr) | =e" Ky (2%) erenf ®) 
+e" (0/dr)erf 
=e" (kye ™N—ENxy) f % =0, (17) 


from which the equivalence of (15) and (16) follows. 
We conclude that the partial derivatives of f “, as well 
as f ™) itself, are continuous on X®)-T and we may 
obtain equations on X“-T by integrating (16) over 
parts of X®-T, 

The equation obtained by integrating (16) over the 
space of %41, %e42, ***%w and using (1), (7), (8), and 
(12) is 


[(0/dt) +x.) f 


N-s 
Rie D (ee/to4x) [rendre dX mere f OO, (18) 
k=1 
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The conditions (2) and (4) may be used to express (18) 
in the form 


[@/a) +n) fP=r [drew fo, (19) 


where 
= (crg/ O41) (Ns) . 


This hierarchy of equations was derived independently 
by Bogolyubov®* Born and Green,‘ Kirkwood,’ and 
Yvon." Following Uhlenbeck and Choh*-” we will refer 
to the hierarchy as the BBGKY equations. The 
operator w,; in (18, 19) may be replaced by Q, since 
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their difference (1/m)p,-d/dr; integrates to zero by 
the boundary condition (3). 

The desired analogs of (9) are found by using (19) 
to obtain 


(0/dr) [ef © (a*, +r) ] 
=e (9/dr) +k] f © (x*, +7) 


wii gies f devon f (x, 47) (20) 


and consequently, 


f (x*, +7) <n f () (x, £) +. f dn exp(rTik,) [recess (ott) (gett +n) | 
0 


or, by repetition, 


N-s 
f(a, tr) =e “lf (2%, D+ De® [dterdtagas ders Qore (af (2, | 
k=l 


bapn =VeVo41* * °Veth—1 


T T Tk-1 
Qese (7) -| anf dry* ad .f dr.W o41(71) W.42(72) =s* W osu ( 7x) 
0 0 0 


Wag ilri) =exp(7riks4 1-1) eye EXP(—TKe41)- 


In the next section (21) and the molecular chaos 
assumption are used to obtain a Boltzmann equation. 


Ill. MOLECULAR CHAOS ASSUMPTION 


We consider a fluid composed of N structureless 
particles which form a dynamical system of the type 
described in Sec. II. The potential ¢ has a range ro>0; 
thus ¢=0 on m<r< ©, since d¢/dr is continuous at 70, 
do/dr=0 on n<r<o, 

In this section we derive a Boltzmann equation for f 


[(9/at) +-m~p,: (0/dn:) ]f =J(f) (24) 


by using the molecular chaos assumption to express f ® 
as a functional of f ®, inserting the result into the first 
BBGKY equation, 


[(a/at)-+m-p,-(a/ar) If =n deta f®, (25) 


identifying f with f ™, and thus finding a formula for 
the collision integral J(f®) in (24). The molecular 
chaos assumption, as used here, may be described as 
follows:,if a group of noninteracting particles has always 
been a group of noninteracting particles, then the 
momenta of the particles are not correlated. For the 
purpose of expressing this assumption in a form that 


J. Yvon, Actualities Scientifiques et Industrielles (Hermann 
& Cie, Paris, 1935). 


(23) 





can be used in the present calculation it is convenient 
to introduce several new definitions. 

The space Y(r9) is a part of X in which r;;<1 for 
at least one pair (1, 741) <s. The surface G® is defined 
by: 2* is on G® means r;;=70 for at least one pair 
(i, jAi)<s and ry>r0 for every pair (i, jXi)<s. 
The function 1,(x*) is defined on Y as follows. If s 
interacting particles are placed at x* and their tra- 
jectory followed backwards in time, then 7, is the time 
required for the point initially at x* to reach G. 
Because dp/dr=0 at r=ro, it will not be necessary to 
define 7, on G®, and it will not be necessary to con- 
sider other surfaces analogous to G® explicitly in the 
following discussion. The surface G exists if ro does, 
the question of whether 1, exists will be considered 
later. 

The molecular chaos assumption will now be stated 
for x? in Y, If 72 exists, then for r>72, 


ef © (a8, t—1) = Byer (a, t—1)f (am, 7), 
(26) 


where #; is constant. The motivation for this assump- 
tion may be described as follows. If two particles are 
interacting, then the momentum of each has been 
changed in the immediate past because of the presence 
of the other. Under these circumstances the value of 
f (x, %, 2) may be quite different from the value of 
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f (a, tf (a2, t) because the effect of the presence 
of a second particle has been “smeared out” into a 
global effect in f® while this effect remains local 
in f ©. If the particles are outside of interaction range, 
however, and more important, if the particles are on 
straight-line trajectories that will bring them into a 
collision, then their momenta are not correlated by this 
collision. In the more distant past, of course, two 
particles will have collided with others and may have 
collided with each other; but since this assumptioh is a 
statement about the value of f® rather than f™, 
k> 2, these effects that arise from the presence of other 
particles are somewhat “smeared out.” 

There remains a global difference between f ® and 
f ®f © which arises from their definitions. For example, 
if this factorization were valid everywhere in X®, then 


foxy @)(2 #) 





B2= 
foxy ® (yy, t)f ® (x2, t) 


The molecular chaos assumption with 62 constant may 
be improved by taking 62 to be a function defined on 
X®; then the assumption (26) is replaced by the 
assumption used to determine 82. This modification will 
be considered, following Enskog, in the section on 
rigid spheres where 82 must provide the entire effect of 
the presence of a third particle on the form of J, but 
it will not be considered here. 

The time dependence in (26) is not significant for 
the molecular chaos assumption, but we are com- 
mitted to this time, for fixed ¢, by the absence of the 
container. The position dependence in (26) is important 
because it determines the extent of momentum cor- 
relation and also the density, for fixed ro, at which the 
binary collision approximation may be expected to be 
sufficient. For example, if particles at (a, x2) are not 
interacting but are on straight-line trajectories directed 
from a past collision, then the momenta are correlated 
by that collision, and the correlation should be recog- 
nized over greater distances in more dilute gases. This 
assumption, which was introduced by Boltzmann, is 
evidently successful because of the importance of 
momentum correlation, which in dilute gases is per- 
mitted to extend out to the point at which a binary 
collision begins even if ry. 

The intuitive basis for (26) is not changed if s>2 is 
considered provided the time 7, is replaced by a pos- 
sibly longer time T, required for s particles to be taken 
back along collision trajectories so far that the trajec- 
tories become permanent straight lines. A new problem 
arises, however, because the existence of 7, becomes 
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difficult to establish with s> 2. It is possible that such 
an assumption may be useful even if 7, does not exist 
on a sufficiently small part of X“; and modifications 
of (26) may be considered which involve shorter times 
than 7,. Before considering this new problem further, 
we will state the assumption in various forms and 
indicate how it may be used to find J. 

The molecular chaos assumption will now be stated 
for f ® on X, The function 


T, 0») GH.) = To: ++ +h) (e+1 k+2+ + +8) 


is defined on X as follows. If s interacting particles 
are placed at x* and their trajectories followed back- 
wards in time, then 7,“)+!») is the time required for 
the group initially at «* to become permanently free 
from interactions with the other particles initially at 


xj, k+1<j<s. If this function exists, then for r> 
T,8)eH10) 


ef © (x*, t—7) 
= B,1#) He) e—tuef 8) (et ; r)f (K) (pays ** 2X, t—r). 
(27) 


This statement may be regarded as the basic form of the 

molecular chaos assumption in the present discussion, 

although only special forms of it will be used explicitly. 
The function 7, is defined on X by 


T,=max T,(2 0:20 + HH), 

iSs 
This function may be expressed in other forms; for 
example, 


T (a3) = Ty (24) exp(— 0x3) Ta(2?). 


Finally, the molecular chaos assumption will be 
stated in the form to be used explicitly in the calcula- 
tion following. The space Z is defined by: Z® is Y, 
and x*+ is in Z@ if and only if x* isin Z and r;441<1 
for at least one i<s. Thus 2* is in Y if at least two of 
the s particles placed at x* are interacting, and 2° in 
Y is in Z if the s particles may not be divided into 
two noninteracting groups. If r>T7, then f® on Z 
satisfies 


eeef (x8, 1—7) =Bye™] | f (x;, t—7). 


j=l 


The constants 8, and 6," +!) are not independent. 

We now proceed to the calculation of J in (24). 
For this purpose we will insert a parameter \ in the 
BBGKY Eggs. (19), which then become 


(28) 


[(a/at) +e f =r. faraitenr fo. (29) 
The form of (21) is changed to 


(42) em] (0-+oaf ds exp tn) fda f (HH) I 
0 
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where the dependence of f “ on «* is suppressed from the notation. The parameter \ will be used for collecting 
terms; its value is unity and the statement, f= 0(A"), that a function f is m-order in , will mean that it has been 


expressed as a polynomial of order A” by using (30) and that the coefficients in this polynomial will not again be 


altered by using (30). Thus A is used for convenience in describing the calculation; all \-dependence could be 
made explicit. 


If we replace r by —r in (30) we obtain 


f (t—7) -e| f(t) —ds i Meai- ta) f 2x4: 2e41 f “*P(t—h) | (31) 


The inverse of e* exists on X so that (31) may be solved to obtain 
f (*) (¢) =e of (*)(t{—7r) +o dt, exp( — tke) [artes (s+1) (¢—4,) ‘ (32) 
0 
We intend to express f ® and J as polynomials in \ by using (28, 29, 31, 32): 


N-2 
{%= >a F, 
k=0 


N-1 


J= NI, 
k=1 


where x? is in Y®, and the F, are functions of r>r2 and 19, as well as (2%, ¢). 
If x7 is in Y® and r>72 then (28, 31, 32) may be used to obtain f ® in the form 


(1) =e ©(t—) boy [ “dent f dits(O1s+0xs) f ®(t—h) 
0 
= foe D(x, t—1) f (xg, L—7) Fee 
=peemenencll j (@) (x, t) =a f dhe fax f (2) (x1, Xp, ‘-1)| 
0 


oF (x9, £) =n f de® [asso ) (a9, x3, £— u) [+ eee 
0 
ax mrgreDerer(2)f (5, 2) f © (x, 2) + O(A). (35) 





Following Choh and Uhlenbeck,” we introduce the In the binary collision approximation this result is 

transformation $(r)12,.....0n X® defined by essentially the same as that given by Green.’ The same 

: result (39) was given by Choh and Uhlenbeck,” 

iO) vee g =O i) 1. 36) following a proposal by Bogolyubov, in a calculation 

Orhis.---s98 expr L(t) J (36) that is apparently different from the one used here; 

: ' this calculation will be discussed in Sec. V. In order to 

The function 8 (r)1.2,-- -««* is constant on Ty<r< ©, identify the Eq. (24), in which the assumed form for 

and when 8(r);,2,.-+, is written as $12,-....° thenitis J is (39), with the Boltzmann equation for dilute 

understood that r> T,. Finally, for Fy in (33) we have gases near equilibrium, we will assume that the spatial 

ef dependence of f is not important in (39) but is im- 

=BSio2f a) 

Fo=Bibisf © (ay Df (Ha, t). (37) portant on the left side of (24). This is equivalent to 

The function f is now identified with f® and the bs “Sein ges i ~ ° ss fon bs pr ms 7 

Hision intesral J in (24) is obtained f 29) in th aylor series abour f=, that only the erivative 

an ee. ey ee ee ee need be kept either because 7 is small enough or be- 

cause the higher derivatives are small enough, and that 

even the first derivative is negligible compared to f 

J=n f dxPr. f (2°, t). (38) but not compared to df/dt. Thus we may ignore the 
difference between 8.1, and r; so that 


$2 f(a, t) f (x2, t) =f( fh, P,, t)f( Nh, P,, t) ? (40) 


Ji=By i dxfi28i2f (x1, t) f (x2, t). (39) where the P,(2*, +r) are the momenta of particles 
imagined to be at x” before they enter into the collision 


Thus we have 
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being described. Because d¢/dr =0 on r>1, (0/07) P;=0 on 72<1r< © and consequently, 
(0/dr) ep = — Ke ™p; 


=[012—m™ pi: (0/811) — mp2: (0/82) Jep ;=0. 
Thus 62 f(t, Pi, )f(1%, Pe, 2) may be replaced in (39) by 


m—[ pi: (8/081) + pe: (0/Ar2) | f(t, Pa, f(t, Ps, ¢), (41) 


where r; in f, but not in (P,, Pr) , is held constant in the r; differentiation. Since the P; depend on r; only through 
Y:, the Boltzmann equation is obtained in the form: 


[ (0/dt) +m p,- (0/dr,) | f(t, pr, 2) = (Beyi/m) fev. faratpu- (0/d¥x) | f(t, Pi, f(t, Pe, t). (42) 


If the fe: integration in (42) is carried out in cylindrical coordinates (p, g, ) with the z axis in the Px direction 
and the other coordinates introduced arbitrarily, then (42) becomes 


[(a/at) +m—py: (8/ans) 1 fr= (Bn/m) _"= [ ‘de I dpopal fi'f’—fifr), (43) 


where /;’ is evaluated at p,’, the momentum of particle i before the collision which changes p,’ into p;. The p,’ are 
functions of the p;, p, and ¢g. In (43) the limit rp may be considered. 

Clearly, this approximation is not well defined if we consider the dilute-gas Boltzmann equation to have been 
derived for a general potential from (39). For fixed 7p and density, the approximation becomes better in gases 
closer to equilibrium. For fixed spatial inhomogeneity in f and fixed density, it becomes better in gases with smaller 
ro. These two cases have well-defined limits, namely, equilibrium and the ideal gas of point rigid spheres, although 
in the latter case the formulation requires modification. For fixed inhomogeneity and 1, however, it is not clear 
how this approximation becomes better in gases at lower density. The result (43), however, has been successful 
in dilute-gas kinetic theory for gases not far removed from equilibrium. The binary-collision approximation 
with density correction terms derived from (39) has also been formulated*; numerical results for the transport 
coefficients have not yet been obtained. 

Continuing to the calculation of the second order collision integral J; we have, from (35), 


AW f )() — F(t) ) =n at, fdxs(O.+0x)f @ (t—t,) — Besa [ a fare f 2 (x, X3; t—nh)f ® (x2, t) 
0 0 
e129, f ® (x9, x3, t—h)f O(a, t)]. (44) 


From (28, 31, 32) we have 
f © (x5, x3, t—h) =BS 9 exp {Afni (i) +«1(3) J} f(x, 2) f(x, t) +0(A) 


f (x8, tt) =BeSi05® exp on(j UL (en )+00). 


Thus F; is obtained in the form 


8 3 
PF, = faxsf dtyu(t;) II f(x, t), 
0 ve] 
where 
u(t) =Byy2e~ 8" (813+-823) Si2s exp[h (Kit K2+ Ks) J—BPye 7 {e%— YX 1eK29,,8,, exp[t(KitKs) ] 





and K ;=x,(i). The upper limit 7 in the 4-integration is extended by repetition to higher order in A. From (46) 
72(x*), in the present case. The x; integration receives we obtain J: in the form 

contributions only from Z with 2? in Z® since 03=0 r9(2”) 

if r3>r0, i=1, 2. Thus (28) was needed only on Z“ h=nfdebaf” at, Jaxon tT $a t). (48) 
in the calculation of (46, 47). The calculation may be 
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The function F, (46, 47) with r=rz. may be de- 
scribed as follows. In the evaluation of Fi, the two-body 
collision used to obtain Fo is reconsidered, and the 
three-body collisions which would have interfered with 
this two-body collision at each point along the collision 
trajectories provide a contribution that is added to 
f ®— Fo, while the two-body collisions in the presence 
of a third particle provide a contribution that is sub- 
tracted from f ®)— Fo. Thus F; may be interpreted as a 
correction to Fy which arises from three-body collisions. 

We now consider whether Fo+ AF, provides a J 
which is a ternary-collision approximation. It is clear 
that Fo provides a binary-collision approximation since 
f ® = Fo, subject to the molecular chaos assumption, if 
no ternary or higher collisions are occurring in the 
ensemble. In order to obtain a ternary-collision ap- 
proximation, however, it is necessary to let ro in 
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(35). Otherwise the three-body collisions which con- 
tribute to F; are only those which have r12.<19 for each 
x3 in the range of the x, integration of (46). Thus correc- 
tion terms for the binary-collision approximation have 
been obtained by the use of the molecular chaos as- 
sumption on Z®, but in order to modify these terms 
so that successively higher order collision approxima- 
tions are obtained, it is necessary to use the assump- 
tion on Y®, 

For the purpose of determining F, with p> we 
use (28) with Y in place of Z and consider F; in 
the form 


r= [ dt,M (x, hy, rT) ’ (49) 
0 


where 


2 3 3 
M (x*, 4,7) = 2 ere — i dxf Six exp(ts 2K.) [] f(x, ) 
i=] Ry l=1 v=l 


— By: exp(—rx2) exp(rK,;) exp[(r—h) K;] [ dx0 8.3 exp[h(KitKs) i f(%), t) (50) 


and (i, 7#i) <2, r>T>2. The space R;(x,) is the part of the space of 3 in which r.3<1 for fixed x,; the operator 
6,3 is zero unless x; is in R;, and R, is placed under the symbols of integration in (50) to indicate explicitly the 


range of integration. 


First we consider the question of whether or not M vanishes for sufficiently large 4,. For fixed x3 and r>t,>72, 63 
vanishes in both terms inside the bracket in (50) whenever it vanishes in either term. This is due to the equality 


exp(— he) h(x,) =exp(—Teke) exp[— (t:—72) Ks h(x,) 
=exp(—rk2) exp[—(h—r) K;Jh(x;) 


=exp(—7k2) exp(7K,) exp[(r—h) Ki Jh(x,), 


(51) 


where h(x;) is an arbitrary function" of x;. Thus (49) may be written in the form 


M (2, h, j=> i 


3 
dxefe-a](Ka-RKa) TT f(s t) ’ 


(52) 


exp( = tik) R; 


K 3=Bsyz expl—fixe(1, 2) 1Si2s® exp[ti(Ki+Ke+Ks) ] 


and 


=Byy2 exp[—tixe(1, 2) ] exp(— Tas) exp[( Ts+h) (Kit+K2+Ks) ], 


(53) 


Ks=Ben exp[ —rxo(1, 2) ] exp(7K;) exp[(r—4)) Ki 8a exp[i(Ki+Ks) ] 
= By: exp[—rx2(1, 2) |] exp(rK;) exp[(r—t:) Ki] expl— T2(xi, xs) xo(i, 3) ] exp[(T2+h) (Ki+-Ks) J. 


In order that these terms cancel for i=1 or 2 it is sufficient that 


Bsy2=B2y1 


and 


(54) 


(55) 


exp(— 73'xs) exp[73'(Ki+K2+Ks3) ]=exp[— 72’ (i, 3) x2(i, 3) ] explT2’(Ki+Ks) ], 
where 7,’ =exp[—tix2(1, 2) ]7,. We may express (56) in the form 
exp[—fixe(1, 2) ]T2(x;, x3) =exp[—tixe(1, 2) 7 3(2*) 
=exp[—fxe(1, 2) [Ts +exp(— 73 xg) To( x4, x3) J. 


%* A product of transformations like that in (51) is applied from left to right; thus, for example, 
exp(—rxe) exp(7m)h(m) =h[exp(tm) exp(—rx2) x]. : 
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It is sufficient, therefore, that 


exp[—fixe(1, 2) JT“ © (23) =0. (57) 
The condition (57) holds for some 4, if and only if both 
particles i and 3, which at exp[—fixe(1, 2) ]x; and a5 
in exp(—4xe"”) R; are separated from particle j at 
e~y;, had no previous collisions with particle j7, and 
in addition, do not remain in an (i, 3) collision up to 
the present time when fa1<1f. 

There are, therefore, two situations in which F; 
may not become constant in 7 for sufficiently large r. 
In the first place, F; with r— includes not only the 
contributions of three-body collisions occurring at the 
present time, but also contributions from two-body 
collisions (i, 3) that were completed in the indefinite 
past and contributed a particle to the presently occur- 
ring binary collision (1, 2). Secondly, if the potential is 
such that an (i, 3) collision begun in the indefinite past 
continues up to the present time when particles 1 and 2 
interact, then this is a three-body collision and con- 
tributes to F}. 

The second difficulty may be avoided by restricting 
the potential so that stable molecules are not formed. 
The first difficulty may be avoided by adopting a 
modified molecular chaos assumption such as the one 
considered below. 

Let x* be in Y“ and let r>r, (not 7, if s>2). The 
modified molecular chaos assumption is 


ef (at, t—r) =Be™ |] f (xs, t—1). (58) 


i=1 


This assumption is poorer than (28) from an intuitive 
point of view. Particles placed at x* are followed back- 
wards in time until all of them are separated, and then 
it is assumed that their momenta are not correlated. 
Thus previous collisions among the s particles are 
ignored. The possible success of this assumption would 
arise from the fact that F, is an integral over the space 
of x3, %4, ***Xn42, and hence the effects of these previous 
collisions are somewhat “‘smeared out.” 

We conclude that for some potentials the molecular 
chaos assumption in the form (28) on Y determines 
Jn in such a way that >> ;-:"J; may be regarded as an 
(N+1)-order collision approximation, but that J, 
includes effects of past correlations unless the modified 





[(0/dt) +m™pi- (d/dm) ]f = tim C7 (tr) —f O@+(1-e™) f MO] 
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assumption (58) is used. We will not attempt to ap- 
praise the contributions of these past collisions. 

The important question raised in this section is the 
question of whether 7,, or at least 7,, exists on a suffi- 
cient part of Y, or at least Z, so that the molecular 
chaos assumption, or at least its modification, may be 
used as a tool in kinetic theory. It is clear that 7, exists 
on Z®) for strictly repulsive potentials, but 7, will be 
t, there only for s<3. It seems possible that T, exists 
on all but an insignificant part of Y® for the same 
potentials. It is also clear that 7, exists on Y for 
repulsive potentials, and it seems possible that r, exists 
on Y“ for mildly attractive potentials. 

In the next section it will be shown that the molecular 
chaos assumption in a simple form is all that is re- 
quired to obtain the Enskog theory of rigid spheres 
from the Liouville equation, and in Sec. VI it is shown 
that this assumption is all that is required to obtain 
the Bogolyubov theory, as formulated by Choh and 
Uhlenbeck, to the ternary collision approximation. 


IV. BOLTZMANN EQUATION FOR RIGID SPHERES 


In this section we consider a dynamical system of V 
rigid spheres of diameter oc. As in Sec. ITI, the goal is to 
obtain the collision integral J(f®) in the Boltzmann 
equation by invoking the molecular chaos assumption 
and using the Liouville theorem as an aid. In Sec. III 
this theorem was used for two distinct purposes. In 
the first place, the first BBGKY equation was used to 
obtain the form of J in terms of f®. Then the Liouville 
theorem was used again to express the value of f 
at (a, %, ¢) in terms of f® at a different point 
(exp—Tkex1, EXP—Tk2%2, t—7) together with correc- 
tions interpreted as contributions from higher-order 
collisions. In the present case, however, the Liou- 
ville theorem is used only to provide the form of J in 
terms of f®. We cannot express f® as a series in which 
various terms may be interpreted as the effects of 
higher-order collisions because the rigid-sphere colli- 
sion goes to completion in zero time. Thus an attempt 
to follow two colliding particles back along their tra- 
jectories to the points at which the collision began re- 
sults in a zero displacement, and the correction terms 
which provide the effects of higher-order collisions 
during this displacement are zero. 

This derivation of a Boltzmann equation for rigid 
spheres is based on the calculation of 


(59) 


from (22). The replacement of e~™ by the operator }>,(—r«)"/n! does not require the existence of all of the 
derivatives of @ because x; does not involve the potential. 
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From (22) and (59) we obtain 
J® =[(0/dt) +m"p,- (8/dr1) | f © 


Nu 
= lim 7 big Me™ J x2 + +dXn41Q (7) cpr f OTP 


r+0 k=l 


N-1 


=J,P4 J+ lim 7 Dba Mers if dy» + -dxns0 (7) aa f O, 
+0 k=3 


T 
J@ =) lim rem | dre | drane9f (2) 
+0 0 


t rl 
J2? =yr¥2 lim rte-™ i dre if dxx09¢~7 i dro" f dxyu03 exp(—rtiks)f ®. 
r+ 0 0 


The term J;™ may be integrated by parts to obtain 
J_® =yyy2 lim r™ i dr J dxf e~ 8 — er] J dxyw3 exp(—riks)f ®. (63) 
r+) 0 


No matter how rigid the potential becomes, the integral over r2 in (63) receives contributions only from a region 


with volume proportional to (r—71) | pa | for small 7. Thus the x,-integral is ©(r—71) which integrates to 0(7?) 
and J,“ =0, The higher terms in (60) also vanish. 


The evaluation of J:® must be carried out in some detail. Let R,(11) be the part of the space of x2 in which 
ra<ro. Let Ci(t:) be the complement of Ri. The transformation exp[(r/m) p.- (0/df2) ] on X@ is defined by 


- exp[(7/m) pr: (8/8r2) ]( Ti, Pi, P2) = (Ti, Pi, D2) 


exp[(r/m) Pie (8/882) ]( 2) = (T2+-m™ pir), (64) 
and hence 


(0/dr) {exp[(7/m) pr (a/ar.) ]f ® (ri, f2)} =(0/dr)f © (11, £2,-+-m pir) 


=m™~py: (0/dT2) {exp[(1r/m) pr: (0/dr2) ]f (1, Fe) }. (65) 
If F is a function defined on X®, then 


em if dx.F = / dxe™ F = / dx, exp[(1/m) pi- (0/dT2) Je“ F 
Ri Ri 


exp(rK1) Ri 
although 


em / dx,F = / dx .e™ F, (66) 
Rr+C1 Rr+C1 


In (66) R; and C, have been placed under the integral signs to indicate explicitly the range of integration. 
The integral J, = J™ is 


J® = lim rine are| | dx[O12— m~'po- (0/82) Jjem"f o— f dxym— pz: (0/dT2) eres | (67) 
+0 0 Ri ; C1 


The first term in (67) is 


lim 77!yye™ [ ‘én / dx_(0/dr1) {e™ exp[(11/m) pre (0/02) Je} f &—erm i dxem—p,: (0/02) ef of (68) 
+0 0 Ri Ri 


where (64-66) have been used. The first term in (68) is 


lim ry1e7" / dxofe™ exp[(r/m) pi: (0/dt2) Je"—1] {®. (69) 
r+0 Ri 
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In the rigid sphere limit if r;;<7o—0, then f ®-—>0 and as a consequence, 


dx, f ®—0. 


Ri 


Since e™ exp[(r/m) pir (0/0T2) Jra=ra<ro and e®|p;|—>0 for ra<ro—o, the function e exp[(r/m) p:- 
(0/dr2) lef ® is evaluated at very large momenta, as ro, in the first term of (69). The momenta in the 
ensemble are bounded, however, and we conclude that (69) will not contribute to (67) in the rigid-sphere limit. 
Finally, we have 


J® = lim ryie7™! / ire / dxym™ p,- (0/dT2) ef  +- / dxem—'p.: (0/dT2) ef a (70) 
+0 0 Ri C1 


The second integral in the bracket of (70) is 


[tan 
RitCi Ri 


so that J® may be expressed in the form 


J® =(y;/m) lim rie f irl f dx2[ pa (0/dfe) Jef of dx[ po (0/0fe) Jef «| 
r>+0 0 Ri Rrt€i 


cS (y:0?/m) lim rem f dre [dps {dha (Pak) erat @) 
40 0 


in which the integral over Ri: +C; vanishes by virtue of (3). In more detail, this is 


J® = (y0¢/m) lime [ dr: [dps { dk (pa-ke)f ®” 
(yi0"/m = | Ti J pf a ( Port Ke) f ©” (71) 
(Pa Ke) >0 
+ Cnet/m) tim 8 drs f dp [hn pad”) 
mo 8070 
(Par Ke) <0 
where 
f'n) =f ©(r,—[(r—11) /m]pi—nipy, tit kno—[(7—11) /m]p.—ripy’, pv, Be’, #} 
f ©" (x) =f © {r,—(7/m) pr, 11+ Kao— (71/m) p2—[ (7-71) /m Jp, Pr, Po, #} 


pi = lim e7"p,. 
r+0 


The momenta in the arguments of the functions (73, 74) have already been changed by the rigid collision which 
occurs even though 7-0, so that the 7,-integration is merely a position average. Finally, we have 


J®=(y0%/m) fdpaf dha (Pa-ka)f (ns, tino, Br’, Be’, 
(Pair Kei) >0 
+(n0t/m) fdpaf dha (pa-Ku)f (n, rr+Kne, Pry Pas) 
(Pare Ko) <0 
= (y:0?/m) [ev.f dkes (Parka) Cf (11, ti+Kae, pr’, po’, t) —f (11, 1—Kno, Pr, Po, #) J. (75) 


(Pa Ke) >0 
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The same form for J may be obtained directly from 
(9) (with s=1) by a similar calculation; each term in 
the series (9) becomes J®/(N—1) in this limit so that 
the series sums to (75). This form has also been ob- 
tained, without using a asian aby directly 
from (19). 14 

In order to obtain an equation for f™ it is necessary 
to introduce an assumption. The molecular chaos as- 
sumption will now be stated for rigid spheres. Let 2? be 
in the part of X® where r.=¢ and (pu-Ka1) <0. Then 
we will assume that 


f?(#, t) — Y (2x?) f (a1, t)f® (x2, t) ’ (76) 


where Y(«?) must at least compensate for the global 
difference between f® and ff which arises from their 
definition. If Y is taken to be a function of one space 
vector and is evaluated midway between the positions 
of particles 1 and 2, then the insertion of (76) into (75) 
gives the modified Boltzmann equation proposed by 
Enskog. The assumption (76) is not a binary-collision 
approximation and does not depend on the prior in- 
troduction of such an approximation; thus the burden 
on F¥ is greater than that on 6, in (26), for Y must sup- 
ply the entire effect of the presence of a third particle. 





[(a/at) +m—1p,+(d/ar,) F(t) = (ni/r) f én / “dnb f (tn) <3 


1397 


A more detailed discussion of the relation of the Enskog 
theory to the Liouville equation is given elsewhere. 
By itself the Liouville equation can provide no more 
than the inhomogeneous equation (75), to which it is 
equivalent in the case of rigid spheres. No attempt 
is made here to improve on the added statement (76). 
There is, however, disagreement concerning the form 
of the right side of (75) itself; in the next section a 
comparison is made between the form (75) and its 
analog derived by Rice, Kirkwood, Ross, and Zwanzig." 


V. ENSKOG EQUATION AND TIME-SMOOTHING 


In this section, we present another derivation of (75), 
the modification of the Boltzmann equation proposed 
by Enskog, subject to the molecular chaos assumption. 
This derivation is related to the derivation of Rice ef 
al." based on the introduction of time-smoothed dis- 
tribution functions, 


For f'argoetn) 


The time-smoothed form of the first BBGKY equa- 
tion [(19) with s=1] is 


(77) 


By using (30), the binary collision approximation may be separated from the time-smoothed collision integral to 


obtain 


J=—0en/t) [dn fara a Lrg (+00) 


where 62 has been expressed as 


612 = — (k2— ko") 


in terms of xe the Liouville operator of the pair and 


(78) 


(79) 


= K,+K2,=m™"[p,- (0/0r1) + pz: (8/dt2) J 


the Liouville operator for a “noninteracting pair.” 
straight-line trajectories with constant momenta. 


The effect of exp(—rx2°) is to transform the particles along 


If the time 7 over which the distribution functions are time-smoothed is taken to be arbitrarily small, we find 


from (78) that 


lim J=J= =n fdea(ae— WP f wee 
+0 


(80) 


This is simply the right side of first BBGKY equation with 61. expressed in terms of xe and x:°; all effects of the 


time-smoothing are entirely eliminated. Nevertheless, it is convenient to express the collision integral J, as given 
by (80) in the form, 


J = lim (n/2) fdzafexp(—re) —exp(—rx2") ]f ®. (81) 
m0 


Clearly, this formal trick is possible for any potential with continuous derivatives. (A justification in this treat- 
ment of rigid spheres is obtained by considering the rigid sphere potential as the limit of a sequence of continuous 
potentials.) Using, for the position f2, spherical coordinates with origin at r,, we obtain from (81), the expression 


J= lim (7/7) if dps i dky | dr 1°[exp(—rx,) —exp(—rx,°) ]f ®. (82) 
r+ 0 


We now consider the limit in which the potential becomes rigid and e~ takes into account rigid collisions. 
In this case (82) is the entire collision integral; there are no contributions to J from higher-order collisions. 
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The integration in (82) over the two hemispheres of 
k,,: =k may be carried out separately. Let us first con- 
sider the integration over the hemisphere on which 
k-p>0, where 


P=P:— Pi 


If r>o+(7r/m)(k-p) there is no contribution to J 
since then the natural and straight-line trajectories 
backwards in time are identical. If ¢+(7/m) (k-p) > 
r>do a contribution arises from the first term since the 
natural trajectory carries the point back through a 
collision to a point outside the collision sphere and with 
the pre-collision momenta p,’ and p»’. No contribution 
to J arises from the second term, since the straight-line 
trajectory carries the point inside the collision sphere 
and f® is zero inside in the rigid sphere limit. If r<o, 
the transformation back along a natural trajectory 
leads in the limit of rigid spheres to infinite momenta. 
Thus since f® is zero for infinite values of the momenta 
the first term does not contribute to the integral. Also 
if r<o, the transformation back along a straight-line 
trajectory (a short distance) leads to a point inside the 
collision sphere. Then since f® is zero inside the 
collision sphere, the second term does not contribute to 
the integral. The total contribution to J of the integra- 
tion over this hemisphere is thus 


(no*/m) [aps f ak(k-p) 


(k-p)>0 


f O(n, ritck, P’, Pp.’ t). (83) 
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fidiest/en) | dp: J dk(k-p)f (1, ri+ok, py’, py’, 0) 


(k-p)>0 
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The contribution of the integration over the hemis- 
phere on which 


k-p<0 


is considered in a similar manner. If r>o, the natural 
trajectory backwards in time is identical with the 
straight-line trajectory and hence the two terms in the 
integral of Eq. 82 are identical and there is no con- 
tribution to J. If r<o, the transformation backwards 
along a natural trajectory leads to infinite momenta in 
the limit of rigid spheres and hence (since f ® is zero 
for infinite momenta) the first term does not contribute 
to J. On the other hand, if o<r<o+(r/m) (k-p), 
the transformation back along straight-line trajectories 
leads to a point outside the collision spheres and the 
second term contributes 


(y:0°/m) i dp: J dk(k-p)f (1, tit+ok, pi, po, 2) 


(k-p) <0 (84) 
to the collision integral. Finally, if r<o+-(1/m) (k-p) 
the transformation back along straight-line trajectories 
leads to a point inside the collision spheres. Thus since 
f is zero inside the collision sphere the second term 
does not contribute to J in this range of values of r. 

The collision integral J is the sum of contributions 
given by (83, 84). In these two integrals the value of 
f ® at 2 with r=c is the limit obtained by considering 
a sequence of points in which r—v. Finally, 


+ (y1:07/m) [ov.f dk(k-p)f ® (1, rittok, pi, ps, 4), (85) 


(k-p) <0 


in which k appears only explicitly in the second term, which can be transformed to obtain 


(86) 


J= (y:07/m) [av.f dk(k-p)(f (ry, r.t+ck, Pi, Pr’, t) —f @(r, r,—ok. Pi, P2, t) yi 
(k-p)>0 


If we adopt (76), then (86) becomes identical to the collision integral of the Boltzmann equation for a dense 
gas of rigid spheres proposed by Enskog. 

The integral (86) differs from that developed by Rice, Kirkwood, Ross, and Zwanzig" and Dahler” in the sign of 
k in the argument of the function in the second term. This difference is equivalent to a difference in the hemis- 
phere over which the second integral in (86) is integrated. 

The origin of the differences between the present results and those of Dahler’ are clear; Dahler neglected 
all the contributions to (82) from values of r<o. He thus obtained no contribution from the hemisphere on which 
(k-p) <0. In evaluating the integral over the hemisphere on which (k-p) >0, Dahler assumed that f ® was finite 
inside the collision sphere and continuous with the function outside. Recently O’Toole and Dahler” have pre- 


1 J. S. Dahler, J. Chem. Phys. 30, 1447 (1959). 





KINETIC THEORY OF DENSE GASES 


1399 


sented another derivation of J. Using arguments similar to those considered in the present paper, they conclude 
that the Enskog collision integral is correct, subject to the molecular chaos assumption. 

The origin of the differences between the Enskog result and the result of Rice, Kirkwood, Ross, and Zwanzig 
lies deeper in the formalism. These authors use the binary-collision approximation in (78) in the form 


J=(n/r) [ ‘ie if diz if d2:0125(42— e-2x2) f © (92, 2) 


and make use of the factorization 


(87) 


5(2?7— ex?) = 3(F—e-"™ r,) 3(p’— ep’) 


to obtain 


0425 (?— e7TiK2y2/) = [(@/dr1) +x" ]6(22— E7712) 
= $6(f—e™F2") (0/d7:) 6(p?—e-p”) + R, 


where the remainder 


R=5(p —e™p*) (0/dr1) 5(F?— e-8;) +295 (4°— 2?) 


is ignored. Thus J is obtained as 


J=(/r) dn far fara #—erar') (0/an) (ep) f ® (2,1). 


(88) 


Assuming that in the limit r>+-0 the 7,-dependence of 6(f?—e™”) r is negligible, (88) is finally expressed as 


J= im (n/z) I ea f én if dit,(/dr) 8(42—e-7™x2) f © (42, t) 


= lim (4/1) faza(er2—1)f (28, d). 
r+ 


(89) 


A comparison of (89) with (81) shows that the approximations used to obtain (89) are equivalent to the replace- 


ment of exp(—rx2°) by unity in (81). 


The analog of (86) obtained by Rice e¢ al." from (89) is 


J= (y107/m) fap. faxce-pyty O(n, rit+ck, Pi, Pp’, t) —f @(r, ritck, P:, P2, t) aS 


It seems clear that the values of f ® in the two terms 
of the integrand in (90) are equal and (90) is J=0, 
for if this were not the case then the distribution func- 
tions would change discontinuously with time. 


VI. MOLECULAR CHAOS ASSUMPTION AND THE 
BOGOLYUBOV THEORY 


In previous sections we have attempted to show that 
the molecular chaos assumption is capable of deter- 
mining a Boltzmann equation to any order in the 
density for some potentials, including the rigid-sphere 
potential. It remains to be seen, of course, whether this 
assumption can provide a successful kinetic theory for 
soft potentials, but the success of the Enskog theory of 
dense gases composed of rigid spheres provides some 
encouragement. 

In the present section we raise the question of 
whether this assumption, which is as old as the Boltz- 
mann equation, is the only substantial tool that has 
been used in the development of kinetic theory from a 


(90) 





statistical-mechanical point of view. This question is 
discussed elsewhere"; here we wish to indicate the 
relation between this assumption and the Bogolyubov 
assumptions which have been used by Uhlenbeck and 
Choh to formulate a kinetic theory explicitly to the 
ternary-collision approximation.” For the purpose of 
discussing this relation we will describe part of the 
formal development. 

The assumptions of Bogolyubov may be described as 
follows. It is assumed that f “ depends on time only 
through f ®. Thus f ® is a functional of f ®. This is a 
much more general statement than the molecular chaos 
assumption, in which it is assumed that f “ is a par- 
ticular functional of f® on at least part of X®. On 
the other hand, the Bogolyubov assumption is used in 
an essential way on the whole of X“. Secondly, it is 
assumed that f, s>2, admits an expansion in 9 
where v= V/N, the ratio of the total volume of the gas 
to the total number of particles (this parameter is held 
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fixed while the size of the system becomes infinite to 
remove the walls). Thus 


fOLer f(A) J=H(1/0)*f. (91) 





Lim "ef Lx* | ereif (2) ]= lim e exp(r 2K) [Lf (x,t) 
T00 T-00 i=1 v=] 


which is, in view of (91) 


lim e-***fo[x* | e™f © (t) ]=lim e™ exp(r > Ka) [] f (x, 8) 
T>00 T70 1 v=] 


lim ef, [x* | ef © (t) ]=0, 


The boundary condition f“-—-0 as |x;|—> is 

adopted, and since 
lim e~™ | x; | =o, 

this condition requires that the left side, but not the 
right side, of (93) vanish unless fo depends on x;, as 
well as #, only through f ®. The logical difficulty here is 
overcome by forcing this property on fo in a way that 
will be described in the following. 

The derivatives of f ® are functions of » and the first 
BBGKY equation (19) is used in the form 


(a/at)f = Alm |f (4) J=>5(1/0)"Ay. (95) 
n=0 


Thus A is immediately defined in terms of f ®, but is 
immediately determined only to zero order: 


Ao=—(1/m) px: (0/dn) f ©. 


The A,, are functionals of f ®. 


(96) 





peers) 
af =” at 


Expanding (99) in (1/0) we obtain 


af (xf) 
af ® 


which may be solved for fo“. 
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The absence of v dependence in f ® at a fixed time ¢ is 
important; in the initial value problem f acquires » 
dependence, but the problem considered here is that of 
finding a Boltzmann equation at a fixed time ¢. Finally, 
it is assumed that 


(92) 


(93) 


n>0. (94) 





The higher BBGKY equations are 


[(d/at) +e] fx =e, | die Mer fer (97) 


where ¢, is vy, in our notation. We may take «,=1 
which fixes all the ratios among the normalization 
constants a;. In particular we have 


[(0/dt) +x. ] fo” =0. 


The time derivative of f “ is obtained by formally 
differentiating the formula for f“ with respect to 
each f™, multiplying by (0/dt)f, and summing 
these functionals. The result is a linear functional of 
(0/dt)f® = A, and hence a new functional of f®. The 
BBGKY equations, therefore, are regarded as func- 
tional equations for f® which are to be determined in a 
stepwise manner. The symbol for the linear functional 
of (0/dt)f™ just described is 


(98) 


(99) 


, Ao(x* | f 0) La ioe | f ®) =[(0/dt) +x] fo =0, 


The difficulty inherent in (93) is overcome by replacing (100) by 





Of (x* | ef @) 
bef (1) 


which is not equivalent to (100) unless fo depends on 
x; only through f®. Thus the equivalence of the two 
initial value problems based on (100) and (101) with 
a common initial value is an additional assumption 
in the Bogolyubov theory which evidently restricts 
the general nature of the other postulates. 


, Ala" | erp) He f(a | ery) =0, 





Since (101) is 
[(0/dr) pee Ke | fo (x* | emf a) =0, 


we have 


fo (x* | ef ()) =the 0 (x \f™). 
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The inverse of ¢ is applied to (102) to obtain The calculation of f;® must be preceded by the 
‘ determination of A; from fo”, which is immediately 
fo (x8 |f ®) =errmfo (ae | emf), — (103) given by the form of the first BBGKY equation: 


in which the limit > is taken to make use of (93). =/ 
The result is the zero-order molecular chaos assumption: Ai= J dabraBu®f (x1, t) f(x, 1). (105) 


° F The calculation of higher f,® and A, is more compli- 
fo = lim e™ exp(r >. K;) [] f(x, #). (104) cated; the formula obtained by Choh and Uhlenbeck 
tad i=l v=l for f;® is 





‘co 3 3 
f= | dre" i devel (913-+028) Siz — Si2™ (819813 +-820520) |] exp(r UK i) Is © (a», t). (106) 


In order to show that (104-106) are given by the molecular chaos assumption without other important assump- 
tions, we repeat the calculation of Sec. III with the following changes. The f “’, s>1, are assumed to be expanded 
in (1/v), with choices of a; which satisfy y,=1/v; the statement (28) on Y® with 8,=1 is assumed, and it is 
assumed that ¢ is sufficiently short range and repulsive that 7, exists on Y. From (32) we obtain 


fO(@) =e © (t—2) +07 | “dhe if dX 44:24: f  (t—h), (107) 
in which the molecular chaos assumption is used to obtain 
f() eT f (2, 11) +0(1/2). 
The functions f ™ in (108) are replaced by 
f @(t—r) -e| {[®@)-r' I “dhe-he if dx2Q f (1-4) (109) 


from (31). As is expected, (109) shows that f™ may be independent of » only at a fixed time ¢. Taking r>7,, 
of course, and expanding f “ we have 


fO()=em exp(rOK) ITS (x, t) +0(1/0) 


fo (1) =e exp( KITT f (a,, 0) 


which is (104). The formula (105) follows immediately, as it does in the Bogolyubov theory. 
Expanding f “ in 1/» in the calculation that ends at (46) we obtain f,” in the form 


fi @)(¢) = | “dhe f dxal_(813+-825) Sioa — e~ tang (et) K 19rK29), 08, 4(2) eK g(r ta ae rt) Ker Ki9),,8,,2) eH K1 | 
0 


xesp(hKI ILS (x, t) (111) 
v1 v=l 
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where, as in Sec. III, 
Si.2,- es Pi, =S12,. ri 3( oO ) =$:2. : a” (r) 
= eth exp(r>_K;) : a 
i=1 


If we let p> in (103) with s=2, then fo® becomes 
constant at r=72, when the molecular chaos assump- 
tion is introduced, and f;® is determined by 


#2 -/ dre fax (Oir+Ox) Si 
0 


— S12 (013813 +-823523) ] 


3 
X exp(rEK ITT /(a,!), (112) 
i=1 p=] 
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where the integration variable ¢, in (111) has been re- 
placed by 7, and the transformations $,3° and ei 
(i, 747) <2, have been commuted. For fixed (x1, x2, xs), 
the r integral receives no contributions on 73<r<&. 
as was shown in Sec. ITI. 

Since (112) is (106), we conclude that the form of J 
determined by the molecular chaos assumption as used 
in Sec. III is the same to the ternary collision approxi- 
mation as the J determined by the Bogolyubov as- 
sumptions. It seems possible that the generality of the 
Bogolyubov assumption concerning the nature of the 
functional f “ is reduced by the compensation of logical 
errors in (93) and (101). We speculate that the 
Bogolyubov theory is given by the molecular chaos 
assumption, but we have not obtained the complicated 


induction which would reveal this equivalence in higher 
order. 
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The consequences of a new system of integral equations for the theory of the critical point are discussed. 
Reasons are given for believing that the fundamental assumption of the Ornstein-Zernicke theory about 


the direct correlation function is incorrect. 





T would be impossible to carry out a modern in- 
vestigation in the statistical theory of fluids without 
building in a hundred ways on ideas, concepts, and 
lines of approach, contributed by Professor Kirkwood. 
In this issue of the Journal of Chemical Physics devoted 
to his honor, it is appropriate to mention specifically 
those of Professor Kirkwood’s contributions upon which 
the present work is founded. The first of these is the 
idea that reduced distribution functions, and in particu- 
lar the pair distribution function, are important and 
useful mathematical objects in the theory of dense gases 
and liquids.! The second is that in dense gases and 
liquids, the pair distribution function may be better 
determined implicitly through the solution of an inte- 
gral equation rather than explicitly from its defining 
formula or from a series expansion.” The third, finally, 
is the idea that mathematical singularities in the 
integral equation are to be interpreted as phase transi- 
tions.* 

Although these ideas of Kirkwood have motivated 
the present investigation, they are carried out, as is 
perhaps natural, rather differently than in Kirkwood’s 
own work, The integral equation for the pair distribu- 
tion with which we will be concerned is neither the one 
developed by Kirkwood nor the very similar one of 
Born-Green,‘ but a system of three integral equations 
for three parts of the pair distribution which have 
recently been derived by Van Leeuwen, Groeneveld, and 
DeBoer, and independently by Meeron, and by the 
author.’ These equations are derived by summation of 
infinite subclasses of terms in the Mayer density 
expansion for the pair distribution function, and 
insofar as the rearrangements are mathematically 
justified, these equations involve no approximations. 

If we define the pair correlation function G(R) by 
the formula 


fo(XiX2) = p*[G( Rv) +1], (1) 
where f2(X,X_) is the pair distribution function, p the 


1 J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935). 

2 J. G. Kirkwood, J. Chem. Phys. 7, 919 (1939). 

3 J. G. Kirkwood ‘and E. Monroe, J. "Chem. Phys. 8, 845 (1940). 

4M. Born and H. S. Green, A Kinetic Theory of Liquids (Cam- 
bridge ge met Press, New York, 1949). 

. M. J. Van Leeuwen, J. Groeneveld, and J. DeBoer, Physi 

25, 92 (1959) ; E. aa Phys. Fluids 1, 246 (1958), "Math. 

Phys. 1, 192 (1960). M. S. Green, Hughes Aircraft Company 

Rept., September, 1959. 


number density, and Ri2= | Xi—X: | and write 
G(R) = S(R)+P(R)+B(R)—-BV(R), (2) 


where S(R), P(R), and B(R) are the three parts of 
the pair correlation function referred to above, V(R) 
is the intermolecular pair potential, and B=1/kT, the 
three equations in question are 


T(R) = exp[—6V(R)+ S(R)+B(R) ]—S(R)—1 


5) = (9) Vet) 
B(R) = Hooray E fnacrsnacsy -d(n+2) 
——~ all wider-sense sie aR, G(R) 1. 


irreducible graphs 


In Eq. (3) 
T(R)= 
and in Eq. (4) 


P(R)+B(R)—BV(R), 


kt(k) =4e J RT(R) sinkRdR 


ks(k) =4e / RS(R) sinkRdR 


[t(k) and s(k) are, respectively, the Fourier transforms 
of T(R) and S(R) ]. In Eq. (5), B(R) is defined by 
an infinite series of a form very similar to the Mayer 
density series for the pair distribution function. Each 
term in the integrand is associated with a Mayer 
graph consisting of the points 1 and 2, a number of 
other points, together with a number of lines joining 
them. For every line joining the points, say, ij, a 
factor G(R.) appears in the integrand of the corre- 
sponding term. The sum on the right in Eq. (5) in- 
cludes all terms corresponding to the class of graphs 
which we have called 1, 2 wider-sense irreducible. This 
class is the subclass of the irreducible Mayer graphs 
for the potential of average force whose members 
contain no ij subgraph.® An é7 subgraph consists of 4, 7, 
and at least one other point, does not contain both 1 
and 2, and has only i and 7 in common 'with the re- 
mainder of the graph. 


6 FE. Meeron,”Phys. Fluids 1, 139 (1958). 


1403 





1404 MELVILLE 

It has been pointed out by R. W. Zwanzig that Eqs. 
(3)-(5) [together with definitions Eqs. (2) and 
(6)-(8) ] can be replaced by a single equation for the 
pair correlation function which is very similar in form 
to both the Kirkwood and the Born-Green integral 
equations based on the superposition approximation. 
The equation is 


loglG(R) +1) 


=—AV(R) +f T( | R-X | )(|X)dX+B(R), (9) 
where 
T(R)=—BV+G(R)— loglG(R)+1]+B(R), (10) 


and B(R) is given in terms of G(R) through Eq. (5). 

With respect to the third idea mentioned, the present 
work will consider the liquid-vapor transition rather 
than the liquid-solid transition considered by Kirk- 
wood. Perhaps the most interesting feature of the 
equations we have described is that the vanishing of the 
denominator in Eq. (4) for k=0 is rigorously associated 
with an infinite compressibility. This can be seen by 
noting that g(k), the Fourier transform of G(R) can 
be written by Eqs. (2) and (6) as 


g(k) =s(k)+t(k) =t(k)/[1—pl(k) ]. (10a) 


If the denominator in Eq. (10a) vanishes for k=0, 
g(0) is infinite. g(0), however, is nothing else than 


[ocear. 


This integral is related to the compressibility x by a 
well-known formula 


x= pkT[1+pg(0) ], 


and «x is infinite when g(0) is infinite.’ 

Now the only stable point in the thermodynamic 
phase plane of a simple liquid which has an infinite. 
compressibility is the critical point. These integral 
equations are thus especially suited to the study of the 
critical point and since the critical point is in effect the 
beginning of the distinction between liquid and vapor, 
we can expect them to yield information also about the 
liquid-vapor transition. In fact, one of the equations 
has long been used in the theory of the critical point. 
Eq. (10a) is nothing else than the expression in Fourier 
transform language of an equation used by Ornstein 
and Zernicke in their 1917 phenomenological theory of 
critical opalescence.* Their equation is a relation be- 
tween the pair correlation function G(R), and what 
they call the direct pair correlation function, T(R). 

7J. O. Hirschfelder, C. Curtiss, and R. Bird, Molecular Theory 


of Gases and Liquids, (John Wiley & Sons., Inc., New York, 
1954), pp. 127, 128. 

8L. S. Ornstein and F. Zernicke, Proc. Acad. Sci. Amsterdam, 
17, 793 (1914); Z. Physik. 27, 761 (1926) ; see also L. Rosenfeld, 
Theory of Electrons (North-Holland Publishing Company, 
Amsterdam, 1951). 


(11) 


S. GREEN 


From their phenomenological considerations, it was 
reasonable for them to assume that whereas the correla- _ 
tion function becomes extremely long range at the 
critical point, which fact is responsible for critical 
opalescence, the range of the direct correlation function 
remains finite and of the order of the range of inter- 
molecular forces. If this last supposition is interpreted 
mathematically to mean that 7(R) has all moments, 
or in Fourier language, that ¢(&) has a Taylor expansion 
in powers of k*, Eq. (10a) together with the assumption 
of short rangedness of T7(R) are by themselves suffi- 
cient to give a quite explicit form for G(R) near the 
critical for large R. The Ornstein-Zernicke theory gives 


G(R)~(exp—aR)/R for large R, (12) 
and 
g(k)~(a?+h?)—! for small k, (13) 


ais small near, and zero at the critical point. Other 
authors, starting from different, but evidently equiv- 
alent assumptions arrive at the same result.® 
Equations (3)—(5), however, contain more informa- 
tion about 7(R) and G(R) than is contained in Eq. 
(10a) and indeed, if it were possible to determine 
the behavior of the solutions for values of p and T 
for which the denominator of Eq. (5) is zero or small 
for k=0, we should not need to make suppositions 
about 7'(R), near the critical. We have not succeeded 
in doing this, but it has been possible to make a rather 
complete analysis near a singularity of the system of 
two equations relating S(R) and T(R) which results 
from setting B(R)=0. From this solution, the some- 
what surprising fact emerges that the range of the 
direct correlation, T(R) for the approximate equa- 
tions, does not remain finite at the critical in the 
sense that all its moments exist although it is shorter 
ranged than G(R) itself. The solution requires that 


T(R)~1/R! (14) 
G(R)~1/R? (15) 
g(k)~1/k, (16) 


for large R at the critical. In the last section of the 
paper, an attempt is made to analyze the effect of the 
various terms of B(R) leading to the conclusion that 
the right-hand sides of Eqs. (14) and (15) should each 
be multiplied by some function of R which is of order 
less than any positive and greater than any negative 
power. This conclusion is in direct conflict with the 
conclusion of the classical theory. 

Although our conclusions are based on the very in- 
adequate treatment of the infinite series of terms 
B(R), they are derived from a more complete system of 
equations than the classical theory. At the very least, 
they cast doubt on the basic assumptions of the classical 
theory. Since g(k) is a rather directly available datum 


®P. Debye, J. Chem. Phys. 31, 680 (1959); M. Fixman, J. 


_ Chem. Phys. 33, 1357, 1363 (1960), this issue. 





CRITICAL POINT OF SIMPLE FLUID 


in light, x-ray and neutron scattering from liquids in 
the critical region, an effective test of the classical 
theory is possible.” 

The derivation of Eqs. (3)-(5) by summing in- 
finite subclasses of terms has been given by Van 


Leeuwen, Groeneveld, and DeBoer.5 In Sec. I we show ~ 


how they may be derived from a variation principle 
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S(R), P(R)," BCR). In Sec. II, we discuss the re- 
lation of the roots of the denominator in Eq. (4) to 
the liquid vapor phase transition. In Sec. III, we exhibit 
a solution of the approximate equations. In Sec. IV, 
we discuss this solution. 


I. VARIATIONAL PRINCIPLE FOR THE INTEGRAL 
EQUATIONS 


and show that the function which is varied is the 


We consider the following functional of S(R), P(R), 
Helmholtz free energy expressed as a functional of 


B(R): 





¥LS(R), T(R), B(R)]=301/ (2n)*] f{ logl—et() F*— $Lp*#(&)]—et(k) Jak 
+ bot [ ( expl—8V (R) + 5(R)+B(R)]-HC—8V(R)+5(R)-+B(R)P—-8V*(R)} 
— $(R) — B(R) —1}dR— (p#/2) f { P(R).S(R) + P(R) B(R)+4B*(R) dR 


+(0V)"Liow/n!) [ecRs)aq)-+-a(m). (17) 


irreducible graph 


of 1-++n 


In Eq. (17), the term wider-sense irreducible graph means an irreducible graph which contains no i—j subdia- 
grams other than the simple bond. 
To compute the functional derivatives of Y with respect to S, P, and B, we need 56/6G(R) where (G(R) ] 


represents the last group of terms on the right in Eq. (17). This is simply $p*4,[R, G(R) ]. The variation of a 
particular contribution to is : 


v-(or/mty © facwyanac( Re) fT G(Ry)d (1) +++d(h—1)d(h+1) ++-d(I—1)d (I-41) ++-d(n). (18) 


The second product is taken over all lines of the wider-sense irreducible cluster to which the contribution corre- 
sponds except the line &/, while the sum is over all pairs kl corresponding to lines of the graph. Now a wider-sense 
irreducible graph with one line removed is a 1, 2-wider-sense irreducible graph. Thus every contribution to the 
variation of (G(R) ] corresponds to a term in $,[R, G(R) ]. Assigning a factor p to each of the n-2 internal points 
and taking account of the m!/2!X (m—2) ! ways of assigning labels, our statement is verified. 

Taking the variation with respect to 5(R), we have [6=—8V(R) ] 


d¥/5S(R) = de°L exp(ot+ S+B) — (+ S+B) —1]—3e°[P(R)+B(R) ]+30°H:(R, G(R) ]. (19) 


Similarly, taking the variation with respect to P(R), we obtain 


dv /5P(R) = boPL1/ (2) f {ol*(R)/L1—at(R) J} exp(ik-R)dk—}p?(S+B)+3e°4[R, G(R) ]. (20) 


© The most extensive 8 goon aan test of the Ornstein-Zernicke theory of critical opalescence has been carried out in binary solutions. 
Three investigations whi apply modern methods to the test of the theory are those of B. H. Zimm [J. Phys. Coll. Chem. 54, 1306 
(1950)], Chow Quantie 'Proc. Roy. Soc. (London) A224, 90 (1954)], and P. Debye, H. Coll, and D. Woermann [J. Chem. Phys. 32, 
939 (1960)]. The most serious difficulty with this type of experiment is multiple scattering which is large because of the large turbidities 
encountered especially near the critical point. Zimm (private communication) has adjusted his data for multiple scattering and has 
found confirmation of the O.Z. theory. On the other hand, his corrections were quite large near the critical point and the author feels 
that for a completely satisfactory test ray eg scattering should be minimized by using small scattering volumes and small refractive 
index differences. The author has replotted the data of R. L. Wild [J. Chem. Phys. 18, 1627 (1950) ] on x-ray scattering near the critical 
point of nitrogen and has found significant deviations from the O.Z. theory. For an extensive bibliography and discussion on critical 
nce, see F. D. Rossini, 7) lynamics and Physics of Matter (Princeton University Press, Princeton, New Jersey, 1955), 

article by O. K. Rice. 
u PCR) is defined by the equation 7(R)= P(R)+B(R)—BV(R). 
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Finally, 
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dV /5B(R) =$e"[1/(2r)*] / {pl?(k) /[1—pt(k) ]} exp(ik-R)dk+43p? exp(¢+ S+B) —(¢+5+B)—1 


—4e(S+P+B)+4e@[R, G(R)]. (21) 


The right-hand sides of Eqs. (19)—(21) vanish as a consequence of Eqs. (3)-(5). Similarly, if 5¥/5B(R), 
5V/5.S(R), and 6¥/5B(R) are all zero, Eqs. (3)—(5) follow. 

We complete this section by showing that the functional ¥ is the excess Helmholtz free energy over that of a 
perfect gas. To do this, it is convenient to introduce dimensionless variables. We set x= Rp!, x= kp, 8(x) = S(R), 
P(x) = P(R), B(x) =B(R), o(x) =—BV(R), I(x) =T(R), and 8(x) =ps(k), p(x) =pp(k), b(x) =pb(k), t(x) = 


pl(k), G(x) =G(R). We have, then, 


¥LS(R), P(R), BCR) ]=ep[S(x), P(x), B(x) J, 


where 


(22) 


¥{8(+), (2), B(x) ]=3L1/(2n)*] f loglt—t(«) P30) -t(u) duct [ expo(2)+8(x) +8(2) 


—2{Lo(x) +8(x) + B(x) P—$(x)*} -8(x) — B(x) — 1)dx—} [[9(2)8(x) +(x) B(x) +58 (x) @ (x) +3@"(x) ]dx 


t (eV) Q(t) all a‘ i I S(*u) dm: ; _~ -) 


We note that y does not contain p explicitly (the last 
group of terms is only apparently dependent on p 
since every term contains a factor fdx;=pV which 
cancels the factor 1/pV). Moreover, the functional 
derivatives 6f/68(x), 6f/5P(x), 5f/5@(x) all vanish 
if Eqs. (3)-(5) are satisfied. Thus, the derivatives of 
the right-hand side of Eq. (22) with respect to p and 8 
can be computed without taking account of the implicit 
dependence of 8(x), ®(x), @(x) on these variables. 
Thus, 


(v/a) = {Lav/891(06/ap)dx, (24) 


av/a8= | Cov/66(2)1(06/aB)dx. (25) 


Now 
i /56 (x) =901/(2e)*T { t8°(«) L120) J 


X exp(ixx)dx+}{ exp[o(x)+S8(x)+@6(x) ] 


where ®,[x,G(x)] is the functional derivative with 
respect to G(x) of the last group of terms in Eq. (23). 
By Eqs. (3) —(5), the right-hand side of Eq. (26) is 
simply 4[§(x)+1]=2[G(R)+1]. Since pdy/dp= 
(8/3) R(@V/dR) and dy/d8) =—V(R), we have 


p(a¥/ap) = 4(8¢") [ R(@V/AR)[G(R)+1WR (27) 


irreducible graphs 





and 
(0/ap)¥=—Set[V(R)EG(R)+1UR. (28) 


On using the well-known formulas relating the pair- 
distribution function to the pressure and internal energy 
of a fluid, these equations may be written 


p°(d/dp)¥= pe (29) 
p(0/d8)¥= —™ €ey (30) 


where p, is the excess pressure and e, the density of 
excess internal energy over that of a perfect gas.” 
Equations (29) and (30) identify ¥, as the excess free 
energy per particle. 


II. PHASE TRANSITIONS AND THE LOCUS OF 
SINGULARITIES 


We have presented reasons for suggesting that the 
vanishing of the denominator in Eq. (4) is associated 
with the liquid-vapor critical point. Since there are two 
independent variables p and 8 and only one relation 


1—pt(0, P, 8) =0, (31) 


the locus of singularities is, by a simple count of varia- 
bles and conditions, not a point but a line in the p, ¢ 
plane. Before we can give a picture of the behavior of 
the pair correlation function and the thermodynamic 
functions, we must give an interpretation to this locus 
and its relation to the liquid-vapor transition. 


2T. L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), pp. 189-190. 





CRITICAL POINT OF SIMPLE FLUID 


We suppose that the locus is, in fact, a line and that 
on this line T as a function of p has a single maximum 
(Fig. 1). For isotherms above this maximum, there are 
no roots of Eq. (31). For isotherms below the maximum 
there are no roots of Eq. (31). For isotherms below the 
maximum (BB in the figure), there are two roots 
while the isotherm corresponding to the maximum has 
a double root. In a PV plane, the locus of roots is 
supposed to have the form indicated in Fig. 2. The iso- 
therm CC and the isotherm BB must meet the locus 
horizontally because as we remarked before, the com- 
pressibility must be infinite on the locus. 

In the PV plane the locus of singularities looks very 
similar to the boundary between the two-phase and 
the single-phase region. They cannot be the same since 
the PV isotherms do not in general meet the curve 
horizontally. In actual fact, as a number of authors have 
pointed out, a theory such as the present, which does 
not take into account the volume dependence of the 
cluster integrals, does not show any remarkable be- 
havior near the boundary of the two-phase region.” 


Frc. 1. Locus of singular- T 
ities in the temperature- 
density plane. 








There is, however, a well-known thermodynamic 


construction, the so-called double-tangent construction 
by which the boundaries of the two-phase region may 
be determined from the Helmholtz free energy.” It is 
not unreasonable to suppose that a rigorous theory of 
the liquid-vapor phase transition would yield this 
construction. Figure 3 represents a plot of the Helm- 
holtz free energy against volume. The isotherm BB, 
BB, has a double tangent B’B’’. The slope of the iso- 
therm for these two points is the same. Moreover, we 
have 


p’=—(0A/aV)'=—(A"—A')/(V"—V!) =p" 


=—(0A/daV)”, 


where ~’, A’, V’, and p”, A”, V” are the pressure, 
Helmholtz free energy, and volume at the points B’ 
and B”, respectively, and 


A" +p" V"=A'+p'V’. (32) 


Thus, for B’ and B”, the temperature, pressure, and 
Gibbs free energy, are in equilibrium according to the 
usual rules of thermodynamics. 
As has been tacitly indicated in the figures, it is the 
opinion of the author that Eqs. (3)—(5) do not have a 
3 T. L. Hill, footnote reference 12, p. 413, e¢ seq. 


4 J. O. Hirschfelder, C. Curtiss, and R. Bird, footnote reference 
7, pp. 363-367. 








Frc. 2. Equation’of state. 


physically meaningful solution within the area bounded 
by the locus of singularities. As opposed to the Maxwell 
or equal-area construction,“ the double-tangent con- 
struction does not require information about the iso- 
therms from within this region. Thus, through Eq. 
(17) the Helmholtz free energy can be determined 
completely enough to define the boundary of the two- 
phase region (the line B’-B” in Figs. 2 and 3). We 
suppose that this boundary meets every isotherm below 
the critical isotherm in two points which approach 
each other as the isotherm approaches the critical 
isotherm. Since these two points have the same pressure 
but different volumes, it is natural to suppose that when 
they coincide at the critical isotherm, the derivative 
of the pressure with respect to volume is zero. In other 
words, the boundary of the two-phase region meets the 
critical isotherm in a point for which the compressi- 
bility is zero, i.e., which lies on the locus of singularities. 
We suppose therefore, that the boundary of the two- 
phase region surrounds the locus of singularities 
meeting it in a single point, the critical point. The 
figures have been drawn to agree with this supposition. 
From the point of view of the present theory, the criti- 
cal point is the point of maximum temperature on the 
locus of singularities. The remainder of the locus of 
singularities lies within the boundary of the two- 
phase region. 


III. SOLUTION OF THE APPROXIMATE EQUATIONS 
ON THE LOCUS OF SINGULARITIES 


It has not been possible to analyze the solution of 
the complete Eqs. (3)—(5) on the locus of singularities. 
Such an analysis has been made, however, of the 


Fic. 3. Double tan- a 
gent construction. 
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Fic. 4. Simplest 1-2 wider- 


2 — sense irreducible graph. 
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approximate system obtained by setting B(R)=0 in 
Eqs. (3) and (4). As we shall discuss more fully later, 
this solution cannot, adequately describe the behavior of 
thermodynamic and other experimental quantities 
near the critical point. Nevertheless, it may very well 
represent a significant part of the truth. Moreover, the 
analysis of the approximate equations will certainly 
suggest ways in which the complete equations can be 
attacked. For these reasons, we present this solution 
here. 

It is convenient to introduce the dimensionless 
variables which were used in Sec. II. In terms of these 
variables, Eqs. (3)—(5), become 


3(x) = expe(x)+8(x) +@(x)—S(x)—1 
8(x) =1°(«)/[1—t(«) J 


@(x)= (er, i Be ea | Tg (x ;;)d(3)++-d(n+2). 


n=2 


(33) 
(34) 


irreducible bridges 
(35) 
On setting @(x)=0 in Eqs. (3) and (4), we obtain 
the approximate equations with which we will work: 


3(x) = explo(x) +8(x) ]—S(x)—1 (36) 
8(x) =t?(«)/L1—t(«) J. (37) 


We attempt to determine the behavior of 3(x), $(x) 
for large values of x and of t(x), 8(«) for small values of 
x. Since @(x) is assumed to be short-ranged, it can be 
neglected for large x. Moreover, $(x) must be assumed 
to approach zero for large x so that for considerations 
of long-range behavior, the exponential may be ex- 
panded in a power series. Taking only the first non- 
vanishing term, Eq. (3) becomes 


5(x) = 38(x) (38) 


according to our assumption t(0)=1. So that if we 
write 


t(x) =1—7(k), (39) 


7(0)=0 and r(x) is small for small x. Neglecting r(x) 
and r?(x) in the numerator, we have for small « 


8(x) =1/r(x). (40) 

Consider now the well-known pair of Fourier transforms: 
8(x) =a/x* (41) 

8(x) =29°a/k. (42) 
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We investigate whether this pair can provide a 
solution of Eqs. (38) and (40) with an appropriate 
choice for a. Since t(x) and 3(x) are related as Fourier 
transforms 


t(«) = (4n/x) |” sinexd(2) de (43) 
Also, since (0) =1, we have 


1= 4x [2°9(x) dr. 


On subtracting Eq. (43) from Eq. (44), 


x sinkx 


r(x) =1—t(x) =12["(e- 


)s (x) dx, 


K 


r(x) = dex I (CS sede), (45) 


Now the first factor in the integral in Eq. (45) has a 
length scale which becomes larger and larger as x0, 
and the region where it is different from zero occupies a 
larger and larger portion of the positive real axis. On 
the other hand, the factor x“3(«) approaches a constant 
(4) a? for x larger than some fixed a». Thus for small x we 
may replace x“3(x) by 3a? for all x>0 making thereby a 
negligible error. We have therefore 

-x— sinx 


7(x) = i(4n) ate | - a da = beak. (46) 


On the other hand, by Eqs. (40) and (42), 
7(xk) =K/2ma. (47) 
Evidently, Eqs. (41) and (42) provide a solution with 
(48) 
7(k) =K/2n?, t(x) =1—(x/2m?*), 8(«) =2n?8/x (49) 
S(x) =(w4a2)-!, Sx) = (2e@Mxt)-, (50) 


Eqs. (49) give the behavior of t(x) and 8(«), for small 
x, Eq. (50), the behavior of 3(x) and $(x) for large x. 
For small x we may expect that $(x) and 3(x) deviate 
from Eqs. (50) and, in particular, have features deter- 
mined by ¢(x) for x corresponding to the range of 
intermolecular forces. Since G(x) =S(x)+3(x), the 
long-range behavior of G(x) is the same as that of 8(x). 
It may be remarked that while 3(x) has a zeroth mo- 
ment, it has no second or higher moments contrary 
to the assumption of the Ornstein-Zernicke theory. 


a=_qth 


IV. DISCUSSION 


In order to discuss the validity of the asymptotic 
solution, Eqs. (49) and (50), to Eqs. (36) and (37), 
we consider first the simplest term in B(R). This is 
given by the graph, Fig. 4. The integral associated 





CRITICAL POINT OF SIMPLE FLUID 


with this graph is 
By (Rx) 


=} [6(Rs)G(Ru)G(Ra)G( Ra) G(Rud(3)4(4). (51) 


We are interested in the asymptotic form of Eq. (51) 
when Ry is large, given the asymptotic form of G(R). 
Suppose first of all that the form of G(R) is such that 
the integral 


C= [6 (Re)G(Ru)G(Rua(3)a04), (52) 


where i= 1, 2, converges. Then the significant contribu- 
tions to Eq. (51) come from a configuration in which 
points 3 and 4 are both close to 1 or both close to 2. 
In the first case, G(Ris)G(Ru), and in the second, 
G(Rxs)G( Re) can be set equal to G?( Ri») and we have 


B,(R)~CG*(R). (53) 


If we expand the exponential in Eq. (3) and neglect 
¢(R), B?(R), and B(R) S(R), but not B(R), we have 


T(R) = B(R)+35°(R). (54) 


Since G(R)~S(R) for large R, under the hypothesis 
of the convergence of the integral in Eq. (52), we would 
have 

T(R) = (C+) S(R). (55) 
Our analysis of the singularity would go through the 
same way and result in an asymptotic form G(R)~ 
a/R? with, however, a new value for a. If G(R)~ 
aR, however, the integral, Eq. (52), does not con- 
verge for large R, but rather diverges logarithmically. 
An indication that this is so can be gotten by dimen- 
sional considerations since if all R’s are the same order 
of magnitude, the integrand is of order R~*, while the 
dimensions of volume element d(3)d(4) are R®. Integra- 
tion over all but one R gives an integral fdR/R. The 
upper limit in this integral is max(Ru, Rsi, Rai). 
If any one of these distances is large compared to Rip, 
we may no longer set R3;, Raj= Ry and the additional 
factors G(R3;)G(Raj) will make B,(R) converge. Thus 
we may expect 


B,(R)~R~ logR. (56) 


This is confirmed by a more rigorous analysis. 
Equation (56) shows that we have not been justified in 
neglecting-B(R) near the locus of singularities for large 
R, since the first correction to T7(R) is larger than the 
expression for T(R) given by Eq. (50). Nevertheless, 
the fact that our considerations have missed being 
correct by an integral which diverges only logarithmi- 
cally suggests that the correct asymptotic forms for the 
pair correlation function and its parts are not too differ- 
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ent from those given above. Eq. (56) suggests the forms: 
S(R) = Ro (R) 
T(R) = R“*r(R) 
B(R) = R“B(R) 


G(R)=R*Y(R), (57) 
where a, 7, 8, y are functions of order less than any posi- 
tive power and greater than any negative power of R. 

We may submit the above assumptions to a further 
test by considering the question: If functions G(R) of 
the form Eq. (57) are inserted into the various terms 
of B(R), do any terms larger than R-*8(R) result? It 
is, of course, not possible to analyze rigorously the vari- 
ous terms of B(R) especially since the form of 8(R) is 
not known. It is, however, possible to apply the naive 
dimensional considerations used to analyze B,(R). 
The most significant topological property of the 1, 2 
wider-sense irreducible graphs making up B(R) is 
the fact that the index®/(j) of every point 7 of the 
graph except points 1 and 2 must be at least 3. J(1), 
I(2) must be at least 2. The dimensional considerations 
used above suggest that the asymptotic order of magni- 
tude of the contribution of any graph to B(R) is 
R-*+%q(R) where / is the number of lines and 2+-k 
is the number of points of the graph, and a(R) is of 
order less than any positive and greater than any 
negative power. Since every line of the graph impinges 
on two points, we have 


7 j) =21. 
1 


If we replace every index J on the left by its smallest 
possible value we obtain 


4+3k< 2l, 


—21+3k £ —4. (58) 
Thus, according to this naive analysis, no term in B(R) 
is of order greater than a(R)R“, where a(R) is as 
before. The graphs which give the largest contribution 
are those for which the indices of points 1 and 2 are 
both 2 while those of all other points are 3. 

We may summarize the conclusions of the foregoing 
analysis in the following way: A very considerable 
doubt is cast on the validity of the Ornstein-Zernicke 
theory of critical opalescence, especially on the funda- 
mental assumption of short-rangedness of the so-called 
direct correlation function T(R). The probable long- 
range behavior of the direct correlation function is 
G(R)~R*y(R), of the direct correlation function, 
T(R)~R“r(R) when y(R) and 7r(R) are of order 
less than any positive and greater than any negative 
power of R, 


6 The index of a point of a graph is the number of lines incident 
upon it. 
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The complex electrophoretic patterns of BSA in 0.02M NaCl-HCl are due to reaction boundaries arising 
from a set of rapidly established isomerization equilibria and a slow, apparently irreversible reaction. The 
slow reaction is of only minor importance for electrophoresis in acetate buffer, although a second irreversible 
process occurs in this solvent at protein concentrations of 0.2% and lower. This latter reaction accounts for 
the bimodality of the patterns obtained at low field strength with 0.2% BSA in acetate buffer. Resolution 
of those peaks corresponding to the rapidly established isomerization equilibria is a consequence of changes 
in either ~H or conductance in the reaction boundary during nonideal electrophoresis. Equilibrium con- 
stants can, nevertheless, be computed from extrapolated values of the various electrophoretic mobilities 
without recourse to area measurements. Our observations suggest the following set of consecutive isomer- 
ization equilibria: 

N+nH*=F 
F+mH*=I 


where, as in the reaction scheme of Aoki and Foster, the F form of the protein has a larger electrophoretic 
mobility than the NV form, whereas that of the J form is intermediate between those of the N and F forms. 





INTRODUCTION 


OVINE serum albumin (BSA) undergoes two 

electrophoretically distinguishable types of reac- 
tion in acidic media.!? The first, !~? which is also shown 
by ovalbumin, bovine y-pseudoglobulin and oxidized 
ribonuclease, is observed only in the presence of acetate 
or other carboxylic acid buffers. The various peaks 
shown by the electrophoretic patterns obtained in these 
media constitute a reaction boundary which arises as a 
result of the reversible binding of undissociated buffer 
acid by the protein. The equilibrium constant for the 
binding of acetic acid by BSA has been evaluated from 
the various electrophoretic mobilities without recourse 
to area measurements.? Comparison of the equilibrium 
constants for the binding of several different buffer 
acids by ovalbumin suggests that binding occurs via 
formation of a single, heterologous hydrogen bond in 
which the acid acts as the proton donor. 

The second reaction is exhibited by BSA but not 
ovalbumin and involves hydrogen-ion mediated con- 
figurational changes. The superposition of this reaction 
on the electrophoretic pattern due to the interaction of 

* Supported in part by the National Institute of Allergy and 
Infectious Diseases of the National Institutes of Health, Public 
Health Service, and in part by the Damon Runyon Fund and the 


American Cancer Society. The author wishes to thank Stanley 
Fisher for his technical assistance. 
1J. R. Cann. J. Am. Chem. Soc. 80, 4263 (1958). 
2 J. R. Cann, J. Biol. Chem. ( to be published). 
(9s) A. Phelps and J. R. Cann, J. Am. Chem. Soc. 78, 3539 
6). 
3 R. Cann and R. A. Phelps, J. Am. Chem. Soc. 79, 4672 
1957). 
(ion A. Phelps and J. R. Cann, J. Am. Chem. Soc. 79, 4677 
957). 
: as J. R. Cann and R. A. Phelps, J. Am. Chem. Soc. 81, 4378 
959). 
7J. R. Cann, J. Phys. Chem. 63, 210 (1959). 


protein with undissociated carboxylic acid generally 
confers a fine structure upon the rising boundary of 
the latter reaction.?2* This second type of interaction 
was first described by Aoki and Foster" who found 
that the electrophoretic patterns of 0.2% BSA in 
0.02M NaCl-HCl show two (and sometimes three) 
peaks whose relative areas depend upon pH. They 
interpreted their observations in terms of a reversible, 
pH-dependent transformation (isomerization) of BSA 
between two states in which the protein molecule has 
different electrophoretic mobilities. Although their 
general picture of a strongly pH-dependent isomeriza- 
tion reaction is undoubtedly correct, the patterns 
possess certain curious features which would seem to 
complicate their quantitative interpretation and have 
prompted us to reinvestigate this reaction. 


EXPERIMENTAL 


The electrophoresis experiments were carried out in 
the standard 11cc Tiselius cell using the Spinco Model 
H electrophoresis-diffusion instrument. The BSA was 
Armour’s crystallized bovine plasma albumin, Lot No. 


8 The large bracket rin Figs.3 (a) and 6 designates the reaction 
boundary arising from the interaction of BSA with acetic acid. 
The brace ~— indicates the fine structure of the reaction boundary 
attributable to the isomerization reaction. The small bracket in 
Fig. 6 indicates fine structure arising from an irreversible mod- 
ification of BSA which occurs in acetate buffer at low protein 
concentrations. 

9K. Aoki and J. F. Foster, J. Am. Chem. Soc. 78, 3538 (1956). 

1 K, Aoki and J. F. Foster, J. Am. Chem. Soc. 79, 3385 (1957). 

1K, Aoki and J. F. Foster, J. Am. Chem. Soc. 79, 3393 (1957). 

2 J. F. Foster and K. Aoki, J. Phys. Chem. 61, 1369 (1957). 

13 J, F. Foster and K. Aoki, J. Am. Chem. Soc. 80, 1117 (1958). 

4 In two of our early papers‘ the term, “isomerization,” was 
used incorrectly to describe the interaction of serum albumin, 
ovalbumin, and y-pseudoglobulin with undissociated buffer acid. 
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PROTEIN 


T6820 UO1. For experiments in buffered systems, 
samples of protein were dissolved in buffer and then 
dialyzed vs buffer in the cold for 17 to 24 hr with one 
change of dialyzate. In the case of unbuffered systems, 
samples of protein in 0.02M NaCl were adjusted to the 
desired pH with HCl and then dialyzed in the cold 
vs 0.02M NaCl-HCI of the same pH with one change of 
dialyzate. In all Schlieren patterns shown in the figures, 
the apparent mobilities, 4, were positive. Values of 


10°Xp cm? sec™ v~ are given in many of the figures. 


RESULTS AND DISCUSSION 


Rates of Isomerization Reactions 


Previous experiments? in which 0.4% BSA in 0.02M 
NaCl-HCl was subjected to prolonged electrophoresis 
with back compensation indicate that at pH 4.0 the 
protein migrates as a reaction boundary in which the 
gradient does not become zero between any two peaks. 


pH 
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@nnee= 
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Fre. 1. Electrophoretic rhe of 0.2% BSA in 0.02M NaCl- 


HCl. Electric field strength, about 4 v cm™. 


STRUCTURE. VIII. 


9.03 0.06 











Fic. 2. Rising electrophoretic patterns in 0.02M NaCl-HCl: 
(a) 0.4% BSA at pH P80; (b), same as (a) after prolonged 
electrophoresis with back compensation, vertical arrow indicates 
the narrow region of the channel in which the gradient becomes 
zero; (c) fraction described in text, pH 3.79, protein concentration, 


0.11%; (d) 0.12% BSA, pH 3.80. Electric field strength, about 8 
vcm7. 


Although the electrophoretic patterns of 0.02% protein 
at various pH values, Fig. 1, are entirely consistent 
with this view, there is something curious about the 
slow-moving a peak shown by many of the patterns. It 
occurred to us that this peak might correspond to an 
unstable protein component which transforms slowly 
into faster-migrating components which, in turn, 
participate in rapidly established isomerization equilib- 
ria. This idea found support in the following observa- 
tions: (a) the relative area of the a peak in the rising 
pattern of 0.4% BSA at pH 3.8, Fig. 2(a), varies from 
experiment to experiment and ranges from 23 to 45% 
(average of 14 experiments, 34.4+5.8%); (b) On 
prolonged electrophoresis with back compensation at 
this pH, the gradient of protein concentration usually 
becomes zero in the region between the a peak and the 
faster-moving ones, Fig. 2(b). The significance of the 
latter observation was established by electrophoretic 
analysis of the material obtained by withdrawing from 
the Tiselius cell the protein disappearing across the 
broad multi-modal reaction boundary to the left of the 
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l'1G. 3. Rising electrophoretic patterns of 0.4% BSA at pH 3.80; 
(a) 0.02M acetate buffer; (b) 0.02 NaCl-HCl, protein dialyzed 
vs 0.02M acetate buffer, pH 3.80, prior to dialysis vs the solvent 
medium used for electrophoresis. Electric field strength, 12 and 8 
v cm~, respectively. Values of 10°Xy of peaks in (a): A peak, 
8.27; B peak, 8.74; C peak, 9.2. 


vertical arrow in Fig. 2(b). The pattern of this ma- 
terial, Fig. 2(c), does not show the @ peak. (In the 
control pattern, Fig. 2(d), the a peak is resolved into 
two peaks.) This result, while consistent with our 
postulate, could also be interpreted in terms of a true 
electrophoretic heterogeneity in which the protein is a 
mixture of stable components separable by electro- 
phoretic fractionation. However, this latter possibility 
was eliminated by the results of the following experi- 
ments which were based on the fundamental finding 
that, whereas the relative area of the a peak ranges from 
23 to 45% in 0.02M NaCl-HCl, pH 3.8, it is con- 
sistently only 8% in 0.02M acetate buffer of the same 
pH, Fig. 3(a) 2 

In the first set of experiments, a solution of BSA was 
dialyzed vs 0.02M NaCl-HCl before dialysis vs the 
0.02M acetate buffer which served as the solvent med- 
ium for electrophoresis. The resulting patterns were 
identical to that shown in Fig. 3(a) for BSA which had 
not been exposed to NaCl-HCl prior to electrophoresis 
in acetate buffer. In contrast, exposure of the protein 
to acetate buffer prior to electrophoresis in NaCl-HCl 
has a pronounced effect on the proportion of the @ peak. 
In one experiment, BSA was first dialyzed vs 0.02M 
acetate buffer; then vs 0.02M sodium acetate, pH 7.3; 
and finally vs 0.02M NaCl. The dialyzed protein solu- 
tion was then adjusted to pH 3.80 with HCl, dialyzed 
vs 0.02M NaCl-HCl of the same pH and subjected to 
electrophoresis. The resulting pattern, Fig. 3(b), shows 
only 12% of the a peak. The same results were obtained 
in experiments in which a solution of BSA, previously 
equilibrated vs 0.02M acetate buffer, was dialyzed 
directly vs many changes of the 0.02M NaCl-HCl used 
in electrophoresis. These experiments clearly demon- 
strate that the a peak corresponds to one or two un- 


stable protein components which transform, apparently 
irreversibly, into faster-moving components. In 0.02M 
NaCl-HCl, pH 3.80, the transformation reaction pro- 
ceeds rapidly to about 55 to 75% of completion after 
which it proceeds at a much slower rate, while in 
0.02M acetate buffer it proceeds rapidly to about 92% 
of completion. Despite the apparent irreversibility 
of the transformation it has no effect on the electro- 
phoretic behavior of the protein at neutral pH. Thus, 
the electrophoretic pattern and mobility of BSA ex- 
posed to acetate buffer at pH 3.8, prior to electropho- 
resis in 0.1 ionic strength phosphate buffer, pH 7, 
are the same within experimental error (0.02 mo- 
bility units) as those of BSA never exposed to low 
pH. One of the many possible interpretations of this 
observation is that the transformation reaction involves 
the shedding by the protein of small, unchanged 
molecules such as decanol. The binding of a neutral 
molecule by the protein could conceivably modify the 
ionization of its carboxyl groups thereby changing its 
electrophoretic mobility at moderately low pH values 
but not at neutral pH. 

There is convincing evidence®” indicating that 
those peaks in the rising patterns having apparent 
mobilities greater than that of the a peak arise as a 
result of rapidly established isomerization equilibria. 
This presents a vexing problem, since the theory of 
electrophoresis of isomerizing systems predicts that 
in the case of instantaneous establishment of equilib- 
rium, the electrophoretic patterns will show only a 
single peak. For slower reactions of the type, A=B, 
resolution of the patterns into two peaks should occur 
only for times of electrophoresis less than the half-time 
of the reactions. However, the theory assumes ideal 
electrophoresis in which gradients of pH and conduc- 
tance are not established across the peak. One would 
expect nonideal electrophoresis to yield multiple peaks 
even for rapidly established isomerization equilibria 
provided the reactions involve components of the sol- 
vent medium, e.g., hydrogen ions. As shown in Fig. 4, 
electrophoresis of BSA at low pH’s is actually nonideal. 
Thus, in 0.02M NaCl-HCl, the changes in pH across 
the various peaks may be as large as 0.6 pH unit. 
These changes are much larger than those predicted by 
the Dole theory” for electrophoresis of a mixture of 
stable protein components in the same solvent medium, 
and undoubtedly arise from the adjustment of pH- 
dependent isomerization equilibria in the boundary as a 
result of electrophoretic separation of the isomers. 
Although the pH does not change across the rapidly 


15 We repeated Aoki and Foster’s rate experiment” using 0.4% 
BSA rather than 0.2%, since at the lower concentration irreversi- 
ble alterations of the protein occur in acetate buffer (see text). 
Our result agrees with their conclusion that equilibrium is estab- 
— Sb rapidly to permit rate studies by the electrophoretic 
method. 

16 J. R. Cann, J. G. Kirkwood, and R. A. Brown, Arch. Biochem. 
Biophys. 72, 37 (1957). 

TV. P. Dole, J. Am. Chem. Soc. 67, 1119 (1945). 
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Frc. 4. Conductance, k, and pH at various levels in the rising channel of the Tiselius cell: (a), 0.4% BSA in 0.02M NaCl-HCl, (b) 


computed with aid of the Dole theory 


for a 1:1 mixture of two stable proteins with mobilities comparable to observed values, 0.4% 


pee in 0.02M NaCl-HC]; (c) 0. 4%, BSA in 0.02M acetate buffer. The very small, most rapidly moving boundary in B is a ‘“‘false”’ 
undary whose area is too small to permit its detection in practice. 


migrating peaks in 0.02M acetate buffer, the conduc- 
tance does change and in a sense opposite to that 
predicted by the Dole Theory. The latter is attributed 
to a shift in the equilibrium, HAc—Ac~+H?*, accom- 
panying hydrogen-ion mediated reactions which occur 
in the boundary at constant pH. It is understandable, 
therefore, that the pattern resolves into multiple 
peaks. If resolution is, in fact, due to nonideal electro- 
phoresis, then the areas of the various peaks should be 
strongly dependent upon protein concentration. The 
patterns presented in Fig. 5 show that this is actually 
the case.” This important observation points up the 
need to revise our thinking regarding the electrophoresis 
of isomerizing systems. The conclusion that resolution 
may result from nonideal electrophoresis of a system in 
rapidly established equilibrium revives the possibility 
that the isomerization reaction may be the same as the 
reaction discovered by Bro and Sturtevant.” On using 
microcalorimetry these workers found that BSA under- 


* These experiments were carried out in 0.1M acetate buffer 
in order to avoid complications arising from the reaction of the 
protein with acetic acid. Patterns obtained at low acetic acid 
concentrations are reaction boundaries arising from this reaction 
and may possess a fine structure due to the superimposed isomeri- 
zation reaction. At high acetic-acid concentrations, however, 
BSA exists almost entirely as protein-acid complexes so that the 
patterns are interpretable solely in terms of the isomerization 
reaction. * The increase in the relative area of the fast-moving, 
rising peak with increasing protein concentration is almost ident- 
ical with that predicted by the Dole theory for a 20-80 mixture 
of two stable proteins having mobilities of 3.18 10-* and 2.89 

10~* cm*sec™v-1, respectively. This does not invalidate our 
retation of the patterns in terms of reaction boundaries 
are expected to show modified Dole effects. 

(1988) Bro and J. M. Sturtevant, J. Am. Chem. Soc. 80, 1789 


inte 


goes a reversible transition in the pH range 4.5 to 3.5, 
characterized by half-time of about 2 min. It has pre- 
viously been difficult to visualize how such a rapid 
reaction could cause resolution of the electrophoretic 
patterns.” 


Effect of Field Strength 


The electrophoretic behavior of an _ isomerizing 
system might depend upon the electric field strength. 
In particular, the Schlieren pattern obtained at a 
sufficiently low field strength might show only a single 
peak, if for no other reason than the merging of several 
peaks because of diffusion. In 0.02M acetate buffer, 
where the slow transformation reaction described above 
is of minor importance,” a single peak is obtained at 
low field strength when the protein concentration is 
0.4%, Fig. 6(b), but not when it is 0.2%, Fig. 6(c). As 
first observed by Aoki and Foster," two peaks are ob- 
tained at th at the lower protein concentration. These peaks 


2 ( AOE F. Foster, Compt. rend. trav. lab. Carlsberg, Sér. 
chim. 31, 351 (1960) ; (b) Foster has pr da mechanism of 
protein isomerization capable of providing for a rapid approach to 
equilibrium upon changing pH even though interconversion of 
equilibrium species may be very slow during their electrophoretic 

ration. However, it is difficult to reconcile his mechanism 
with our observations. Thus, for example, the changes in pH 
or conductance which occur in the Tiselius cell indicate that the 
various isomeric forms of BSA do, in fact, interconvert during 
electrophoresis. 

*t Two well defined were obtained on electrophoresis of 
0.4% BSA in 0.02M NaCl-HCl, pH 4.0, at a field strength of 1 
v cm™. Unpublished experiments of the author show that the 
failure to give a single peak at this low field strength is attributa- 
ble, in large part at least, to the slow transformation reaction 
} a iy" a major role in the electrophoresis of BSA in 0.02M 

a 
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Frc. 5. Electrophoretic patterns of BSA 
in 0.1M acetate buffer, pH 4.10. Field 
strength, about 3 v cm™’. 
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are indicated by a small bracket rather than by a brace® 
in order to emphasize that they arise not as a result 
of isomerization but rather from an irreversible modifi- 
cation of the protein which occurs in acetate buffer at 
low but not high protein concentrations. The validity 
of this latter assertion has been demonstrated by experi- 
ments based on the finding that the proportion of the 
faster moving of the two peaks approximately doubles 
when the 0.2% protein solution is aged for 48 hr at 
3°C before electrophoresis at low field strength. Two 
solutions of BSA in acetate buffer, one at a protein 
concentration of 0.2% and the other at 0.1%, were 
aged for 48 hr at 3°C before dialysis vs water followed by 
lyophilization. These materials were then subjected to 
low field strength electrophoresis in acetate buffer, 
~H 4.0, at a protein concentration of 0.4%. The result- 
ing patterns, Figs. 6(d) and 6(e), show two major 
peaks (indicated by small bracket) which is in sharp 
contrast to the single peak obtained with BSA which 
had not been aged in acetate buffer at low protein con- 
centration [Fig. 6(b)]. Furthermore, the pattern of 
the material aged at 0.1% protein concentration is 
more complex than that of the material aged at 0.2%. 
(A greater proportion of the faster moving peak was 
obtained when the 0.2% solution of aged protein was 
dialyzed vs phosphate buffer at pH 7 before dialysis vs 
water and lyophilization.) Ageing not only modifies the 
electrophoretic behavior of the protein at low pH but 
also at pH 7. Thus, while protein aged at a concentra- 
tion of 0.2% still showed a single peak at pH 7, its 
mobility was about 4% greater than that of BSA never 
exposed to low pH (mobility difference of 0.23--0.05 
units). Clearly, BSA undergoes irreversible modifica- 
tion when exposed at sufficiently low concentrations 


Descending 
—) 


to acetate buffer of pH 4. The modification reaction 
involves subtie structural changes as evidenced by the 
fact, that, whereas it has a profound effect on electro- 
phoretic behavior, it does not affect the sedimentation 
behavior of the protein significantly as determined by 
ultracentrifugation at pH 4. The curious concentration 
dependence of the reaction and the fact that in 0.2% 
protein, an increase in both the mean positive electro- 
phoretic mobility at pH 4 and in the negative mobility 
at pH 7 occurs suggest the following possibilities: a 
reaction of the protein with some trace contaminant 
of the solvent; a reaction which is inhibited at high 
protein concentrations by a contaminant whose con- 
centration is insufficient to inhibit effectively at low 
protein concentration; or a configurational alteration 
which is inhibited by high protein concentration per se, 
ie., a protective colloid phenomenon, rather than 
simply a slow desorption of small bound ions. 

It must be emphasized that the foregoing findings in 
no way invalidate our previous experiments on the 


‘ interaction of BSA with acetic acid which were carried 


out at protein concentrations of 0.4 to 1% nor do they 
invalidate the experiments of Aoki and Foster on the 
isomerization of 0.2% BSA in 0.02M NaCl-HCl. 
These workers have shown that the protein does not 
undergo irreversible changes under the latter condi- 
tions.” 


Nature of Isomerization Equilibria 


Aoki and Foster” have interpreted their findings in 
terms of the isomerization equilibrium, N-+3Ht=F, 
where the F form of the protein has a larger electro- 
phoretic mobility than the V form. In order to account 
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for our observations it becomes necessary to modify 
their reaction scheme. Let us consider, for example, 
the change in pH which one would expect to occur in 
the rising channel of the Tiselius cell during electro- 
phoresis in NaCl-HC] of an isomerizing system of the 
type postulated by Aoki and Foster. On application of 
the electric field the F form would migrate out of the 
original equilibrium mixture into fresh solvent. In order 
to reestablish equilibrium some of the F form would 
immediately be converted into NV form with liberation 
of hydrogen ions, thereby lowering the pH beneath 
the leading edge of the reaction boundary. Actually, 
however, the observed pH change across the front of the 
boundary is in the opposite direction which suggests a 
set of consecutive isomerization equilibria such as 


N+nHt=F 


F+mHt=—I, (1) 
where, as in Aoki and Foster’s scheme, the F form has a 
larger electrophoretic mobility than the NV form; but 
the J form is postulated to have a mobility intermediate 
between those of the N and F forms. (The three forms 
are assumed to differ in both net charge and frictional 
coefficient.) Now, when the electric field is applied the 
F form migrates out of the original equilibrium mixture 
into fresh solvent where, in order to reestablish equilib- 
rium, it is necessary not only for some of the F form to 
convert into the NV form with the liberation of hydrogen 
ions, but also for other F macroions to react with 
hydrogen ions to yield the J form. When macroions of 
the J form, in turn, migrate out of the original solution 
into the overlying, freshly generated equilibrium mix- 
ture, reequilibration occurs once again with further 
change in hydrogen ion concentration. Consequently, 
the reaction boundary might show three peaks with a 
gradient of pH across each. Depending upon the values 
of m, m and the equilibrium constants, the net result 
could very well be the generation of a solution in the 
boundary having an average pH greater than that of 
the overlying solvent as in Fig. 4(a). Similar reasoning 
leads one to conclude that electrophoresis in a buffered 
solvent could generate a solution in the boundary having 
an average conductance greater than that of the overly- 
ing solvent, Fig. 4(c). (A hydrogen-ion mediated 
reaction occurring at constant pH would shift the 
equilibrium, HAc—Ac~+H*, in the forward direction 
thereby increasing the acetate ion concentration and, 
consequently, the conductivity of the solution.) 
Reaction scheme (1) is consistent not only with 
observed pH and conductance changes and multiplicity 
. of peaks in the reaction boundary, but also with varia- 
tion in the areas of the peaks with variation in the pH 
of the solvent medium. Superficial examination of Figs. 
1, 3(a), and 6(a) suggests that a peak of intermediate 
mobility grows at the expense of faster- and slower- 
moving ones when the fH is lowered from a value of 
about 4.1 to about 3.7. To confirm this notion, the 
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Fic. 6. Rising electrophoretic patterns of BSA in 0.02M acetate 
buffer, pH 3.97; (a) 0.4% protein at a field strength of 12 v cm; 
(b), 0.4% protein, field strength of 0.9 v cm; (c) 0.2% protein, 
field strength of 0.90 v. cm™; (d) 0.4% protein at 0.87 v cm™, 
material re for 48 hr in acetate buffer at a protein concentra- 
tion of 0.2% prior to electrophoresis at the higher concentration 
(see text for details); (e) 0.4% protein at 0.87 v cm=, material 
aged for 48 hr in acetate buffer at a protein concentration of 
0.1% prior to electrophoresis at the higher concentration (see 
text for details). Times of electrophoresis: (a), 125 min.; (b), 
1507 min.; (c) 1709 min.; (d) 1521 min.; (e) 1507 min. Values of 
be _—— in (a): A peak, 6.61; B peak, 6.85; C peak, 7.4; 


various peaks shown by 0.4% protein in 0.02M acetate 
buffer, pH 4.1 to 3.8, were arbitrarily designed in order 
of increasing apparent mobility as (a), (b), (c), and 
(d), Figs. 3(a) and 6(a), and their apparent mobilities 
plotted vs pH.” Each peak gave a typical mobility- 
~H curve about which the data scattered with a sur- 
prisingly small standard deviation, 2 to 3%, consider- 
ing the small pH range involved and the large slope 
of the mobility-pH curves (average value of about 9 


® The patterns obtained at pH 3.97 and 3.80 were extremely 


reproducible. At intermediate pH values the B and C peaks were 
sometimes well resolved while in other experiments they were 
poorly resolved. This is not surprising considering the narrow pH 
range involved. 
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to 14 mobility units per pH unit). This justifies our 
designation of the peaks and permits the conclusion 
that the intermediate B peak grows at the expanse of all 
other peaks when the pH is lowered from a value of 
4 to 3.8. Such behavior is predicted by our reaction 
scheme which requires that, for sufficiently large 
changes in pH, the equilibrium concentration of the J 
form increases at the expense of both the NV and F 
forms. [Reaction scheme (1) is still an oversimplifica- 
tion since there would appear to be at least two iso- 
meric forms whose mobilities are intermediate between 
those of the N and F forms. ] 

Finally, we turn to the quantitative interpretation 
of the electrophoretic patterns in terms of isomeriza- 
tion equilibrium constants. Aoki and Foster have 
computed equilibrium constants from the relative 
areas of the peaks, but the patterns shown in Fig. 5 
indicate that great caution must be exercised in treat- 
ing the data in this manner. However, equilibrium 
constants can conceivably be computed from mobility 
data without recourse to area measurements. For 
purposes of illustration let us interpret the patterns 
shown in Fig. 5 in terms of the two-component equilib- 
rium, 

N+(n+m)H*=I. (2) 
It will be assumed that the slow-moving peak in all 
three patterns corresponds to the NV form and the fast- 
moving peak shown by 1 and 2% protein to the J form. 
From the mathematical definitions* of the constituent 
mobility and constituent concentration of the protein 
in the dialyzed solutions used for electrophoresis, the 
following expression can be derived for the equilibrium 


**E. B. Dismukes and R. A. Alberty, J. Am. Chem. Soc. 76, 
191 (1954). 


JOHN R. CANN 


constant, K, of reaction (2): 


K=[1/(H*)**"]-[(un—@p) / (@e—ur) J= K’/(H*)"**, 

: (3) 
where uy and yy are the mobilities of the V and J forms, 
respectively, and fp, the constituent mobility of the 
protein. Since the mobility of the descending boundary 
is the same at 0.4% as at 1% protein concentration, 
its value 3.08 10-* cm? sec—! v—!, was taken as fp. The 
values of wy and yy, 2.89X10-° and 3.18X10-, re- 
spectively, were obtained by extrapolating the apparent 
rising mobilities to infinite dilution of the protein.™ 
The computed value, 1.9, of K’ should be compared with 
values obtained from area measurements: 1.4 at 2% 
protein; 0.96 at 1% protein; 0.3 or 0.1 at 0.4% protein 
depending upon whether or not the composite area of 
the two fast peaks is taken as the relative concentration 
of the J form. Clearly, values oi the equilibrium con- 
stants computed from pattern areas at low protein 
concentrations may be in error by as much as an order 
of magnitude. The disagreement between the values 
obtained from area measurements at different protein 
concentrations arises from the nonideality of the 
electrophoretic process. On the other hand, the value 
computed from mobility data is subject to the uncer- 
tainty as to whether the mobilities of the peaks in 
the reaction boundaries can be identified with the 
mobilities of the various isomeric forms of the protein.” 
Another complication is that the extrapolated mean 
mobility of the rising pattern is not the same as the 
mean descending mobility. 


* An epnaewenecely linear extrapolation was obtained by plot- 


ting the reciprocal of the Sc eer mobility of the slow-moving 
peak vs the square root of the protein concentration. The same 
relationship was assumed for extrapolation of the apparent 
mobilities Of the fast oa shown by 1 and 2% protein. 

% G. A. Gilbert and R. C. LI. Jenkins, Proc. Royal Soc. (Lon- 
don) A253, 420 (1959). 
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The statistical mechanical theory of the concentration dependence of the pair correlation function pro- 
vides a delicate test of the superposition approximation in the liquid phase. The numerical assessment is 
carried out directly with use of the experimental x-ray scattering function for liquid argon. It is found that 
the utilization of superposition in the theoretical expression produces too high a concentration dependence 
of the first coordination sphere of the radial distribution function. Although the superposition approxima- 
tion fails for integrals possessing a pure density fluctuation origin, it becomes progressively more useful in 
applications in which the superposition error is damped by short-range force contributions. 





I. 


E pair correlation function of the theory of homo- 
geneous liquids varies with the distance between 
the pair and also depends on the thermodynamic 
variables characterizing the state of the fluid. It is the 
purpose of this paper to study the concentration de- 
pendence of the pair correlation function. This examina- 
tion leads in a natural way to a delicate assessment of 
the validity of the Kirkwood superposition approxima- 
tion' in the condensed liquid phase. It will be seen 
subsequently that the structure of the basic equation 
provides this test of the approximation by the direct 
use of experimental x-ray scattering data rather than 
the utilization of approximate theoretical distribution 
functions. The motivation for the present investigations 
arose from our previous general statistical mechanical 
formulation of the thermodynamic functions en- 
countered in solution théory.? This theory was based on 
generalized fluctuation theory in the grand ensemble, 
or, alternatively, on the use of the expressions for the 
chemical potential and temperature derivatives of 
the number densities of open systems. It was observed 
that, for one-component systems, the formula for 
(0E/8V)rn, sometimes designated as the internal 
pressure, was relatively simple. Although the present 
investigation is concerned with the detailed numerical 
assessment of this formula, the conclusions as to the 
applicability of the superposition approximation were 
already briefly summarized in our earlier paper. 

The starting point for the desired concentration 
dependence of the correlation functions is provided b 
the chemical potential derivative of the distribution 
function p™. p™ (1, +++; T, Bu) is the generic number 
density of sets of m molecules located at the points 
R,, «++, R,, at absolute temperature JT and chemical 
potential u. 8=1/k7T, where k is the Boltzmann con- 


* Present Address: Department of Physics, Cornell University, 
Ithaca, New York. 


1 J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935). 
*F. P. Buff and R. Brout, J. Chem. Phys. 23, 458 (1955). 


stant. With the use of grand ensemble theory, the 
following integral equation was obtained by one of us.’ 


[op (1, +++) /08u r.1,...» 
=np™(1, + -n)+ [orna, -+n-+1) 


—p™(1, ++ +0)p(m+1) Jd. (1) 


It is of interest to remark that this simple recursion 
formula retains its validity in the quantum case. We 
also observe that, in investigations of homogeneous 
fluids, p™ reduces to the uniform concentration ¢ and 
that it is thus convenient to introduce » tuplet correla- 
tion functions g™(1, +++"; T, Bu) by the relation 
p™(1, +++; T, Bu) =crg™(1, ---m; T, Bu). Since we 
shall only be concerned with the pair correlation 
function g®, it is sufficient to examine the implications 
of Eq. (1) for m=1 and 2. In the former case, for 
homogeneous fluids, Eq. (1) simply reduces to 


(8c/a8uyr=ct+e[(g—1)dm. (2) 


The left-hand side may be simplified by an elementary. 
thermodynamic identity so that Eq. (2) leads to the 
well-known expression‘ for the coefficient of isothermal 
compressibility «, 


dte~ iene i (22 —1) dos, (3) 


In the second case it is convenient to combine the 
expression for n= 1 and 2 in the following form: 


‘ eer ee 
OBy T 





= f {€5%(128) /o(12)]-[> (13) /o® (1) ] 


—[o® (23) /p (2) }4+-p® (3) Jars. 


3F. P. Buff, J.'Chem. Phys. 23, 419 (1955). 
4J. Yvon, Actualités scientifiques et industrielles (Hermann 
& Cie, Paris, France, 1937), p. 40. 
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Frc. 1. Concentration derivative of log g®(x). Solid line, 
theoretical calculation with superposition and «=2X10~ atm=. 
Dotted line, hard-sphere calculation with A=27.4. Both at 
91.8°K and 2 atm. 


Upon introducing correlation functions and using 
Eqs. (2) and (3), the required formula for the concen- 
tration dependence of g is obtained 


[@ logge ( Riz) /Oc jr 


= (ch) fg (Re) =1T.g (Ra) =1}m 





3 12, 413, R 
| f ee 2) _ 9) Ru) ¢°(Re) ho} 


Ra= |Ri—R;|. (5) 


We now turn to two applications of this expression, 
the calculation of (@E/8V)r,n and of the pressure 
dependence of x, (0x/0p)7. We consider a classical 
fluid with pairwise spherically symmetric potential of 
intermolecular force. Its energy EF, per molecule, is 
given by the familiar relation 


E= B*(T) +4 f V(Ru)g®(Ru)dow (6) 
V(R) is the potential of intermolecular force between 
two isolated molecules separated by the distance R, 
and £*(T) is the energy per molecule of an ideal gas. 
Differentiation of Eq. (6) and use of Eq. (5) directly 
yields the statistical mechanical expression for 
(0E/8V) rn, 


(08E/8V)rn=—C(0E/dc)r=cEvp*+A, (7) 


where 
=— 40 [V(Ru)g® (Ru) [0 logg® (Ru) /AcTedn (8) 


Eyap* is the energy of vaporization per molecule of 
liquid into an ideal gas and A, by Eq. (5), is the exact 
correction to the van der Waals estimate, cEys)*. Here 
it is of interest to recall that Hildebrand,’ in his study 
of regular solutions, has shown that, for representative 


‘J. H. Hildebrand and R. L. Scott, The Solubility of Non- 
Electrolytes (Reinhold Publishing Corporation, New York, 
1950), 3rd ed. 


simple liquids, the estimate cEyap* for (@E/8V)7.n is 
usually within 10% of experimental results. 

The calculation of (8«/dp)r, or equivalently, the 
thermodynamic evaluation of the analog of the third 
virial coefficient in the liquid phase, follows from the 
differentiation of Eq. (3) and use of Eq. (5). The result 
may be exhibited in the following form 


Teuperpost J = —1+-3ckTx— (chT x)*+ (ckT)*(dx/dp)r, 
(9) 


where 
Impenn = f [Ce (Rie) — 11g (Res) 1] 

X[g (Ris) — 1 Jdvados 
s=e f [Ce (Ru, Roy Ro) 


—g (Riz) g (Ris) g (Ras) Jdvadrs. 


Further applications to problems such as the alternative 
formula® for x and the high-temperature quantum cor- 
rections to the equation of state will not be considered. 


I. 


The utilization of Eq. (5) illustrates a familiar 
difficulty in the theory of liquids. As in Kirkwood’s! 
pioneering coupling parameter integral equation and 
that of Born and Green,’ it involves both the pair and 
triplet correlation functions. These two sequences of 
integral equations are conventionally terminated 
by the use of the Kirkwood! superposition approxima- 
tion g® (123) =g( Ris) g ( Res) g® (Ris). Although this 
approximation possesses no @ priori justification, it 
leads to equations which can be solved by numerical 
means. It is known that, for imperfect gases, it leads to 
errors beginning with the fourth virial coefficient.* 
The magnitude of this error depends on, which other- 
wise rigorous, basic formula is used in the calculation of 
the equation of state. In the case of solutions of strong 
electrolytes, by charge expansions® or diagram sum- 
mation techniques,” it can be shown to be exact for 
the linearized term which leads to the Debye-Hiickel 
limiting law. In the most important case of the liquid 
phase, the evidence for its applicability is not readily 
available. The simple form of Eq. (5) does, however, 
provide a direct delicate test for the range of applica- 
bility of the superposition approximation in the liquid 
state. With use of superposition, the substitution of 
Eq. (5) into Eqs. (8) and (9) leads to a triangular 


6 Footnote reference 2, Eq. (63). 

7™M. Born and H. S. Green, Proc. Roy. Soc. (London) A188, 
10 (1946). 

8 See, for example, B. R. A. Nijboer and L. Van Hove, Phys. 
Rev. 85, 777 (1952). 

9j. - Kirkwood and J. C. Poirier, J. Phys. Chem. 58, 591 
(1954). 

# See, for example, F. P. Buff and F. H. Stillinger, Jr., J. Chem. 
Phys. 25, 312 (1956). 
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diagram which can be readily evaluated by the Fourier 
transform technique. 


off Hy( Rw) He( Res) Hs( Ris) dvydrdv; = 
'O 3 
(2n?)- I []hs(s)s* ds; 


bande j “(sinsR/sR)H,(R) RR. (10) 


It is, however, more instructive to employ this tech- 
nique also for the direct evaluation of (0 logg®/dc)r. 
With use of superposition, it reduces to the form 


[a logg®(R) /ac p= (2th Tx)! i “Tsi(s) 


X(sinsR/sR)ds, (11) 


where 


i(s)=4nc| R%g®(R)—1](sinsR/sR)dR. (12) 


Since liquid argon satisfies the assumptions inherent 
in Eq. (6), the calculations to be discussed will refer 
to this substance at 91.8°K and 2 atm. The function 
i(s) appearing in Eq. (11) is directly available from 
the careful x-ray scattering investigation of Eisenstein 
and Gingrich" on liquid argon in the thermodynamic 
region of interest. We note that Eq. (12) in conjunc- 
tion with Eq. (3) leads to the relation 


4(0) =—1+ckT«. (13) 


In the experimentally difficult region of low angle 
scattering, an extrapolation of the Eisenstein-Gingrich 


data to zero scattering angle led to a value of x equal - 


to 2 to 3X10~ atm, which is to be compared with the 
thermodynamic value of x=2X10~ atm, obtained 
from an extrapolation of Bridgman’s melting point 
data." This agreement is to be contrasted with the 
direct computation of i(0) from theoretical values 
of g® only. This approach implies the value 7.67 X 10-* 
atm for x, which is too high by a factor of 35. 

On the basis of these considerations, the evaluation of 
the integral in Eq. (11) has been carried out with the 
use of the Ejisenstein-Gingrich data.“ The computa- 
tions were carried out with the help of IBM equipment 
making use of the National Bureau of Standards 
punched cards for sinsR/sR. The solid line of Fig. 1 
summarizes the results of this calculation on a reduced 
basis. 


1 A, Eisenstein and N. S. Gingrich, Phys. Rev. 62, 261 (1942). 

2 P. W. Bridgman, Trans. Am. Acad. 70, 1 (1935). 

3R. W. Zwanzig, J. G. Kirkwood, K. F. Stripp, and I. Oppen- 
heim, J. Chem. Phys. 21, 1268 (1953). 

™ We are indebted to Professor Gingrich for supplying us with 
the original experimental data. 


Taste I. 





gi” (Ex) ; 


g™z.c. gi (x) = 1,023 





A superpos (atm) 1680 1910 1870 


Aexp= (8E/80) 7, —CE vay = (2130+ 100) —1930= 200 
+100 atm 





In addition to (@ logg®/dc)7, the evaluation of the 
integral in Eq. (8) requires knowledge of the radial 
distribution function g®. As the Eisenstein-Gingrich 
radial distribution function gz.q.™ is not as reliable as 
its experimentally determined Fourier transform i(s), 
we have tested the sensitivity of the integral in Eq. 
(8) by also employing Kirkwood’s theoretical distri- 
bution function g,®(A=27.4)." For the potential of 
intermolecular force, we use the Lennard-Jones form 


V(R) =4¢[(1/x")—(1/x4)]; x= R/a, (14) 


where® 
e= 1.653X10- erg, 


a=3.405X 10-* cm. 


In order to compensate partially for the arbitrary form 
of the potential, Eq. (14), and the approximate nature 
of gi: (x), we have also employed the function g, (x), 
where the scale parameter has been adjusted so as to 
give the correct value for Evap*, i.e., is determined 
from the equation 

Eyap* = — 2xa*c f V (x) gr (Ex) x? dx. (15) 

0 

Table I summarizes the results of the calculation of 
Eqs. (5) and (8), subject to the superposition approxi- 
mation, for liquid argon at 91.8°K and 2 atm. The 
theoretical value of the quantity 


Asuperpos = (0 £/3V) 1,w*8PerPos— CE vap* 


is thus found to be quite insensitive to the choice of the 
radial distribution. In view of this observation and the 
carefully determined Eisenstein-Gingrich data, we 
feel that our numerical estimate 'of Asuperpos is reliable. 
At this thermodynamic condition, the somewhat 
uncertain value Acxp=200+100 atm applies. It is 
obtained from the relation (@E/dV)7r,.n=(Ta/x)—p?, 
with coefficient of thermal expansion’® a=4.65 10° 
deg and «=2X10~ atm“, and the experimental 
value of 1930 atm for cEyp)*.""8 The discrepancy 
between theory and experiment must be ascribed to the 


A. Michels, H. Wijker, and H. Wijker, Physica 15, 627 
(1949). 

6 FE. C. C. Baly and F. G. Donnan, Trans. Chem. Soc. 81, 907 
(1902). . § Sie. 

17 A, Frank and K. Clusius, Z. physik Chem. (Leipzig) B42, 
395 (1939). : 

18. Mathias, H. K. Onnes, and C. A. Crommelin, Comm. 
Kamerlingh Onnes Lab. Univ. Leiden 12, No. 131a (1912). 
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Tasre II. 








gi™ (Ex) ; 


Shs.” (Ex) ; 
gr (x) 'F &=1.023 — gnis. (x) &=1,012 





An.s.(atm) 470 460 390 370 








failure of the superposition approximation. The large 
value of Asuperpos arises from the fact that superposition 
induces too large a concentration dependence on g, 
the effect of which is primarily restricted to the first 
peak in this calculation. 

We now turn to a more favorable illustration of the 
superposition approximation. We contrast the preceding 
calculation with the available concentration dependence 
of theoretical distribution functions, the determination 
of which entails the use of superposition in integrals 
which are damped by the potential of intermolecular 
force. In the thermodynamic region of interest we have 
had to resort to the gn.s.~ calculated on the basis of a 
hard-sphere interaction.” The dotted curve in Fig. 1 
summarizes (0 loggn.”/dc)r on a reduced basis, 
obtained by interpolation from the available tabula- 
tions of the theoretically calculated gy... The corre- 
sponding Ay, s. is defined by the relation 


An.s.= —2ra’e i V (x) g (x) (0 loggn s./Ac) rx*dx. 
0 


(16) 


For g® we have employed gz (A= 27.4) and, for the 
sake of completeness, gn.».” (A=27.4); we have also 
employed scale parameters to give agreement with the 
experimental F,,,)* again using for our interaction 
potential the Lennard-Jones form, Eq. (14), for both 
gx and gy».”. The results of this calculation for 
liquid argon at 91.8°K and 2 atm are shown in Table 


II. These values compare much more favorably with . 


1” J. G. Kirkwood, E. K. Mann, and B. J. Alder, J. Chem. Phys. 
18, 1040 (1950). 

2 J. G. Kirkwood, V. A. Levinson, and B. J. Alder, J. Chem, 
Phys. 20, 929 (1952). 


Aexp. It is to be expected that the use of distribution 
functions, determined by the utilization of super- 
position in integrals damped by the interaction poten- 
tial, would improve the agreement between theory and 
experiment. However, the necessary use of gy». to 
obtain the concentration dependence of the radial 
distribution function casts some doubt on the precision 
of the resulting numerical values. 

As a final application of Eq. (5), we consider the 
numerical evaluation of Eq. (9). When the superposi- 
tion approximation is employed, J=0. The remaining 
integral Isuperpos may be entirely evaluated with use of 
Eq. (10) and the Eisenstein-Gingrich i(s). By this 
procedure it is found that Jsuperpoe=0.33. This is to 
be contrasted with the thermodynamic right-hand side 
of Eq. (9). With the estimate” (0«/dp)r=—6X 10-* 
atm™, it possesses the value —0.85, which differs in 
sign with Jsuperpos- 

These tests of the superposition approximation which 
are carried out with reliable experimental input for the 
sensitive part of the calculation lead to the following 
conclusions. The usefulness of Kirkwood’s suggestion 
depends on the application that is desired. It fails in 
connection with integrals having the pure density 
fluctuation origin of the generalized virial coefficients 
of the liquid phase. It appears more favorable in those 
cases in which, either through its original mode of 
computation or in its final application, the error is 
damped by the presence of contributions arising from 
short-range intermolecular forces. It becomes a particu- 
larly powerful tool in the recent exact analysis” of 
solution theories involving small perturbations from 
ideality. Here a triangular diagram is encountered, two 
sides of which possess short-range character only. The 
results of a calculation based on superposition confirm 
the successful Prigogine*—Scott™ two-fluid model. 


21 P. W. Bridgman, Trans. Am. Acad. 49, 1 (1913). 
@¥F. P. Buff and F. M. Schindler, J. Chem. Phys. 29, 1075 


(1958). 
31. Prigogine, The Molecular Theory of Solutions (Interscience 
Publishers, Inc., New York, 1957). 


*R. L. Scott, J. Chem. Phys. 25, 193 (1956). 
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The problem of inventing irreversible equations which in some sense approximate the Liouville equation 
is examined. First a class of solutions of the Liouville equation is defined which have the property of weak 
convergence to equilibrium. A modified Liouville equation is then constructed which is inherently irreversible 
and whose solutions constitute an asymptotic approximation to the Liouville equation for those systems 
which decay to equilibrium. The approximation involves replacing the force term in the Liouville equation 
by an operator involving the prehistory of the system for a small but finite time. It is found that solutions 
of this modified equation exist only for time-smoothed distribution functions, and that the smoothing inter- 
val must increase slowly with time. This smoothing procedure is essentially the repeated time-smoothing 


method of Kirkwood. 





I. INTRODUCTION 


HILE the motion of an assemblage of classical 

point particles with prescribed interactions is 
completely specified by the equations of Hamiltonian 
dynamics, actual solution of these equations is quite 
impractical for all but the simplest systems. Since one 
is never interested in the extremely detailed description 
provided by particle dynamics it is reasonable to seek 
some more tractable approximate equations of motion 
at the expense of losing some information. The process 
of throwing away information changes the character of 
the solutions from multiply periodic reversible motions 
to an irreversible motion. The most familiar examples of 
such irreversible equations (we will call them transport 
equations) are the Boltzmann and Fokker-Planck 
equations. While these statistical descriptions of the 
motion have proven to be of great utility, the formal 
structure of these equations is so different from classical 
dynamics, particularly with regard to irreversibility, 
that the relation between them has long been obscure. 
In recent years, mainly through the work of Kirkwood,’ 
Bogoliubov,? Prigogine,? and others‘? considerable 
progress has been made in clarifying this question. It is 
now possible to provide a mathematical formulation of 
the underlying physical features of the very many body 
problem and more or less deductively arrive at an 
irreversible equation of motion as an approximation to 
classical dynamics. 

The several studies referred to proceed by developing 
various approximate methods of integrating the Liou- 
ville equation (based either upon power series expan- 
sions or upon the BBGKY scheme) and then showing 

1 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946) ; 15, 72 (1947). 

*N. N. Bogoliubov, J. Phys. (U.S.S.R) 10, 265 (1956), and 


-“Problems of a dynamical theory in statistical physics,” trans- 
lated by E. K. Gora, ASTIA Document No. AD-313317, 


3]. Prigogine and F. Henin, she ag 23, 345 (1957), and I. 
, 


Prigogine and R. Balescu, Physica 25, 281, 302 (1959). 

*R. Brout, Physica 22, 509 (1956). 

5M. S. Green, J. Chem. Phys. 25, 386 (1956). 

bd Rewer J. Chem. Phys. 24, 375 (1956). 

x ings of the International is ag on Transport 
Processes in Statistical Mechanics I. Prigogine, Editor (Inter- 
science Publishers, Inc., New York, 1958). See particularly Parts 
I and II. 


that for large particle numbers and long times the solu- 
tions are obtainable from a transport equation. The 
final result of all these analyses is that the motion of the 
phase point is no longer given by the instantaneously 
acting forces, but by some operator (like a collision 
operator) involving an integration over a finite part of 
the history of the system. The derivation of a transport 
equation appropriate to a given class of systems in- 
volves approximations of an essentially statistical 
nature appropriate to the limit of the particle number, 
N, tending to infinity as well as an approximate treat- 
ment of the dynamics of the system which determines 
the actual form of the collision operator. It is of interest 
to attempt to separate these two aspects of the problem 
as completely as possible, and this paper is devoted to 
the first of them. 

More specifically, we inquire into the following 
question: In what mathematical sense, if any, can the 
motion of a system of point particles be approximated 
by an essentially irreversible description? The funda- 
mental point behind the answer is, of course, well 
known. Although the phase point of a ‘unded V 
particle system describes a multiply periodic orbit, the 
recurrence time grows enormously rapidly with in- 
creasing NV, so that to a first approximation it may be 
considered infinite compared to the duration of any 
laboratory experiment. Or, in mathematical terms, the 
study of the approach to equilibrium involves a double 
limiting process in which first N+» and then to. 
Observance of the correct order of limits is crucial. 

For the purpose of the following discussion it is 
convenient to introduce a distinction between the 
concepts of “approach to equilibrium” and “‘irreversi- 
bility.” In the limit N+ there indeed exists a class of 
solutions of the Liouville equation which, in an ap- 
propriate sense, relax to equilibrium. This approach to 
equilibrium is, however, a property only of this limiting 
class of solutions and not a general property of the 
equations of motion. Furthermore, even those systems 
which do relax to equilibrium do so by such an enorm- 
ously complicated path that solution of the Liouville 
equation is still completely impractical and we are 
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led to seek other approximate descriptions of the 
motion. These descriptions generally have the property 
of irreversibility, since the approach to equilibrium is 
an essential property of the equations of motion. 

It is clear that for those systems which do not actually 
relax to equilibrium an irreversible description makes 
no sense at all. Our first task, to which the next section 
is devoted, is then to characterize those solutions of the 
Liouville equation which do relax to equilibrium. Hav- 
ing done this, our problem is to discover whether the 
temporal evolution of such systems can be approxi- 
mated by the solutions of an irreversible equation. In 
Sec. III a quite simple procedure is proposed for the 
construction of a class of irreversible equations. The 
method involves exact integration of the Liouville 
equation over a short interval of time and then assum- 
ing that during that time the configuration of the system 
has not actually changed very much. This introduces 
explicitly the “forgetting mechanism” which leads 
to irreversibility. It is found, however, that mean- 
ingful solutions exist only if a time-smoothing opera- 
tion is performed which is analogous to the Kirkwood 
smoothing procedure. 

While the present approach to the theory of irre- 
versibility may seem somewhat artificial, its motivation 
came from a study of the nonuniform gas described in 
the following paper.’ This paper is concerned only with 
the formal structure of transport equations, while the 
next outlines an application to a particular class of 
dynamical systems. Much of the following development 
would benefit in both rigor and generality by use of the 
tools of measure theory. We will be content, however, 
with more elementary methods since the principal ob- 
jective is to present a new point of view rather than a 
fully developed mathematical theory. 


Il. SYSTEMS WHICH DECAY TO EQUILIBRIUM 


Hamilton’s equations for the motion of the phase 
point of an WN particle system may be written in the 
form of a Liouville equation 


(0/dt) py {x, p;t}=—[A{x, p}, pn {x, p34} ] 


=—L{x, plow |x, p; t}. (1) 
H is the total Hamiltonian of the system and the 
distribution function py is a delta function in the 6 V 
dimensional {x, p} space whose singularity is at the 
locus of the phase point at time ¢. (Singular distribution 
functions are introduced to simplify the exposition. 
Since we shall be concerned with integral properties of 
p this singularity causes no difficulty.) The curly bracket 
is used to denote collectively all coordinates and/or 
momenta, but explicit reference to these coordinates 
will be omitted except when required for clarity. The 


8 P. L. Auer and S. Tamor, J. Chem. Phys. 33, 1423 (1960). 
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“Liouville operator” L is defined by 


L= 2[(0H/ap.) (0/dx,) — (@H/dx,) (8/Ap,) J. (2) 


The Hamiltonian is assumed to be a known time in- 
dependent function of {x, p}. The wall forces, if any, 
are included in H, but need not be referred to explicitly 
except to note that they serve to guarantee the bound- 
edness of the system in space. For systems with finite 
energy p also vanishes with increasing ~, so that with 
respect to these distribution functions Z is an anti- 
Hermitian operator. Hence the eigenvalues of L are 
purely imaginary and Eq. (1) describes a multiply 
periodic motion. 

Let Fy{x, p} be an arbitrary integrable function of 
the phase point and consider quantities of the form 


Fu()= | Futx, plowts, asdtx\dip}. (3) 


We write the solutions of Eq. (1) in the form 


pn {x, P31} = Didw{x, Pn} exp(innt). (4) 
Since py is a delta function the series (4) does not 
converge, but since the gy are 0(w,~') for all Fy{x, p} 
such that Fy(0) exists 


Fu (0) =X exp(ian) [ Farle, plots, Prenldlslalal 


which does converge. Considering a sequence of systems 
with increasing NV such that 


lim Fy (0) 
no3@ 


exists, the frequencies w, become dense and we may 
replace the summation over m by an integration. The 
limiting forms of Fy, @v and py as N > are indicated 
by merely dropping the subscript. Note, however, that 
the normalization integral is time independent imply- 
ing a delta-like singularity in ¢(w) at w=0. To remove 
this singularity we define 


{()=F(-— lim mf" (t,t) F(t’) dt’, (6) 
To JT 


where 


6(t, t’) -| 


0 if ¢ and ¢’ have opposite signs, 


1 if ¢ and ¢’ have like signs 


and let 
fd) = f exp(iat)(o)de (7) 


Definitions (6) and (7) ensure that ¥(w) is finite at 
w=0. The step function 6(t, ¢’) is introduced to accom- 
modate the possibility (here not excluded) that F(t) 
converges to different limits as ¢ tends to plus or minus 
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infinity. The existence of the limit in Eq. (6) and its 
independence of the origin of ¢ is assured by Birkhoff’s 
theorem.’ For bounded |¥| we apply the Riemann- 
Lebesgue lemma” and have 
lim f (t) =0, (8) 
| t1-9° 
so that all F(#) have well-defined limits as | ¢ | >." 
This is in effect a statement that p{x, p; ¢} has the prop- 
erty of weak convergence as | ¢ |. 

The functions F(¢) represent all intensive variables 
of the limiting class of systems as functions of time, 
while the f(#) represent their deviations from the 
equilibrium values. These are to be considered as 
approximations to the corresponding quantities for a 
large but finite system. Whether or not these limiting 
solutions are appropriate to an actual physical system 
depends upon whether or not the density of the w, is 
large compared with the time required to perform a 
measurement. Since the spectral density varies with the 
size of the system roughly as N, it is generally much 
larger than this time even for moderately large systems. 
Under these conditions the w summation can indeed be 
replaced by an integration. 

It is to be emphasized that this development does not 
prove anything about the conditions under which a real 
physical system approaches equilibrium. Instead, it 
serves to characterize the class of distribution func- 
tions with which we shall be concerned in the subse- 
quent argument and to define precisely the sense in 
which such systems can be said to approach equilib- 
rium. The relaxation to equilibrium is not a manifesta- 
tion of true irreversibility since the frequencies, w, are 
always real. 


Ill. IRREVERSIBILITY 


Let the Hamiltonian be written as the sum of two 
terms, H=Ho+Hi, and correspondingly L= Lo+ Li. 
The rule for separating H into two parts is left un- 
specified and will in general be determined by physical 
considerations, although a restriction will appear later 
in the development. We write the formal solution of 
the Liouville equation for the V body problem in terms 
of the propagator U®){x, p; ¢} so that 


pni{x, P; t} vg U® {x, P; t—t'} py {x, P; t’}, 
where 
(0/dt)U™ {x, p; t}=—L{x, p}U™ (x, p; t}; 
U™ {x, p;0}=1. 
The Liouville equation may now be written 
(0/0t) pw (t) = — Lopw(t) — LU (t—#’)pw(t’), (11) 
where the variables {x, p} have been suppressed. 
A. I. Kinchin, Mathematical Foundations of Statistical Me- 
chanics (Dover Publications, New York, 1949), p. 19. 
FE. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, New York, 1946), p. 172. 


1 A similar method was Dw to a model of an ideal gas by 
H. L. Frisch, Phys. Rev. 109, 22 (1958). 


(9) 


(10) 
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Let + be a fixed but macroscopically small time 
interval, and rewrite Eq. (11), 


(0/9t) py (t) = — Lopw(t)—LiUn(r)pw(t—r). (12) 


While this equation is identical with the Liouville 
equation, we have introduced explicitly the operator 
U(r) which involves the trajectory of the phase 
point for a finite but small time. Suppose, now, that 7 
is small enough that in some sense p has not changed 
very much during this time. We are then led to ex- 
amine the solutions of the equation 


(0/8t) pw* (t) = — Lopw*(t)— LU (7) pw*(t) (13) 


subject to the initial conditions py(0)=py*(0). At 
present it is only a guess that the solutions py* are in 
some way approximations to py, and it is this connec- 
tion which will now be examined. 

First observe that any time independent solution of 
the Liouville equation also satisfies Eq. (13) so that 
their “equilibrium” solutions are identical. Also, as 
7t—0, Eq. (13) reduces to the Liouville equation so that 
we expect the difference between py and py* to be of 
order r. While clearly for short times the error in 
approximating py by py* is small, the important point is 
whether or not this error grows in time. If it can be 
verified, at least in the limit No, that for all F(t) 
the error in replacing p by p* is bounded and tends to 
zero at te, then Eq. (13) is a useful approximation 
to the Liouville equation. 

It is suggestive to rewrite Eq. (13) 


(8/dt) pw*(t) = —[Lo+ Li exp(— Lr) Jow*(#) 
=—Apy*(t) (14) 


which defines the modified Liouville operator A. To 
study the time dependence of p* we examine the spec- 
tral decomposition of the operator A. To illustrate the 
essential points we first consider the simple, but rather 
academic, choice Hy>=0, H:=H. In this case the opera- 
tors L and A commute and for every eigenfunction 
¢{x,p} such that —Lo=iw,g@ we have —Ad= 
iw, exp(iwar)@. Since the eigenvalues of A are com- 
plex, the solutions of Eq. (14) are neither multiply 
periodic nor reversible. In terms of the eigenfunctions 
of Eq. (1), we have 


pn*(t)= 2) expLiwnt exp(iwnr) How {x, Pm}. (15) 

Rg 
Let N tend to infinity by the same sequence of systems 
as in the previous section and we compare the limiting 


forms of Eqs. (4),and (15). The error in f{x, p} is 
given by 


as(t)= fitx, phLotatoii—o* tx, 954) Wlahat a) 


= [ei'— expla exp(ior) IWW(w)da. (16) 
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One important property of A is at once evident. The 
real part of its eigenvalues is given by —w sinwr, so 
that for | wr | $1 these modes decay in time. Hence all 
low frequency motions are driven to equilibrium by 
Eq. (14) and do not simply relax by phase mixing. 
For large w, however, the real part oscillates in sign 
and the integral in Eq. (16) does not actually exist. 
To suppress this divergence at high frequencies we 
consider not the instantaneous f(/), but its time- 
smoothed value defined by 


i= 1 on ‘\2 /.2 , U 7 
jo-zsf- expl— (t—1’)*/é]f(t’) dt’. (17) 


While this time smoothing guarantees that Af(t) exists 
for all ¢ it is still not sufficient since the error grows 
without bound as t+ due to the violent oscillation 
of the integrand when | wr |>>1 and ¢>we? are simul- 
taneously satisfied. It is therefore necessary to make e 
itself a function of ¢. Choosing a constant time interval 
5>r, we let &=76 giving finally 


A(t) = / exp(—w%5/4) 


X {exp(iwt) — exp[iwt exp(iwr) ]}y(w)dw. (18) 


It is not difficult to verify by explicit calculation that 
for small r and large ¢ 


Af (t) =0(r/t8). (19) 


Before discussing the physical meaning of this 
procedure, we return to examination of the general case 
of arbitrary L» and Zy. Here A and L do not in general 
commute and the situation is much more complicated. 
To first order in 7, however, the frequency shift may be 
obtained by a perturbation procedure. In a representa- 
tion in which L is diagonal the first-order frequency 
shift is given by the diagonal elements of the operator 
L,(1—e~), or (1—e**") times the diagonal elements 
of L;. The diagonal elements of Z; are purely imaginary 
and the previous argument can again be carried through 
if we can verify that they have the same sign as w. 

Let the exact solution of the NV body problem be 
written in terms of the action and angle variables 
J;and Q,, where H= >> w,J;so that J ;=0 and Q;=a. 
The most general solution of the Liouville equation is 
of the form 


pn (t) =pw{ J, x} > exp{im{Qit+wd—xiJ}, (20) 


where the summation is carried out over all possible 
sets of integer values of the {m;}. The summand in 
Eq. (20) is an eigenfunction of Eq. (1) of frequency 
wn= )_ mw, which is, of course, equal to the-diagonal 
element of L. We need, now, the diagonal element of 


L,= (8H,/a J) (8/8Q) — (H,/aQ) (3/8 J). 


The diagonal element of the second term vanishes. 
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We must now verify that for all choices of {m;} 





O< diag(1,)/ diag(L) = pa pera <I. 


(21) 


We see from Eq. (20) that the diagonal element of an 
operator is simply its average over the phases {Q}. 
Hence the diagonal elements of L and J, are the first- 
order changes in the average values of H, and H, 
respectively, when all action variables { J;} are changed 
by m;. For Eq. (21) to hold for all {m,;} we require the 
phase average (H;) and (H) » to satisfy 


0<8(A1)m/5(A)wS1 (22) 


for any pair of neighboring orbits of the NV body system. 

Equation (22) constitutes a constraint on the 
possible choices of Hy and Hj; for which the time- 
smoothing procedure works. Since the averages must be 
taken over the exact trajectories of the NV body system, 
it is not very useful in this form. It unfortunately does 
not seem possible to find the corresponding condition in 
an arbitrary representation. That this is at least physi- 
cally reasonable may be seen from a simple illustration. 
Consider a gas confined in a fixed volume and let Ho 
be the kinetic energy and H, the interparticle interac- 
tions, (The wall interaction may be included in either 
term without affecting the argument.) If the forces are 
repulsive a positive increment in the kinetic energy 
permits the particles to penetrate more deeply into 
each other’s force field thereby increasing the average 
value of H,. When the forces are attractive, on the other 
hand, deep penetration is highly probable but when the 
average kinetic energy is increased the particles spend 
less time in interaction. In either case a change in the 
average Ho produces a change of the same sign in H; 
so that Eq. (22) is satisfied. A more quantitative 
statement of this condition is obtained if it is assumed 
that in the limit N+” the motion becomes ergodic. 
We may then replace phase averages by averages over 
the canonical distribution. Denoting this average by 
{), we can easily show that Eq. (22) reduces to 


8(H:)_ ((Hy— (th) (4 (1) ) 
6H) ((H—(H1))*) 


((Hi— (H1))*)— ((Ho— (Ho))*) 
((H— (H))*) 


Condition (22) is somewhat more useful in this form 
and is, at least in principle, verifiable in particular 
cases. One interesting and particularly simple case is 
found by letting Ho and H, depend upon different sets of 
variables (say one depends upon coordinates and the 
other on momenta). In this case Eq. (23) is always 
satisfied. We point out, finally, that it is always possible 
to choose Hy and H; so that Eq. (23) is satisfied since 


0< 








=i|1+ 


|= (23) 
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if it fails we need only interchange their roles to restore 
the correct sign. 

When Eq. (22) is satisfied the eigenvalues of Eq. (13) 
have to first order in 7 a negative real part so that, again, 
all low frequencies decay while the high frequencies are 
suppressed by the time smoothing. Therefore with 
very minor modifications the analysis leading to Eq. 
(19) proceeds as before. 


IV. SUMMARY AND CONCLUSIONS 


The result of this development may be summarized 
as follows. We consider those solutions of the Liouville 
equation which relax to equilibrium in the sense 
described in Sec. Ii. Equation (13) shares with the 
Liouville equation the same time independent solu- 
tions, but in general solutions do not exist unless they 
are time smoothed. If the smoothing interval is chosen 
proportional to # we find that solutions of Eqs. (1) and 
(13) are asymptotically equivalent in the sense that 
all time-smoothed observables as computed from these 
two equations differ only in order 7/15, and they both 
converge to precisely the same equilibrium state as 
lo, 

It may seem at first glance that these results are 
trivial since by having the smoothing interval increase 
with time we artificially force the dominance of the 
zero-frequency component of p*. That this is not the 
case may be seen rather simply. Suppose for some sys- 
tem we wish to describe some property which decays 
to its equilibrium value with characteristic time 7. 
The major contribution to the integral, Eq. (7), then 
arises from frequencies satisfying | wry | $1. On the 
other hand the smoothing suppresses frequencies 
w*> (45). No w satisfy both inequalities until ¢>70?/6. 
Hence, if 79/5>>1 the time-smoothed description is 
useful for times much longer than the relaxation time 
for that property. Another way of stating this result 
is that the “forgetting mechanism” artificially intro- 
duced in going from Eqs. (12) to (13) causes high- 
frequency divergence which had to be suppressed by 
the time smoothing, but the frequencies involved are 
much higher than those of physical interest. The 
utility of this method ultimately rests upon the.choice 
of r and 4, which in turn is determined by dynamical 
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considerations. For example, in the following paper’ it is 
found that for a dense gas an appropriate choice of 7 
is the duration of a binary collision. Under gas kinetic 
conditions this is typically of the order of 10-" sec. 
Choosing 5= 10-” sec, we see that for properties decay- 
ing in, say, 1 wsec the time smoothing introduces no 
error until about 10‘ relaxation times, long after one 
has lost interest in the problem. 

The choice of a smoothing function whose width 
increases as # is strongly reminiscent of the repeated 
time smoothing of Kirkwood. Since our transport 
equation is linear in p the smoothing permits a variety 
of equally valid physical interpretations. We may decide 
in advance what interval to use and smooth the initial 
distribution function; we may say that our instruments 
have finite time resolution so that the smoothing is 
done at the time of observation, or, following Kirk- 
wood, we may envisage a stepwise integration of the 
equation of motion smoothing at each stage with a 
Gaussian smoothing function with ¢* equal to 6 multi- 
plied by the time step. 

Essentially no assumptions have been made concern- 
ing the actual form of H. Also, both p and p* are distri- 
bution functions in the complete phase space; reduced 
distribution functions are not needed. Indeed the 
analysis could not have been carried out for the re- 
duced distributions since the linearity of the equations 
of motion is essential. The price paid for this generality 
is that Eq. (13) as it stands is no more tractable 
than the Liouville equation. However, with formal 
questions concerning irreversibility out of the way, it is 
now possible to examine the dynamics of a particular 
system and seek approximations to U(r) which lead 
to further simplification. The following paper is devoted 
to the further reduction of Eq. (13) for the nonuniform 
gas. In that problem it is possible to choose r small 
enough that the smoothing procedure is appropriate, 
but still sufficiently large that the collision operator 
I,U(r) takes on a simple form. 
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The method of the previous paper is applied to the derivation of a transport equation for the nonuniform 
dense gas. The required short time propagator is computed by an approximation scheme based upon the 
assumption that the duration of a binary collision is small compared to the mean free time between col- 
lisions. A transport equation for the phase space distribution function is obtained in which the “collision 
operator” satisfies a simple integral equation. The collision operator is nonlocal in the coordinate space and 
hence contains interference effects between collisions and the streaming motion. The limit of infinite dilu- 
tion is examined by means of a moment expansion in which case the collision operator reduces to the Boltz- 
mann collision integral. In this limit one obtains the master equation for the nonuniform gas. 





I.: NTRODUCTION 


N THE preceding paper’ it was shown how properly 
time-smoothed solutions of the Liouville equation 
are approximated by the solutions of an inherently 
irreversible equation of motion. This analysis provides 
a formal framework for the construction of transport 
equations, but makes no reference to the dynamics of 
any particular system. For our purposes the important 
part of the dynamics is contained in the short time 
propagator for the system, denoted by U(r). The 
problem is now to find approximate methods of evaiu- 
ating this operator which are appropriate to the class 
of systems under consideration. In this effort we are 
aided by the availability of the parameter 7, which 
can be chosen to simplify the calculation as much as 
possible. In the present paper this method is applied 
to the study of the nonuniform dense gas. 

We consider an assemblage of particles interacting 
through known pairwise forces of finite range so that 
the duration of a typical binary encounter may be 
characterized by a time 7,. The class of systems to be 
considered is defined by the requirement that 7, be 
small compared with the mean free time between colli- 
sions, 7. Strictly speaking this limits us to forces which 
are repulsive, or at least not too strongly attractive so 
that there are no collisions of extremely long duration 
(bound states). Note, however, that the assumption 
7-/TsK1 does not necessarily imply the gas is dilute; 
for example, for hard spheres which are not actually 
close packed, r./r;=0. To first order in this expansion 
parameter it is possible to choose a 7 such that U(r) 
is quite simple. One obtains by this method a “binary 
Liouville equation” which still describes a reversible 
multiply periodic motion but takes advantage of the 
fact that the motion proceeds mainly via two-body 
encounters. If this approximate form of U(r) is in- 
serted into the result of Part I, we obtain a transport 
equation which is similar to that of Bogoliubov.? 
Further simplification is achieved in the limit of 


1S. Tamor, J. Chem. Phys. 33, 1418 (1960), to be referred to 
as I. i 
2N. N. Bogoliubov, J. Phys. (U.S.S.R) 10, 265 (1946). 


infinite dilution where an obvious extension of the Kac 
master equation is obtained. The collision operator is 
the usual Boltzmann collision integral, but is expressed 
as the solution of an integral equation which, if solved 
by iteration, generates the coupling constant expansion 
of Prigogine and Henin.* 

The development outlined here and in the preceding 
paper constitutes a formalization of the program 
pointed out long ago by Kirkwood.‘ He suggested 
solution of the Liouville equation by integrating for a 
time somewhat longer than 7,, neglecting the effects of 
collision more complex than binary encounters, and 
then piecing these together to obtain a complete history 
of the system.® 


II. NOTATION AND FORMALISM 


The notation of Part I will be carried over with 
elaborations as indicated in the following. Our main 
object of consideration is the propagator U(t) defined 
by p(t) =U(t—h)p(h). If the distribution function 
satisfies the Liouville equation then the propagator 
must satisfy 


(0/dt) U(t—h) =— LU(t—h), (1) 
subject to the initial condition 
U(0) =1. (2) 


Particles are assumed to interact via two-body 
potentials ¢,;, which are of finite range but otherwise 
arbitrary. Latin indices i, 7 run from 1 to N and enume- 
rate the particles of the system. Components of vectors 
attached to the particles (such as momentum com- 
ponents) are denoted by Greek indices yw, v running 
from 1 to 3N. Let the total Hamiltonian be written as a 
sum of separable and nonseparable parts 


H=H +H, (3a) 


3]. Prigogine and F. Henin, Physica 24, 214 (1958); Bull. 
Classe Sci. Acad. roy. Belg (December, 1957). 

‘J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946) ; 15, 72 (1947). 

5 This point of view is stated explicitly in The Molecular Theory 
of Gases and Liquids by J. O. Hirschfelder, C. F. Curtiss, and 
R. B. Bird (John Wiley & Sons, Inc., New York, 1954), pp. 449 
et. seq. 
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where Hp contains the kinetic energy and wall forces 
and H, the energy of interaction. It will be assumed 
that the wall potential is sufficiently steep that no 
collision occurs involving particles simultaneously 
interacting with the walls; consequently, its contribu- 
tion to the propagator will be neglected in what 
follows. Explicitly, we write 


Ho= Dipe/2mi, 


N= Lew. 


i<j 


(3b) 


The corresponding Liouville operator may be written 
L=Ipn+ Ih, (4a) 
Lo= L(0Ho/ ps) (8/24) = Yi04(8/A%4), (4b) 

4 a 


L=DLy=L (42 oe Sy (4c) 


i<j i<j “wp \OP,OX, OX, 


We emphasize that the ¢,; and L,; are known functions 
of {x, p} and are independent of time. The operator Lo 
is the free particle drift operator so that (0/dt) +L» is 
the Stokes operator in the phase space. 

It is convenient to remove the free streaming motion 
by a contact transformation so that the distribution 
function is time independent in the absence of interac- 
tions. We transform to the interaction representation by 


p(t) =exp( Lot) p(t), 
so that the transformed Liouville equation is 
dp(t) /dt=—L(t) A(t), 
£(t) =exp( Lot) Li exp(— Lot), 
and correspondingly 
(9/dt) U(t, fo) =—L(t) WCE, to), 
A(t) =UW(E, to) A(t) ; 
U(t, fo) =exp( Lot) U(t—to) exp(— Loto). 


(Sa) 


(Sb) 
(Sc) 


(Sd) 


The Liouville operator in the interaction representation 
depends explicitly upon /, while the propagator depends 
upon both ¢ and & and not only upon the interval 
t—t. The essential property of the operator exp( Lot) is 
that it is a finite translation operator (and hence a 
contact transformation) such that operating upon an 
arbitrary function f{x, p; t} we have 


exp( Lot) f{x, p; t} =f{a-+ut, p; t}. (6) 


Since the operator £ depends upon the coordinates, 
we have 


L£i;(t) =Lijfx+ut, p} 


wg (alts P} 9 _Apistxtet, p} a’ 
OPy OX, OX, op : 





(7) 
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Equation (7) may be verified by explicit calculation, 
but follows at once from the invariance of the Poisson 
bracket under contact transformations. 

Two more definitions will be found useful in the 
subsequent discussion. Consider an operator function 
of the coordinate of particles i, 7, k, «++. Two such 
operators (clusters) will be called disjoint if they have 
no particle indices in common and hence operate in 
orthogonal subspaces of the complete phase space. 
A cluster is said to be elementary if it cannot be non- 
trivially factored into disjoint clusters. 


Ill. THE r EXPANSION 


We now seek to develop an approximation scheme 
for the solution of Eq. (5c) by decomposing U into a 
series of operators which are expressible in terms of the 
coordinates of single particles, pairs, triples, etc. Write 


(8) 


N 
W(t, to) =1+ > R(t, b), 
n=l 


where 


R(t, o)= Yo Wasnt, bo); 


R(t, t) =0. 
i1<i2<...<in 


(9) 
The operator U;,...;, is defined in the phase space of 
particles i;:++i,. R®™ is obtained by permitting the 
indices 7,-++i, to run from 1 to N. These equations do 
not uniquely define a decomposition scheme, but the 
definition‘may be completed by requiring each Ui,...;, 
to satisfy an equation homogeneous in the particle 
indices. We then obtain 


— (8/Ab) Wiy..-in(t, bo) = DLp.(t) Wi» in (t, fo) 
P<@ 


+L p.ie(0) U igs tpt irtaeesin(t, to) 


+2 Lig. ig (t) Wages spmasietarestemasteta---in(E, to) ; 
(10) 
where the indices p, q, i-, 7, run over the 1;*++i,. The 
character of Eq. (10) is that only the coordinate of a 
particular subset of particles appears and that each 
equation in the sequence expresses an particle propa- 
gator in terms of n—1 and m—2 particle propagators. 
It is easily verified by direct substitution that Eqs. 
(8), (9), and (10) combine to reproduce the Liouville 
equation, Eq. (5c). 
The first few equations of the sequence, Eq. (10), are 


(0/dt) Ui(t, to) =0 (10a) 

— (0/dt) Wis(t, &) =Li()[1+Uis(4, &)] — (10b) 

— (0/dt) Uise(t, o) =[Lij(+La() +Ln(t) JUize(t, &) 
HLL ij(t) +L in(t) Un (é, fo) +L8i5(4) +£e(t) Unt, &) 


+L x(t) +L jx (2) JUis(t, &). (1c) 
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The last equation in the sequence is given by n=N 
and all particles in the system are represented. Termi- 
nating at some smaller m gives the exact propagator for 
the smaller system of particles i;+++i,. In particular 
the operator 1+Ui;(¢, &) is the exact propagator 
for the isolated two-body problem for particles 7 and j. 
[ Equation (10a) is simply an expression of the fact that 
in the absence of external forces an isolated particle 
has nothing with which to interact. ] 

We now show how expansion (8) is in effect an 
expansion in powers of the time interval, ‘—h. To 
illustrate the essential point, first consider the Liouville 
equation 


— VL i;() W(t, b), (11) 


i<j 


(0/dt) U(E, to) = 


and count the number of nonvanishing terms in the 
summation over i, 7. £4; is nonzero only if particles i 
and j happen to be interacting at time ¢. Hence on the 
average, the number of terms contributing to the sum 
in Eq. (11) is of order Nr./r;, and the rate of change 
of p per degree of freedom is proportional to 7,/7;. The 
factor NV expresses the trivial fact that p changes in 
time via the deflections suffered by N particles. 

Similarly, if we integrate Eq. (10b) from & to &+7, 
the number of nonvanishing terms per degree of freedom 
is proportional to r/ry. The generalization to more 
complex operators is straightforward. Let an arbitrary 
operator be factored into a product of elementary 
disjoint clusters. The r dependence of the operator is 
the product of the 7 dependences of its elementary 
factors. But an elementary cluster referring to 
particles is of order (r/7s)"—. 

Applying this scheme to the right-hand side of 
Eq. (10), we find by induction that in this sense each 
R™ is of order (7/7;)"—. The rate of convergence of this 
expansion therefore depends upon the choice of 7 and 
is rapid if t—m=r<Kry,. 

For small 7, therefore, we replace Eq. 8 by its binary 
approximation obtained by terminating the expansion 
at m=2 and obtain 


L()U(E, &) =D Lij(YT+Wis(t, &) J. (12) 


i<j 
In this approximation we have the “binary Liouville 
equation’””’ in the interaction representation 


dp(t) /at=— DOAis(t; 7) (t—7), 


i<j 


(13) 


where we have defined 
Ais(t; 7) =L£45(t) [1 +Wii(t, bo) Jeon 
_OUis(t, bo) 


(14 
ot |tq=t—r ) 


®R. Brout, Physica 22, 509 (1956). The equation to which 
Brout gives this title is based upon the same physical approxima- 
tions, but is formally somewhat different since ternary collisions 
are completely excluded. 
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Discussion of this equation will be postponed to a later 
portion of this section. 

Equation (14) reduces to a simple integral equation 
if we choose r>7-. For every 1, 7, Aij#0 only if at time 
t, £4;(t) #0. But since 4<t—7,, the interaction could 
not yet have begun at & so that U,;(#, &) is unchanged 
if & is decreased. To take advantage of this property 


rewrite Eq. (14), 
‘au sg(t, 
Ag (t; T) motels pee 4) ar] ’ (14a) 
tom t—r 


and since r>7,, we may without error let h-— 


giving 
t 
Aij(t) = Ht su(tyat] 


So long as r>7,, Aij(t; 7) is independent of the par- 
ticular choice of 7 so that this variable has been sup- 
pressed. It is important to remember, however, that 7 
still appears in the transformation to the interaction 
representation. In order not to lose sight of this we 
write explicitly 


Ajj(t) =exp( Lot) Au{x, p} exp[—Lo(t—7) ] (16) 


(15) 


and 


Auts, pl= Lots, pil 1—[ suteto, plat} 
We now have the binary Liouville equation in the 
desired form 


dp/dt= — >> exp( Lol) Ai; exp[— Lo(t—1) Ja(t—7) 


i<j 


(17) 


or 


Dp/Dt=[(0/dt) + Lolo(t) = — Aste, plo(t—r). (19) 


Equation (19) is now in the same form as Eq. (I, 12) 
where U(r) has been evaluated to lowest order in 
t/ry. Inserting this approximate form of U into Eq. 
(I, 13), we obtain finally 


Dp*(t)/Di=— Dadistx, plo*), (20) 
*s7 

where A,; is the solution of Eq. (17) and p*(¢) is the 
time-smoothed distribution function as defined in I. 
In what follows we delete the asterisk when referring 
to the smoothed distribution. 

Before proceeding with further reduction of Eq. (20) 
it is profitable to insert a few remarks concerning its 
derivation. It is important to note that the two ap- 
proximations needed to obtain Eq. (20), namely the 
binary approximation and the time smoothing, are 
independent and can be made in either order. Indeed, 
it is not difficult to show that the solutions of the 
binary Liouville equation, Eq. (19), have the same 
periodicity and time reversibility properties as the full 
Liouville equation. This is also true to any order in the 
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expansion scheme, Eq. (10). The binary approximation 
is therefore purely a trick for solving a dynamical 
problem and has nothing to do with irreversibility. The 
transition to irreversible motion lies in the time smooth- 
ing which was discussed in I. 

It should also be emphasized that while Eqs. (18) 
and (20) describe a motion which proceeds primarily 
through binary encounters more complicated collisions 
are not ignored, but are treated in an approximate way. 
For example, it is clearly possible for A;; and Ax to be 
simultaneously nonzero so that even in the description 
provided by Eqs. (19) and (20) ternary collisions do 
occur. Physically, however, the approximation made is 
that the force between i and j at time ¢ is to be com- 
puted from the configuration at time ‘—7r by inte- 
grating forward in time as if particle k were absent, 
and similarly for i, k, etc. Those events which do 
happen to be binary encounters are, of course, de- 
scribed exactly. It is clear, therefore, that Eq. (19) 
and its irreversible counterpart Eq. (20) contain a 
quite detailed description of the motion of the system 
including excluded volume and more complicated 
correlation effects. 

With some changes in notation Eq. (20) can be put 
into a form which permits comparison with the Bogo- 
liubov equation.? With the aid of Eqs. (14) and (17) 
and the definition of L, Eq. (20) may be written 
Dp(t)/Dt=— lim }°[4;, exp( Lot) (1+Us(t, -— T)) 


TO i<j 
Xexp(—Lo(t—T))p(t)]. (21) 


Since 14+ U,;(t, /— T) is the exact two-body propagator 
in the interaction representation, when operating upon 
p(t—T) it gives p(t) in the binary approximation. 
Since p(t) is constant along a trajectory the quantity 
exp( Lot) [1+ Uis(t, _ T)) exp[ Lo(t— T) Jo{x, P; t} is 
equal to p{x’, p’; t} where x’, p’ is to be found by 
starting from x, p and following the exact two-body 
trajectory backward for time T, and then extrapolating 
forward to time ¢ along free particle orbits. In terms of 
the generators of the one- and two-body orbits, denoted 
by Bogoliubov as Sp™ and S;® Eq. (21) becomes 


(D/Dt)p\x, p; 4} 
=— lim D°[o4, of SrPS_r {x, p}; 4}. 


(22) 
TPO i<j 
This equation is the same as Bogoliubov’s result but 
for the nontrivial difference that here p refers to the 
complete phase space (time-smoothed) distribution 
function. 
IV. REDUCTION TO THE MASTER EQUATION 


One expects that in the limit of infinite dilution the 
effects of the finite range of interaction disappear and 
Ajj reduces to a point operator related to the collision 
cross section. To study this property it is convenient to 
relate A to a transition probability per unit time giving 
the rate of change of p{x, p} in terms of p{x’, p’}. 
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This can be done by a simple change of representation 
but the calculation is rather long and is carried out in 
the appendix. One finds, as expected, that in the limit 
of zero-range forces A,j vanishes except when x;=2; 
and is essentially the collision cross section. In this 
limit one finds 


(D/Dt) p{x, p; t} 


=D fatx dtp) TT ou—x')3(p.-pv) 
kAi,j 


i<j 
-6(Ri— Rij’) [6(Xs) | 047’ | o (Di, Ds; PY’, Ds’) 
*8( xij) o{x’, p’; }—8(x4/’) | v4; | o(P,’, Pi; Di Ps) 
*8(Xij)p{X, P54}. (23) 
Here we have introduced vector notation for simplicity. 
R,; is the coordinate of the center of mass of the collid- 
ing pair, X,; their relative coordinate, | v;;| their rela- 
tive speed, and o(p;, p;; p’, p,’) the cross section for 
scattering from initial momenta p,’, p,’ to p;, p;. While 
o is generally a function only of the relative momenta 
we do not take advantage of this property here. Equa- 
tion (22) is the obvious extension of the Kac master 
equation’ to nonuniform systems. In effect we have 
merely justified adding the streaming term to the left- 
hand side while on the right the 6(x,;) guarantees that 
only particles which happen to be close to one another 
contribute to the collision integral. If it is further as- 
sumed that the distribution function is factorable to 
the singlet the Boltzmann equation is recovered. 

In the derivation of Eq. (23) it is shown that | 0,; | 
times the scattering cross section is given by the matrix 
element of (A,;) between the appropriate initial and 
final momentum states, where (A;,;) is obtained by 
integrating A,; over coordinates. Equation (15) may 
be solved by iteration and averaged over {x} term by 
term to obtain an expansion of the cross section in 
powers of a coupling parameter. The even-order terms 
of this expansion are precisely those of Prigogine and 
Henin.’ That they do not obtain the odd-order terms 
is accounted for by the fact that their matrix elements 
contain factors of the form 


[ exp (iwt)dt=26(w) +iP(1/w) 


and they neglect the principal value. While this con- 
tribution does indeed vanish in second order, in general, 
it gives a finite contribution. On the other hand the 
delta function part vanishes in odd orders. Except for 
this point the two expansions are indeed the same. 
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APPENDIX 


The purpose of this section is to recast Eq. (20) into the form of a Chapman-Kolmogoroff equation and then 
examine the transition probability in the limit of zero-range forces, thereby extracting the Boltzmann collision 
operator. Unfortunately, the notation tends to become rather unwieldy, so that to keep already long formulas 
from becoming still more complicated some notational short cuts will be used. These should cause no confusion, 
however. 

Equation (20) may be written 


(D/D) p(x, Pi'=-D fatx’\atp'idix"\atp” 


Xd{x—x"}5{p—p"jAu{x”, p"}d{p’—p'}5{x”—x’'Jo{x’, p’; 4}. (Al) 


After the integration over {x’”’, p’’} has been carried out, the resulting coefficient of p{x’, p’; } may be interpreted 
as the transition probability per unit time for carrying the phase point of the system from {x’, p’} to {x, p}. 
Since a collision causes the momenta of the participating particles to undergo a finite momentum change, A is a 
finite displacement operator in the momentum space. During a collision the spatial cordinates are also displaced 
from their unperturbed values so that A couples together points {x} and {x’} which are a finite distance apart. 
This nonlocal character disappears, however, as the range of the forces decreases. 

By defining a transition probability W, Eq. (A1) may be put into standard form 


(D/Dt) p{x, p; t} = fatx'\atp iC tx, Pp; x’, p’}e{x’, p’; 4} -W{x’, p’; x, pjo{x, p; ¢}], (A2) 
where 


W{x,p;x,p'J}=—- LD [otx—x"\a(p—p"} Aut”, p’}s{p"”—p’}5{x”—x'}d{x"Jd{p”}. (A3) 


i<j 


The second term in the integral (A2) is identically zero since A,j, is a divergence operator in the phase space (proba- 
bility is conserved). This term is added to cancel explicitly the diagonal term {x, p} ={x’, p’}. We now fix our 
attention upon a particular pair of particles and carry out the integrations over the space of these two, the rest 
being trivial. If the potentials are invariant under Galilean transformations the operator A,; depends only upon 
the relative coordinates and momenta of particles i and 7. Therefore let R,; be the center of mass coordinates of the 
particle pair and x,; their relative coordinate. The integral over Rj,” gives simply a factor 6(R,;—R,,’). 

To take advantage of the short range of the forces we introduce a representation of the delta function in terms 
of the biorthogonal set 


Un (x) =[(—1)*/n!]s™ (2), tnt (x) =x", (A4) 


and can easily verify, by partial integration, 


[en (2) ta (2) d= bs Satesalalows'), (A5) 


The superscript (m) indicates m fold differentiation with respect to the argument. Equations (A4) and (A5) 
have been written in one dimension to simplify the notation, but the correct extension to three dimensions is 
evident. The property, Eq. (A5), is a formal way of writing Taylor’s theorem since for any expandable f(x) 


f(x) = DUC 20)"/n! f (2a) = DEC 1) (a0) "/nt] [6 (x! a) f(a") de 
Expanding the spatial delta functions in this representation, we have 


W{x, p;x’,p'}= >> [] 8(pi—pi’) (xe — x’) 5(R— Ris’) 208 ™ (Xi) Wn Ds, Bs; P's 18 (Xi/), 


i<j k¥i,j 


where 
W mn=—[(—1)™*"/m!n Nf axy"ap."aps"6(p.—P.") 6(p;—p,’’) 


X (Xj) "Aas (Xi5 BA", i”) (Xi) "8(Di’— p’) 6(p;"”"—p,’). 
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The complete transport equation may now be written in terms of the Winn 
(D/Diolx, Pi = fatx'\atp') T] 8m) 8(P.—PY’) (RR) 
XDI (x4) W mnLPi, Pi; Pi’, Di J (X.’) o{x’, D's t} 


—5™ (xi) Winn LP’, Pi’; Di, Pi ]6™ (Xij) o{X, D5 t}}. (AB) 


The physical meaning of Eq. (A8) is actually quite simple. In momentum space Wm, is the transition proba- 
bility per unit time for scattering from momenta p’ to p. In coordinate space it relates the rate of change of the 
mth coefficient of the Taylor expansion of p in power of x,; to the mth coefficient. As the range of forces decreases 
we see from Eq. (A7) that the W,,,, are rapidly decreasing functions of m and n. Keeping only the leading term, we 
obtain the master equation 


(D/Dt) p\x, P=) fatxvat’s TI 34- Xi’) 5(De— Px’) 


X6(Rij— Ri’) {8(Xis) WoL, Ps; Ds’, Pi’ 16(Xi,’) x’, p’; t} 
—8(x;;/) WoLP,’, P,’; Pi, PiJ5(Xi;) 1X, D5 4}}; (AY) 
while Eq. (A7) reduces to 


WoLP:, Ps; Pi’, p/]=— fap."dp/"6(p.—p.")(p;—Py") (Ai(Pi", pi”) 8(pi’—p.’} p,"—p,’), (A110) 


where 


(Ai(Pi, Ps) )= | dXijAi(Xi, Pi, Ds)- (A11) 


Finally, there remains the task of establishing the connection between Wo and the scattering cross section. 
That such a connection must exist is clear from the fact that the binary Liouville equation is exact for the two- 
body system. To make the connection more apparent we do the xX,; integration in cylindrical coordinates with axis 
along v’ ,; and denote the perpendicular component by r. Changing variables from dz to | v;; | dt, we have 


Wo=—| v5 | [araap "ap,’6(p.—p)8(p;- py”) Ai(T, 2-04, pi”, pi”) 6(pi’—p/)6(pi”—p,’). — (A12) 


A mathematical formulation of the two-body problem may be given in two equivalent forms; either in terms of 
the A operator or in terms of the particle trajectories. Suppose that at =f the trajectories pass through the point 
{Xo, Po}. The whole trajectory is given by x(t) =X:{Xo, Po} ; P(¢) =P:{Xo, Po}. Since p is constant along a trajectory 


pix, p; t} = [a(x—xm, Po} }5{P— Pi {Xo, Po} }{Xo, Po; fo}d{Xo}d{ Po} 


t 
=—f Alxtv/, plotx, p; lar (A13) 


A scattering cross section describes the result of the following experiment. At time é& we prepare a beam of 
particles of momentum p> uniformly distributed in a plane z=const. At some much later time we measure the 
total number of particles in the system with momentum p. The differential cross section for scattering from Pp to p 
is the area of the plane z=const through which passed those particles whose final momenta lay between p and 


p+dp. To compute this from Eq. (A13) we use the initial distribution function 6(z— 2) 5(p—po) and integrate 
both sides over r. This gives 


t 
- ] dt’ f dr A4;(L, +20’; Pi, Pj) 6(Pi— Po) 6(Pj— Py) = if drd{p—p.{F, 20, Po} }. (A14) 


For ¢ large and positive and & large and negative both sides become independent of z and comparing with Eq. 
(A12) we obtain 


Walp, P= |vs| far{p—pilr, P'}) (A15) 


which is precisely | v,;| times the differential cross section for scattering from p’ to p. 
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The method of the pair space linear relations is used to develop a formula for the coefficient of viscosity 
of a binary liquid solution from statistical mechanics. When the solution is regular a statistical-mechanical 
analog of the Stokes-Einstein equation is obtained in which the product of the self-diffusion coefficient and 
the viscosity is expressed as a composition independent average over the radial distribution function for 
unlike pairs. The relationship between the present theory and the results of experimental measurements of 
viscosity and diffusion coefficients is discussed at some length, and the Gordon equation for the mutual 


diffusion coefficient is derived. 





I. INTRODUCTION 


HE viscosity of liquid solutions has been the subject 

of considerable study since the end of the first 
half of the nineteenth century.! Over the years, a 
multitude of relations have been put forth to predict the 
viscosity of mixtures. Most of these are frankly empiri- 
cal while the remainder are based upon the free volume 
model, or similar models, of the structure of the liquid 
state and of the nature of the flow process. 

In the present article we treat the subject from the 
statistical mechanical viewpoint in a continuation of 
our current series on a unified theory of the transport 
properties of simple liquid solutions.?~’ Starting with 
the Liouville equation, we derive the exact equations 
of hydrodynamics, including the partial equations of 
motion of the components, and obtain expressions for 
the transport parameters as averages over nonequilib- 
rium distribution functions. The usual phenomenologi- 
cal relations for the heat and matter fluxes and the 
stress tensor arise when perturbations to the equilibrium 
distribution are taken to be linear functions of the 
relative velocities and gradients of temperature and 
velocity. Under these conditions the average frictional 
force on a molecule is likewise linearly related through 
friction coefficients to the mean velocities of the com- 
ponents. To permit the explicit evaluation of transport 
coefficients in terms of equilibrium microscopic param- 
eters, we suppose that the same linear relation holds 
for the force in pair configuration space, provided that 
the appropriate velocity of the molecule is introduced. 
This takes into account the difference between the 

* Carnegie Foundation Undergraduate Scholar, Present Ad- 
dress: Department of Chemistry, University of Chicago, Chicago, 
aT cod partial bibliography of work through 1950, the reader is 
referred to J. R. Partington, An Advanced Treatise on Physical 
Chemistry (Longmans, Green, and Company, London, 1951), 
Vol. 2, p. 120. Reviews by E. U. Franck and W. Jost, [Z. Eleck- 
trochemie 62, 1054 (1958)] and P. A. Johnson and A. L. Babb 


[Chem. Rev. 56, 387 (1956) ] are useful for further references. 

2 R. J. Bearman, J. G. Kirkwood, and M. Fixman, Advances in 
Chem. Phys. 1, 1 (1958). 

3R. J. Bearman and J. G. Kirkwood, J. Chem. Phys. 28, 
136 (1958). 

4R. J. Bearman, J. Chem. Phys. 29, 1278 (1958). 
J. Chem. Phys. 30, 835 (1959). 
J. Chem. Phys. 31, 751 (1959). 
J. Chem. Phys. 32, 1308 (1960). 
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gross velocity of a species and the average velocity of a 
molecule in a pair, but ignores the possible dependence 
of the pair friction coefficients on intermolecular separa- 
tion. From our hypothesis we find, with the use of 
rigorously derived pair space equations of continuity, 
differential equations for the distribution-function 
perturbations in terms of the radial distribution func- 
tions. The solutions of these when introduced into the 
aforementioned nonequilibrium averages lead to ex- 
pressions for the heat of transport, thermal diffusion 
factor, thermal conductivity coefficient, and diffusion 
coefficient ratios, which we have discussed previ- 
ously**-5.7 and the coefficients of shear and bulk viscosity 
now to be considered. 

We find that for a binary mixture each of the viscosity 
coefficients may be expressed as the sum of three inte- 
grals representing, respectively, the interactions of like 
and unlike pairs of molecules. Our result reduces in 
the limit of infinite dilution to that found by Kirk- 
wood, Buff, and Green® and Zwanzig, Kirkwood, 
Stripp, and Oppenheim’ for pure substances. These 
authors carried out extensive numerical calculations 
for the case of liquid argon. We shall not here attempt 
to extend that work to include solutions, partly because 
of the lack of adequate data concerning pair potentials 
and distribution functions in mixtures and partly be- 
cause the qualitative conclusions would not be ex- 
pected to be appreciably different. Rather, we focus 
our attention on the concentration dependence of the 
viscosity coefficients. With this object, we introduce 
the assumption of the theory of regular solutions of 
Hildebrand” that radial distribution functions are 
independent of composition. This enables us to dis- 
cover a statistical mechanical analog of the Stokes- 
Einstein equation in which the product of the coeffi- 
cients of self-diffusion and shear viscosity is expressed 
precisely as a composition independent average over the 
radial distribution function for pairs of unlike mole- 


8 J. G. Kirkwood, F. P. Buff, and M. S. Green, J. Chem. Phys. 
17, 988 (1949). 

®R. W. Zwanzig, J. G. Kirkwood, K. F. Stripp, and I. Oppen- 
heim, J. Chem. Phys. 21, 2050 (1953). 

10 J, H. Hildebrand and R. L. Scott, The Solubility of Non- 
electrolytes (Reinhold Publishing Corporation, New York, 1950), 
3rd ed., Chap. VII. 
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cules. We conclude with a discussion of the relationship 
of our theoretical results to the empirical observations 
of several authors. In particular, we derive the well- 
known Gordon equation for the mutual diffusion 
coefficient. 


II. PHENOMENOLOGICAL THEORY 


The law of conservation of mass at an element of a 
nonreacting fluid system of »y components is expressed 
through the equations of continuity, 

(0¢_/dt) + V*cata=0, (2.1) 


a=1+-ey, 


where ¢ is time, ca is the concentration of species a, 
and Uz, is the velocity of a. 

The movement of the fluid element is described by 
the equation of motion, 


(dpu/dt) = V- (é—puu) +cX, 
pu= > ‘pala, 


cX= }icaXa, 


Pa= Mala, (2.2) 


where pa is the density of a, ma is the molecular weight, 
Caka is the external force density, p is the overall 
density, u is the velocity of the local center of mass, 
and ¢ is the stress tensor. If in addition the fluid is 
Newtonian, then the stress tensor is given by the 
phenomenological relation, 


6=—[pt+ (§n—¢) V-u j1+ 2né, 
é= symVu=}3[(Vu)+(Vu) =], (2.3) 


where # is the local equilibrium pressure, 1 is the unit 
tensor, é is the rate of strain tensor, 7 is the coefficient of 
shear viscosity, and ¢ is the coefficient of bulk viscosity. 
Our objective in the following section will be to calculate 
» and ¢ from the statistical mechanical theory of trans- 
port processes. 


Ill. STATISTICAL MECHANICAL THEORY 


The statistical mechanical ensemble averages repre- 
senting the coefficients of shear and bulk viscosity 
contain parameters, initially unspecified, which measure 
the departure of the pair correlation function from its 
equilibrium value. In this section our objective is to 
determine the perturbation parameters in terms of 
equilibrium functions and self-diffusion coefficients, 
and thereby enable explicit evaluation of the viscosity 
coefficients. To this end, we observe that the mean 
frictional forces acting on the molecules of the system 
are related, on the one hand, to the gradients of local 
thermodynamic properties and, on the other hand, to 
the relative mean velocities of the components. From 
these relationships, derived in detail, and from the 
equations of continuity, we find differential equations, 
the solutions of which are the desired perturbation 
parameters. 
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Mean Intermolecular Forces and the Partial 
Equations of Motion 


We consider a two component system containing NV, 
molecules of species 1 and Nz molecule of species 2. 
The molecules are assumed to obey the laws of classical 
mechanics, so that we may denote the position of the 
center of mass of molecule i of species a by the vector 
R,,; and its momentum by P.;. When the contribution 
of internal degrees of freedom may be neglected, the 
time-smoothed probability distribution function 


f™ (Ru-++Riy,, Ree ++Roy,, 
Puy ++ Puy, Pa-++ Poy; 4) 


at a time ¢ in a statistical ensemble obeys the Liouville 
equation 


2sN jo 


2 Ng ss 
a ps DV agU + Veg J ™=0, (3.1) 
B=1 i=l 
where U is the potential energy of the entire system. 
If the intermolecular contributions to the potential 
energy may be represented as the sum of pair potentials 
V.g(r), dependent upon the nature of the two molecules 
of species a and @ located at r, and rz and upon the 
magnitude r of their relative position r=f.—1, but 
not upon their absolute positions or orientations, then 
the mean force F,™ on a molecule is the sum of two 
terms®'*, 


CaF a” =CaFa*+3V;, 


+ >o¢a( Ti) ¢3( 1) [orm (dV ga/dr) gga (11, ¥)d*r, 
8 
(3.2) 
caFa*=3 Doca(ti) g(t) f (#/*) (dV pa/dr) 
8 


X[Egas (11, T)—g6a” (fi, r) jr, (3.2) 


where gas” is the nonequilibrium pair correlation func- 
tion. The partial equation of motion of component a, 
derivable from the Liouville equation,®* contains each 
of these terms, 


Opaie/dt=V,,*[ba— pal UeU-+UU,— UU) | 
+6a Fa *+caXa, 
6a = ( 8a)ot ( 6a) ky 


(44) 04 Dat [e8/r) (dV sa/dr) soe (11, 8) eR. (3.3) 


In Eq. (3.3), da is the partial stress tensor, the sum of 
the intermolecular force contribution (¢é,), and a kine- 
tic contribution (é.), defined more fully in the refer- 
ences. 
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We write the forces acting on a molecule in a given 
state to be the sum of their values F,“ and F,“.* 
in an equilibrium state with the same nonuniform 
concentration distribution (enforced by the presence of 
oun fields) and the frictional forces F, and 

a1,)* 

a ? 


F,O=F,09+4F, 00, 


F,0*=F,0.944 RF 0*, (3.4) 


In a like manner the pair correlation function and the 
partial stress tensor may be written as the sum of 
equilibrium and perturbation terms,’ 


Lap — Lap” ,0) + gap?, 


6q= —pail+é.™, 
Pa=CakT—3)> cats i r(dtep/dr) gag? dr, (3.5) 
a 


where gas*® is the well-known radial distribution 
function of equilibrium statistical mechanics, pa is the 
local equilibrium partial pressure of species a, k is the 
Boltzmann constant, and T is absolute temperature. 


Quasi-Phenomenological Relations 


We shall now transform the partial equations of 
motion with the object of obtaining expressions for the 
forces in terms of the gradients of local thermodynamic 
properties. Substituting the equations of continuity, 
Eq. (2.1), and the overall equations of motion, Eq. 
(2.2), into the partial equations, Eq. (3.3), we find 
when external forces are absent, 


Ca¥ q?* _ Me (Aja/At) +meLVr; . (jau+uja) —uvV,,: jo] 
+ (pa/p) Vri° 6— Vri* 6a; 


ja=Ca(Ua—U), (3.6) 


where ja is the diffusion flux of component a relative 
to the center of mass. With the neglect of the inertial 
term, of cross terms of order j.V-u and of terms of 
order V*u, Eqs. (2.3), (3.5), and (3.6) then yield the 
following expression for F,* in terms of the local 
equilibrium gradients of total and partial pressures: 


Calg) * = Vinpa— (Pa/p) Vip. (3.7) 


In addition, from Eq. (3.7) and the definitions of p. 
in Eq. (3.5) and of F,* in Eq. (3.2) we find 


CaF a? = ViCak T — (pa/p) VrsP- (3.8) 


At equilibrium, the diffusion fluxes and the gradients of 


velocity vanish, and the external force X, equals the 
gradient of chemical potential V,,ue, so that we may 
determine expressions for the forces directly from Eq. 
(3.3), 

CaF at = Viipa— CaVribay 


CaF a! = V,,k Tte— CaV riftas (3.9) 


The components of the mean pair space force as- 
sociated with pairs of molecules of species a at r and 
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8 at fr are the force on the first molecule, Fas: (11, f2), 
and the force on the second Fg. (t%, 2). Relations 
for these forces, similar to Eqs. (3.8) and (3.9), may 
be derived by multiplying the Liouville equation by 
(P.j;® Ps) 6(Raj—11)5(Re:—f2), where 5 denotes the 
Dirac delta function, and integrating over coordinates 
and momenta. With the use of the definition of tempera- 
ture and upon neglect of inertial terms, save for that 
portion required to bring about the asymptotic equality 
of the pair and singlet forces, we have 


Cap Fag. a® = VrskT Cap — (macas™/p) Verb, 
Cap F ap 2” = Vrak Teap™ — (mpcas/p) Vrab, 


Cap =Ca ( r) ¢a(T2) Sap (nr, T2) ’ (3.10) 


where Cag” is the density in pair configuration space. 
At equilibrium, 


Cap? Fag 12 = Vek Teap? — Cap?” Virbtas 


C ap Fa 32°) pe Vk T Cag? — Cap” oT, alts. ( 3.1 1) 


The phenomenological equations for diffusion and the 
Newtonian stress tensor arise when the perturbations 
to the radial distribution functions are linear functions 
of the relative velocities and velocity gradient in an 
isothermal nonequilibrium system,* 


gap? / gap? Yas (r) (1/1) «Lug (11) —Ye(M) J 
tas (r) Vi" Utes” (r) [(r- e*- r/r*), 
é*=i—HIV,,-u. (3.12) 


The first term, a first-order spherical harmonic in the 
polar and azimuthal angles defining the direction of the 
vector f, contributes only to F,“* while the second 
and third terms, zero and second order harmonics, 
respectively, contribute to (é.)». Higher order har- 
monics, which contribute neither to the frictional force 
nor to the stress tensor, we here leave unspecified. 

From Eq. (3.12) for the perturbations and from Eqs. 
(3.2)—(3.5), we find that the forces F,-* are pro- 
portional to the relative velocities and that the partial 
stress tensors are of Newtonian form,* 


F,0.0*= 2iéofap(Ua— Us) ’ 


6," = (ba— $a) 1V,,*U+2nak, (3.13) 


with friction coefficients {ag and partial coefficients of 
shear and bulk viscosity, 7a and da, defined by the 
relations 


dV ap 


— [Wap +Wpa Vyas? Pr 


Sap=% a 


d Va 
Na = es Das f ves” fos? PE, 
B 


ba=$ dCals f ey of Sap? GT. 
B 
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In Eq. (3.14), a kinetic contribution to the coeffi- 
cient of shear viscosity, dominant in gases but small in 
liquids, has been neglected in accordance with the 
findings of Kirkwood, Buff, and Green.® 

It follows from Eqs. (3.13) and the definitions of the 
frictional forces and the partial stress tensor that to 
within terms of order V?u, 


F,0.0=F,0.0* = — \cstag(Ua—Us). (3.15) 
7 


It is the generalization of Eq. (3.15) to the space of 
molecular pairs which comprises the principal hypothe- 
sis of our unified theory of transport parameters in 
liquid solutions.‘”? Stated verbally, the assumption is 
that the mean frictional force Fs?” in the configura- 
tion space of molecular pairs, defined as the six-dimen- 
sional sum, Fag; @Fas2, of the mean frictional 
forces acting on the first and second molecules, is 
linearly related to the pair space velocity Us” (1, Te) 
through the same friction coefficients that appear in 
Eq. 3.15. In mathematical terms, we assume 


Fas?” =—3 > DS lasiye* {Was —[u,(11) ® ue( te) J}, 


Fs?) = Fy4® — Fog? = (Fug 1 — Fag 1?) 
@ ( F.3 2% — a6 2°) = F.s1°® Fus.22, 
Usa” = Was 1? @ Uas 2”, 


ap;yo = Cy ayli® cof pole, (3.16) 


where 1, and 1, are the unit tensors at rm and fs, re- 
spectively. 


Pair Space Equation of Continuity 


Integration of the Liouville equation over all coordi- 
nates except those of two molecules of species a and 8 
located at rf; and fr and over all momenta yields the 
exact pair space equation of continuity, 


(8/dt) Cap™ + Vr r jas” + Vrs . jas 2” = 0, 


jap. =Cap®Uap.™, jas2 = Cap Uns 2, (3.17) 
where jas,” and jag,2” are the pair space fluxes of the 
two molecules. Eq. (3.17) may be combined with the 
singlet space equations of continuity, Eq. (2.1), and 
linearized to give 


—Catp(Ogap®” /At) — cate Up(T2) — U(r) ]*Vigas? 
=—V,+ (Jog, — Ca? Ug) 


+Vz* (jas.2—Cag?Ug). (3.18) 
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Coefficients of Viscosity 
Substitution of Eqs. (3.8)-(3.11) and (3.15) into 


Eq. (3.16) results in the following expression for the 
pair space fluxes?-; 


CalgkT Sap?) 
Ay, = ——— gag? OV, 
a Sap’ 


(2,1) 
nad 2,07 Sas 
FT gag? 


a=1, 2. 


jos” —Cap 


jas.2? — Cap? Ug = — 


ta=) fitey (3.19) 


In the derivation of Eq. (3.19) we have used the 
definition of the distribution function perturbation 
Zag?» to eliminate gag” and have shifted independent 
variables from rf; and f- to fr, and r in the first equation 
and to rz and r in the second, neglecting second-order 
terms, 

For the case of purely viscous flow, the aiffusion 
fluxes vanish and the velocities of the components at a 
point are equal to each other and to the center of mass 
velocity. Under these conditions, we find from Eqs. 
(3.18) and (3.19) differential equations for the per- 
turbations to the distribution functions," 


CaCaL (Ogas™/9 Ines) + (Ages /A Ince) JV,°U 
— Calg (+VnU) + Vegas” 
= — Cats(Dat+Ds) Ve Bap? Vr( Sap? /Sas*), (3.20) 
Da=kT/§a, 
Ogas?' /dt 
= —[(Ogag? /d Incy) + (gag? /d Ince) ]V,,°U, 
U,(T2) — U.(t:) =r-Vu, (3.20) 
where D, is the self-diffusion coefficient of species a 
in the mixture. The form of the distribution function 


perturbation is given by Eq. (3.12), 


ay g? 1) 


=PopV,,° U+Yas™ (3.21) 


r-e*-r 
2 


Sap” r 


Differential equations for the perturbation parameters 
Yas and Yas” result when Eq. (3.21) is inserted into 
Eq. (3.20) and surface spherical harmonics of the same 


"The careful reader may notice at this point that the singlet 
space forces and the gradients of thermodynamic properties be- 
come second-order terms. This permits some simplification in the 
derivation, which we have, however, avoided for the sake of main- 
taining a uniform pattern of presentation throughout our series 
of papers. 
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order are separately equated, 


PYag*™ (“- 2 dYag*™ 
+ Fill the Ne th ti ORES af © FS ith al. ae 
Sas dr + - + ps ) dr 


1 dgas”” (7 
=-” ROPE, (Sch — scale 


O8ap?” 
3 dr a Inc, ——) 


0 Ince 


dP Wap*®  fdgas?” 2 dWag*® 
La oo Fiera Se aceon PR. a Fh Ri 
— dr? +( dr + % ‘ dr 


ad sp? 
cage ne 


ee 


pret = (Dat+Ds) as, 
*2 = (DatDs) Was”. (3.22) 


Boundary conditions may be obtained by the method 
of Kirkwood, Buff, and Green.* These seem to be some- 
what controversial,” and, as they are not required in 
the following, we shall here omit their explicit formula- 
tion. 

From known radial distribution functions and 
diffusion coefficients, we may in principle solve Eqs. 
(3.22) for the perturbation parameters. Expressions 
for the coefficients of viscosity then follow from Eq. 
(3.14) and the condition that the partial equations of 


motion combine to give the overa!l equation for the 
fluid element, 


fr oad ro gn? Gr 
~ 12D, dr 


av Yi2* gis? dex 


CiCo 


3(D:+D:) dr 


2 


C2" 


2 dV 22 *(0) 9, (2,0) 
— i 7 2? Gr 
tml Nil is 


gee eA 
"~p J" ae 


1V 19 
A 7, et 2) gio dar 


(C2 


15(D:+D:) 


cy dV 29 *(2) 9, (2,0) 74 
a (2, dr 
eo 2 sail 


=) ba; 


a 


n= Ma (3.23) 
When the species are identical or when the concentra- 
tion of one of them vanishes, Eqs. (3.22) and (3.23) 
reduce to those obtained by Kirkwood, Buff, and 
Green.*= With the use of equations for the friction 


2 R. Eisenschitz and A. Suddaby, Proceedings of the Second 
International Congress on Rheology (Academic Press, Inc., New 
York, 1950). 

‘8 Apparently because of a misprint, the coefficient of ¥2 in 
Eq. (6) of Zwanzig, Kirkwood, Stripp, and Oppenheim? is too 
large by a factor of two. 
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coefficient ratios developed in our paper on diffusion,’ 
it is possible in principle to calculate numerically from 
known equilibrium distribution functions the product 
of the viscosity coefficients and either of the two self- 
diffusion coefficients. This has been carried out for the 
limiting case of a single component.® 


IV. DISCUSSION 


We now turn our attention to the composition de- 
pendence of the viscosity, considering in particular 
the coefficient of shear viscosity which has been the 
subject of many experiments and omitting the parallel 
arguments concerning the coefficient of bulk viscosity 
which is less well known. , 

The changes of n, or more precisely Dyn, with composi- 
tion are governed by the corresponding changes in the 
radial distribution functions, which, for arbitrary 
mixtures, are of complex form, not amenable to simple 
treatment. For the present, therefore, we shall content 
ourselves with a study of solutions, regular in behavior, 
with additive volumes and composition independent 
radial distribution functions.” Under these conditions 
Yas*™ is also constant, so that Eq. (3.23) for 7 may be 
rewritten 


( x70," /D,) [D1n nears Dm |+ 2x 1X2V Vo 
+ (2022/2) [Dom— Dz°n2 | 


=y'5[1x2/(Di:+D2) J (dV 12/dr)Yr2*? 22? dr, (4.1) 


v= X11 + X02, 
D $n; = (600?) 11 fr(av J dry Fg, POP r 4=1, 2, 


(4.1) 


where a and x, are the mole fractions of 1 and 2, re- 
spectively, 2 and v are the volumes per molecule of 
pure 1 and 2, » is the mean molecular volume of the 
mixture, D,? is the self-diffusion coefficient of pure 
species i, and 7; is the viscosity coefficient of pure 7, 
not to be confused with the partial coefficient of vis- 
cosity of the previous section. Under the same hypothe- 
ses, we have already found’ that the ratio of the self- 
diffusion coefficients at any composition is in the 
inverse ratio of the molar volumes D,/D.=2/%, and 
hence 


(41/22) 2°LDin— Dm }+-20122D1n 
+ (22/21) 02° Din— Din] 


= def ta/ (ort) ) J r(dV2/dr Wis" gn? dr, (4.2) 


where D,@ is the self-diffusion coefficient at infinite 
dilution (that is, the coefficient of species one in pure 
two). The right-hand side of Eq. (4.2) must be in- 
dependent of composition. For the case of most physical 
interest wherein the volumes are unequal and Dyn is 
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analytic in the mole fraction, the only solution to Eq. 
(4.2) is that Dyn is independent of composition, whence" 


Dyn=[30(2-+01) x if r(dV2/dr)i2* gu? de. (4.3) 


This equation may be regarded as a statistical mechani- 
cal analog of the Stokes-Einstein equation for two- 
component systems. The constancy of D,y has been 
verified by Carman and Stein for the system n-butyl 
iodide—ethyl iodide.” 

According to our theory of diffusion,’ when the radial 
distribution function is independent of composition, 
then the mutual diffusion coefficient D is simply related 
to the self-diffusion coefficient D,, 


D=D,1+ (0 Inf;/a Ina) rp), (4.4) 


where f; is the activity coefficient on the concentration 
basis. Multiplying both sides by 7 and replacing Diy 
by D,°n, we find 


Dn= D,no{1+ (4 Infi/d Ines) 7» |. (4.5) 


The self-diffusion coefficient D,” is equal to the mutual 
diffusion coefficient D= at infinite dilution of species 
one,‘ so that Eq. (4.5) may be written 


Dn= D=y.[1+ (4 Infi/d Inc) rp}. 


A similar relationship has been proposed by Gordon 
for electrolytic solutions. Equation (4.6) has been 
tested in its present form for nonelectrolyte solutions 
by Gosting and co-workers” and by Sandquist and 
Lyons* who found it valid to two significant figures. If 
the solution is very nearly ideal—that is, if the activity 
coefficient f;’ on the mole fraction basis is nearly unity— 
then (0 Inf,/d Inc:)7,y is proportional to the mole frac- 
tion, provided that the molar volumes of the two com- 
ponents are not equal. In this circumstance, we would 
expect Dn to be linear in the mole fraction and this has 
been verified by Caldwell and Babb for several sys- 
tems.” The theories of Eyring and co-workers,” and 
of Hartley and Crank!” similarly suggest that for 


(4.6) 


“Tf the volumes are identical, then D,n may be a linear or 
quadratic function of the mole fraction. In view of the limited 
self-diffusion data available, it does not seem necessary at this 
time to consider this ibility, although it may prove important 
in See ee with a full discussion of ‘Eq. (4.6). 

(1986) P. C. Carman and L. H. Stein, Trans. Faraday Soc. 52, 619 

16 A. R. Gordon, J. Chem. Phys. 5, 522 (1937). 

™ (a) L. J. Gosting and M. S. Morris, J. Am. Chem. Soc. 21, 
rt ie (b) L. J. Gosting and D. F. Akeley, ibid. 74, 2059 


‘a or L. Sandquist and P. A. Lyons, J. Am. Chem. Soc. 76, 4641 

1 C. §, Caldwell and A. L. Babb, J. Phys. Chem. 60, 51 (1956). 

* (a) W. E. Roseveare, R. E. Powell, and H. Eyring, J. App. 
Phys. 12, 669 (1941); (b) S. Glasstone, K. J. Laidler, and H. 
Eyring, The Theory of Rate Processes (McGraw-Hill Book 
Com ny, New York, 1941), p. 
( 960}. . S. Hartley and J. Th ag Trans. Faraday Soc. 45, 801 
1 

#2 B. R. Hammond and R. H. Stokes, Trans. Faraday Soc. 
52, 781 (1956). 
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ideal solutions Dy should be linear in the mole fraction, 
although the physical basis of their reasoning is rather 
different from ours. It has also been proposed that 
Dn (8 Inxf;'/d Inx) is linear in the mole fraction for 
nonideal solutions.” For solutions deviating strongly 
from ideality, this does not seem to be generally the 
case. Hammond and Stokes” tested the proposal for a 
relatively simple system, carbon tetrachloride—cyclo- 
hexane, with fair success. Our Eq. (4.6) fits their data 
rather better and can be used to predict Dn to three 
significant figures except in the limit of pure solute. 

We cannot fail to remark that it would be surprising, 
indeed, if the simple equations derived in the present 
section were obeyed exactly by the very accurate 
mutual diffusion and viscosity data currently available, 
for we have employed some rather restrictive assump- 
tions concerning the nature of the intermolecular forces 
and of the radial distribution functions.’ However, it 
should prove possible to correlate deviations from our 
formulas with the departure of the thermodynamic 
properties of mixtures from those predicted by the 
theory of regular solutions. Thus, the present treatment 
provides the groundwork for systematic experimenta- 
tion parallel to that which is now being carried out on 
equilibrium systems. 

Further insight of a more qualitative nature into the 
significance of Eq. (4.3) for Dyn can be achieved by 
introducing the very crude approximation that y.*” 
can be taken to be a constant, y, independent of temper- 
ature, pressure, and the nature of species two. Equation 
(4.3) then reduces to® 


Dyn= 3Y | (RT /20,) — plv2/(r1+22) J}, 


[ua V12/dr) 2° Pr = { [ (m+ 2) k T/ 20,0 ]— p} 6102. 


(4.7) 


The first term, k7/2m, in this expression for D,y is far 
larger at ordinary pressures and temperatures than the 
second, so that D,n/T should be approximately inde- 
pendent of temperature. Such constancy has been noted 
experimentally.“ In contrast to the Stokes-Einstein 
equation, Eq. (4.7) predicts that Dyn is pressure de- 
pendent. If a series of measurements of Dy are taken at 
constant temperature and pressure with a variety of 
different solvents (species two), then by Eq. (4.7), a 
plot of Dyn vs (v/t:-+12) should bea straight line with 
slope and intercept simply related to the temperature 
and pressure. Hammond and Stokes” carried out a set 
of measurements, obtaining, in our notation, D,°n: for 
carbon tetrachloride in a number of solvents, the most 
interesting of which are benzene, cyclohexane, tetralin, 
and decalin. They found empirically that D,>n vs 1 is 


3D. K. Anderson, J. R. Hall, and A. L. Babb, J. Phys. Chem. 
62, 404 (1958). 

*B. R. Hammond and R. H. Stokes, Trans. Faraday Soc. 51, 
1641 (1955). 
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linear. However, a plot with abscissa 1/(1%-+2) fits 
as well, although the ratio of slope to intercept is not at 
all close to the predicted value. Thus, as one might 
expect, Eq. (4.7) must not be taken too literally. 
Evidently, when Dy,» is constant over the entire 
composition range, it obeys a particularly simple 
form of the law of corresponding states. For arbitrary 
solutions, however, the law does not seem to follow in a 
simple way from Eq. (3.23). The statistical mechanical 
foundation for the theorem of corresponding states in 
the case of thermodynamic properties lies in the possi- 
bility of defining a pseudopotential such that the parti- 
tion function of one of the pure components at an 
appropriate reduced temperature is equal to that of the 
mixture.™ However, the radial distribution function 
and therefore the perturbation parameters are not 
determined by the partition function, and hence it is 
by no means obvious that D4» for the mixture will equal 
that of the pure species at the reduced temperature. 
These remarks may have some bearing on the interest- 
2% P. J. Wojtowicz, Z. W. Salsburg, and J. G. Kirkwood, J. 


Chem. Phys. 27, 505 (1957). 
26 G. Thomaes and J. Van Itterbeek, Mol. Phys. 2, 372 (1959). 
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ing papers of Thomaes and Van Itterbeek*® and Bak 
and Anderson.” 

We end our discussion by observing that it is possible 
to derive one rule for predicting » without going into 
extended arguments concerning the distribution func- 
tions and perturbation parameters. We merely assume 
that (1/0?) fr(dVag/dr) Was” gas?d'r is independent of 
composition. Then Eqs. (3.14) and (3.23) become 


n= Xym+ 2xX2m2+ x2", 
m= (300)—fr(dV12/dr) Yio gio? dr, (48) 


where m and are the viscosities of pure species one and 
two, respectively, and m2 is to be derived from experi- 
mental measurements. This formula for the viscosity 
has been suggested by Sachanov and Rjachowsky™ 
and more recently by Hind, McLaughlin, and 
Ubbelhode.” 


7T. A. Bak and K. Anderson, Acta Chem. Scand. 12, 1367 
(1958). 

28 A. Sachanov and N. Rjachowsky, Z. Phys. Chem. 86, 529 
(1914). 

2 R. K. Hind, E. McLaughlin, and A. R. Ubbelhode, Trans. 
Faraday Soc. 56, 328 (1960). 
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The equation of state and the collision rate for systems ranging in size from four to 500 particles are de- 
scribed. The dependence of the results on the number of particles is qualitatively discussed and in this way 
insight is gained as to what is required of more accurate analytical theories. By comparing the results to 
various analytical theories now available their region of validity is established. The number of particles 
necessary at various densities to obtain a quantitative description of the equilibrium properties is delineated. 
Whether a first-order phase transition exists for hard spheres remains open until larger systems are investi- 


gated. 





INTRODUCTION 


N the previous paper! a program for digital computers 
has been described which reproduces the detailed 
motions of a system of interacting classical particles. In 
this paper some of the results of such a calculation as 
applied to a relatively small number of hard sphere 
molecules is presented. The aim of such a study was to 
learn how many particles are required to adequately 
represent the equilibrium behavior of a real system. 

In order to answer this question it is necessary to 
study the dependence of the results on the number of 
particles. Thus, systems as small as four particles and 
as large as 500 particles are reported on. The four- 
particle system was studied in the hope that it would 
reproduce the two-state behavior at a density near 1.5 
times close-packing noted previously? for larger 
systems. If this were the case then it would have been 
worthwhile to attempt an analytical solution for the 
four-particle system, and determine from it what the 
proper average behavior between the two states is at 
that density. Since a larger number of particles than 
four were required to bring about a two-state behavior, 
analytical treatment is out of the question; even dealing 
with three independent particles would have been a 
hard task (three particles are placed relative to the 
fourth). This also means that any analytic treatment 
to even qualitatively describe the behavior near this 
density would be extremely difficult. 

The larger systems were studied in the hope that the 
two states would eventually coexist. Only then can one 
be sure that hard spheres have a first-order phase 
transition between a fluid and a solid state. The fact 
that this was not achieved with systems as large as 500 
particles is not surprising. The best hope of getting the 
two phases to coexist for a small number of particles is 
in two-dimensional systems, since fewer particles are 
ase J. Alder and T. E. Wainwright, J. Chem. Phys. 31, 459 
asst Alder and T. E. Wainwright, J. Chem. Phys. 27, 1208 

*T. E. Wainwright and B. J. Alder, Nuovo cimento Suppl. 9, 
Ser. 10, 116 (1958). 

(9 37) W. Wood and J. D. Jacobson, J. Chem. Phys. 27, 1207 


5 W. W. Wood, R. R. Parker and J. D. Jacobson, Nuovo cimento 
Suppl. 9, Ser. 10, 133 (1958). 


perturbed by the boundary. In two-dimensional systems 
the same two-state behavior was found as in three- 
dimensional systems and a study is now under way to 
determine whether a 1000- or a 2000-particle system 
does have the two phases coexisting. 

Before it can be said that a large enough number of 
particles have been used to adequately represent an 
infinite system, the boundary conditions used should 
not influence the results. This has by no means been 
achieved with a 500-particle system. Periodic boundary 
conditions have been used throughout for the systems 
presented in this report in the belief that they give the 
most realistic results. They are certainly natural 
boundary conditions in condensed or solid systems 
where the structure is periodic. They also can be shown 
to cause the least error in the equilibrium properties at 
low density. Other boundary conditions have been 
studied also, and will be reported on subsequently. 
Although qualitatively the results are the same, they 
differ quantitatively and they will continue to do so 
until the number of particles on the surface is a small 
fraction of the total number of particles. In the more 
favorable situation of two-dimensional systems this 
will not occur until systems containing more than 
10 000 particles can be handled. This is, however, 
quite feasible with the latest generation of computers. 

With a system so large that boundary conditions 
do not significantly influence the results, it would be 
possible to represent an arbitrary number of particles 
at solid densities provided the system is run long 
enough to rearrange itself to thé state of lowest free 
energy from some arbitrary initial configuration. In 
the fluid region the number of particles does not affect 
the results as long as there are enough particles to 
establish the proper local order. For solids, however, 
long-range order can only be obtained for a small num- 
ber of particles if the order extends across the boundaries 
of the system. In the case of periodic boundary condi- 
tions this means that the particles on one side of the 
cell have to be perfectly arranged relative to the other 
side of the cell. For large systems, however, fairly 
long-range order can be established within a given cell 
and even if the boundaries do not match, this does not 
seriously influence the results. Thus a crystal can form 
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TABLE I. Equation of state and the collision rate for four particles. 
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v/v 


(po/NkT) —-1 


R* 


c> 





-250 
-400 
.500 
BY A) 


13.35 

8.88 
41 
I 


.550 
600 
-700 
.800 
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WSOwWhwh PPE AnanTs 
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NRWNNNNNHNNHNHNN WWW WW 


3.000 


cocecoescocescoososoo 
bd eh wih oe ok: Do whee al 
SLSSESSRELSRSSESSSS 
NNUUDd UN UU Nd HW Und bd 





® Ris the ratio of the experimental to theoretical collision rate, if the latter is 
calculated from the Enskog theory with the machine determined equation of 
state. 


> Cis the number of 1000 collisions the problem has been run. 


in any direction relative to the boundary, which is not 
the case in the smaller systems. However, there are 
still serious problems in large systems with respect to 
the calculating time involved to transform an arbitrary 
initial state to the final equilibrium state. Just as in real 
systems, glasses can be stable for very long times, so 
an arbitrary initial configuration can be metastable 
for as long a time as one cares to calculate. 

For small systems it is thus necessary to study that 
precise number of particles which fit exactly into the 
cell in order to represent a solid as realistically as 
possible. This number of particles also has to be placed 
into the chosen lattice positions; otherwise it has been 
found that the system will not convert to the state of 
lowest free energy in reasonable calculating time. 


TABLE II. Equation of state and the collision rate for eight 
particles. 








v/vo* (pv/NkT)—1 r/To R 





.500(s) 
.525(s) 
.550(s) 
.570(s) 
.580(s) 
.580(f) 
.590(s) 


59 
61 
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® The brackets symbolize the solid (s) and the fluid (f) branch, respectively. 

> As defined in Table I. 

© C stands for the range in units of 1000 collisions the problem has run in each 
branch. 


Although only the two close-packed lattices for hard 
spheres were studied and they both, as expected, gave 
the same results, it is believed that they yield the state 
of lowest free energy at least at the highest densities. 
If metastability is a problem, the most efficient way to 
avoid long calculations is to study various initial states 
and select the one of lowest free energy at various 
densities. This has not as yet been done extensively. 
Thus a body-centered crystal should be examined in 
the two-state region. 

It is, however, possible even in small systems to 
slightly change the number of particles studied and 
still get a solid with long-range order. One example 
of this is given when a perfect solid with one imperfec- 
tion, namely with one missing particle, is described. Of 
course, not too many such holes could be introduced 
in small systems or they would lose their long-range 
character. 


TABLE III. Equation of state and the collision rate for 16 
particles. 








v/vo® (po/NRT)—-1 T/To R* 





1.500 

1.525(s) 
1.525(f)» ie 
1.550 31 
1 .600(s) .98 
1.600(f)> ae 
1.650(s) -63 
1.650(f) 0 
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® The symbols have been defined in the previous tables. 
b For the cases v/m=1.525 and 1.600, the fluid branch existed for too few 
collisions to determine the pressure adequately. 


RESULTS 


Since the machine is made to calculate the actual 
motion of each particle, this program has been prin- 
cipally designed to study the transport properties of 
systems. Some preliminary results® of these have been 
previously given. In this report, however, attention is 
focused on the equilibrium properties because these 
are much better understood and hence confidence in 
the method can be established, especially since direct 
comparison with the Monte Carlo results*® can be 
made. 

The thermodynamic properties of a hard sphere 
system are completely described by the pressure since 
the internal energy is that of a perfect gas. The pressure 
is calculated by a direct application of the virial theorem 
which states that 


(po/NRT) —1=(1/Nw*) (dz/dt), (1) 
where u? is the mean square velocity, 


a= PS bij, 


collisions 


6B. J. Alder and T. E. Wainwright, Transport Processes in 
Statistical Mechanics, I. Prigogine (Interscience Publishers, New 
York, 1958), p. 97. 
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TABLE IV. Equation of state and the collision rate for 32 particles. 





v/v" (po/NRT) —1 rmsd> 


T/T R* Cc 





03139 
25000 
-40000 
-50000 
.52500(s) 


.52500(f) 


.53000(s) 
.53000 (f) 
-53125(s) 
.53125(f) 
.53250(s) 
.53250(f) 
.53500(s) 


97.2 

13.62 
9.33 
8.12 
7.92 


10.51 
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0-10.0 

0-11.0 

0-42.0 

0-29 .0, 30.0-93.0, 
106 .0-107 .0, 204 .0-205 .0 

29 .0-30.0, 93 .0-106.0, 

107 .0-204.0, 205 .0-263 .0 

0-76.0 


76 .0-200.0 
0-4.2 


S £8455" 
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= 


4.2-28.0 


0-0. 
0.4-47.0 
0-5.0, 6.5-25.0, 
179 .0-180..0 
5.0-6.5, 25.0-179.0, 
180 .0-220.0 
0-5.0 
5.0-53.0 
0-50.0 
0-15.0 
0-15.0 
0-15.0 
0-5.0 
0-39.0 
0-9.0 
0-1.5 
0-3.0 


WOK OW é 
SRSRSRSERES 


Seeessseess 8 Sessssesess s Seess 


— 
vo) 
COroorrrocoro Oo COoOrOoroCoCooOrFrS 





® The symbols have been defined in the previous tables. 
b rmsd stands for the root-mean-square deviation in (po/NkT) —1. 


and 6,;;=r,;;U;; has been defined previously! as the 
scalar product of the relative positions and relative 
velocities of particles 7 and j which are involved in a 
collision. The pressure is graphically determined from 
the slope of a plot & vs ¢, and can for a sufficiently long 
run be obtained within an accuracy of 1% in po/NRT. 

The only property involving the time which shall be 
discussed here is the collision rate I’. According to the 
theory of Enskog,’ I is intimately related to the equa- 
tion of state, 


P/To= (po/NkT—1)/(B/2), (2) 


where B is the second virial coefficient and Tp is the 
collision rate at infinite dilution 


To=2N (N—1)o?(a4u?/3)!. (3) 


N is the number of particles per unit volume. Since 
finite systems are dealt with, it is strictly speaking 
necessary to use the value of B for finite systems also. 
Hence the expression given in Sec. E was used for B. 
a is the diameter of the particles. The collision rate and 
the equation of state are tabulated at various compres- 
sions expressed in terms of v/v, where v is the volume 
of the system at close packing. 


7D. Enskog, Kgl. Svenska Ventenskapsakad. Handl. 64, No. 
4 (1922). 


(A) Intermediate Densities 


The results are presented in Tables I through XI 
and in graphs 1 through 4. Figure 1 shows the results 
for various sized systems in the intermediate density 
region where the two-state behavior is found. As the 


TABLE V. Equation of state and the collision rate for 96 
particles. 





(pv/NRT) —1 


a] 
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v/vo* r'To cs 





99.55 
0-2.9 
0-2.0 
0-3.0 
0-2.0 
0-2.0 
0-7.0 
0-2.6 
.6-10.0 
0-1.0 
.0-6.5 
0-3.8 
.8-6.0 
0-4.0 
0-3 .6 
0-3 .0 
0-3.0 
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2.0000 
2.7220 
14.1422 
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® The symbols have been defined in previous tables. 
b The solid branch is too short to determine the pressure with any accuracy. 
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TABLE VI. Equation of state and the collision rate for 108 
particles. 
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TABLE X. Equation of state for 100 particles, initially always 
in a random configuration. 





v/vo® =(po/NRT)—1 T/To 


¥ 


c* 





1.0306 
1.2500 
1.3448 
1.4200 
1.5000 
1.5500(s) 
1.5500(f) 
1.6000(s)> 
1.6000 (f) 
1.6500(s)> 
1 .6500(f) 
1.7000 
1.7678 


99 .02 
13 .68 
10.65 
9.34 
8.36 
8.20 
9.84 
8.13 
8.87 
7.73 
8.30 
7.61 
6.83 


0-5.5 
0+4.6 
0-2.6 
0-13.9 
0-3.0 
3.7-29.7 
0-1.9 
2.2-34.0 
0-0.7 
0.7-4.2 
0-33 .0 
0-5.4 
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® The symbols have been defined in previous tables. 


b The accuracy of the results at these densities is poor due to the short 
existence of these branches. 


TABLE VII. Equation of state and the collision rate for 256 
particles. 





v/v" (po/Nk T)-1 r/To R* c* 





1.5000 
1 .6000(s) 
1 .6000(f) 
1.7678 (s) 
1.7678 (f) 
2 .0000 


0-2.5 
4.9-9.5 
0-3.7 





® The symbols have been defined in previous tables. 


’ Taste VIII. Equation of state and the collision rate for 500 
particles. 








v/v (po/NRT)—1 T/T R* 





1.6000(s) 
1 .6000/(f) 
1.6500 
1.7000 
1.7678 


98 
.00 
.98 


99 
99 








® The symbols have been defined in previous tables. 


TABLE IX. Equation of state and the collision rate for 32 
particles in the compressed-fluid region. 








v/vo (po/NkT)—1 T/To R Cc v/vo—0.1506 





1.1546* 
1.1987 
1.2496 
1.2982 
1.3443 
1.4017 
1.4948 
1.5981 


700 
64.1 
30.8 
22.5 
18.3 
14.7 
11.2 

9.20 


300 
26.2 
13.1 

9.37 
8.10 
6.93 
5.35 
4.98 


1.0040 
1.0481 
1.0990 
1.1476 
1.1937 
1.2511 
1.3442 
1.4475 
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® The system was carried to a density of v/m=1.1546, but (pv/NkT) —1 was 
so high that with the short run available the pressure could not be determined 
accurately. 


b The symbols have been defined in previous tables. 


v/v (po/NkT) —1 c (poe/NRT) —1 





1.2279 
1.3448 
1.7678 
2.0000 
2.722 
14.142 
30.43 
86.07 


21.5 

13.3 
6.70 
4.81 
2.47 
0.237 
0.104 
0.0359 


0.240 
0.104 
0.0352 
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® The number of collisions in units of 1000 collisions the problem has been run, 
b From the five-term virial expansion. 


TasLe XI. Equation of state for 31 particles, initially in a 
face-centered lattice with one particle left out. 





v/vo v/v9* pro/NkT (pv/NkT)—1 Cc 





1.2903 
1.4464 
1.5484(s) 
1.5484(f) 


13.75 
9.53 
8.11 

10.19 


0-2.0 

0-7.2 

0-1.0° 
3.0-7.0 





® The value of v/v if there were 32 particles present. 














V/Vo 


Frc. 1. Equation of state in the transition region. Both the 
fluid and solid branches are plotted for those numbers of particles 
where each was found. The curves are labeled by the number of 
particles. The heavy lines refer to systems which contain 96 or 
more particles. 
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cathode ray tube pictures displayed in paper I' clearly 
showed, the lower branch of the system is solidlike and 
the upper branch is fluidlike. It was found that the 
system stayed in the lower branch for quite a long 
calculating time, then suddenly jumped to the upper 
branch and stayed there for quite a long calculating 
time before jumping back to the solid branch again. 
The transition between the two branches occurs so 
infrequently that it was not possible to get enough 
statistics to establish the average time the system 
spends in each branch. Thus, each branch is plotted 
separately. Even if an average pressure could be 
established in this density region its significance would 
not be clear. 

Thus, in these small systems it is not possible to have 
solid and fluid together in equilibrium, but the whole 
system is in either one phase or the other. The accessible 
region of phase space might be considered as consisting 
of two pockets, one solid, the other liquid, connected 
by a narrow passage. The narrow passage represents 
the relatively improbable cooperative motion among 
the particles necessary to let a particles escape out of 
its cell and turn a solid into a liquid. The reverse 
process also is improbable since a cooperative motion 
among a set of particles is required to form a small 
ordered region. For these small systems such processes 
are made more unlikely, because the solid has to crystal- 
lize in a particular orientation. For larger systems this 
is not necessary so that presumably the passage be- 
tween the two pockets enlarges for this reason. On the 
other hand, the crystallites could be bigger so that 
more particles might be involved in the cooperative 
motion, causing a narrowing of the passage. If there is 
to be a first-order phase change, crystals must exist in 
equilibrium with the fluid; that means that the passage 
must not be choked off in larger systems. The passage 
can, however, be still quite narrow so that it might take 
a large amount of calculating time to establish equilib- 
rium, but the system is large enough so that part of the 
system is in the solid phase and part in the liquid one. 

The question of what actually happens is not settled 
yet, but can probably be settled by the study of large 
two dimensional systems. From the results presented in 


TABLE XII. Occurrence of the first transition from the solid to 
the fluid state at a given density (v/vp= 1.60) for various numbers 
of particles and the duration of the transition. 





duration* 


collisions/particle (collisions/particle) 





350 

240 

310 
54 dis 
35 6 
20 19 
25 19 





® For the small systems the duration of the transition is too short to be ac- 
curately determined, but they are of the order of one collision per particle. 
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TasLe XIII. Occurrence of the first major transition from the 
solid to the fluid state for a given number of particles (32) as a 
function of density. 





v/0 collisions/particle 





1.52500 
1.53000 
1.53125 
1.53250 
1.53500 
1.54000 
1.55000 
1.60000 





Table XII it appears that the passage widens as the 
number of particles increase. Table XII shows that as 
the number of particles increases it takes fewer and 
fewer collisions per particle to go from an initial solid 
state to the fluid state at a given density. These results 
are for a single run for all the different systems and 
hence large statistical fluctuations can be expected. 
Nevertheless the trend is clearly established. Table XII 
also shows the number of collisions necessary to go 
from the lower branch to the upper branch as judged by 
the interval from the point at which the pressure first 
increases to the point at which the pressure steadies 
down to the upper branch value. The fact that the 
transition region between these two states persists 
longer as the number of particles increases also in- 
dicates that the passage widens, because the systems 
spend more time in the partially melted state. Without 
referring to the picture just presented one can say 
that the partially melted region becomes more stable 
for larger systems, so that for large enough systems 
that state might become stable for very long times and a 
first-order phase transition would then exist. 

Returning to the picture of phase space, as the dens- 
ity changes the pockets change relatively in size. Thus, 
at higher densities the solid pocket grows at the expense 
of the liquid pocket. This means that the system spends 
more time in the solid pocket and attempts fewer 
entries into the passage to the liquid side. At the same 
time, however, the passage also narrows, since a more 
improbable fluctuation is involved in turning a denser 
solid at least partially into a fluid. This picture is 
confirmed by the results in Table XIII, where the 
density dependence of the transition is studied for a set 
number of particles. At higher densities the transition 
from the solid to the fluid state requires many more 
collisions, until finally at v/v of 1.50 it was impossible 
to cause the transition to take place. Since the passage 
is wider for larger systems, it can be expected that at 
higher densities than for smaller systems it will still be 
possible to reach the fluid state. Eventually, however, 
the passage should be choked off at high but finite 
densities, but, as will be seen, the liquid pocket can still 
persist as a metastable state. In any case these con- 
siderations are in accordance with the sensitive de- 
pendence of the results on density. 





1444 "ee 


Figure 1 also demonstrates the systematic variation 
of the results with the number of particles. It is found 
that the larger systems have a higher pressure in the 
solid phase than the smaller systems, while in the fluid 
phase just the reverse is true. However, for systems 
greater than about 100 particles the pressure is no 
longer different within the accuracy of the results. 
These systems form the heavy curve drawn in Fig. 1. 
For 100 or more particles all the second neighbors of a 
given particle are in the same cell, while for 32 particles 
some of these second neighbors are in the adjacent cell. 
Because of the periodic boundary condition this means 
that these second neighbors are not all independent 
of each other in their motion, that is, some of them have 
identical histories. For systems with less than 32 par- 
ticles even the nearest neighbors are not independent. 
This apparently causes the fairly large change in the 
results for very small systems. Once the first neighbors 
are correctly treated the results are close to the behavior 
of larger systems. Whether third neighbors are treated 
independently or not is apparently of not much quanti- 
tative significance except as far as the phase transition 
is concerned. There many particles are needed to 
represent a crystallite in equilibrium with a fluid. 

The two-state behavior was found over a region of 
density of 1.5<v/m<1.7. Above v/v of about 1.7 
the solid system which was initially set up almost 
immediately lost the ordered configuration, and hence 
did not stay on the lower pressure branch for an ob- 
servable time. Systems with 2/m<1.525 remained in 
the lower branch and in the original configuration for 
very long runs. 

The results of the free volume theory® are given in 
Fig. 1 by the curve labeled 2. From the point of view of 
periodic boundary conditions one particle surrounded 
by its neighbors at fixed positions is generated by a two- 
particle system, the second particle representing all the 
neighbors. A one-particle-per-cell system with periodic 
boundary conditions leads to no collisions and hence a 
perfect gas equation of state. This free-volume theory 
uses the smeared-out neighbor approximation, that is, 
the central particle is confined to an equivalent sphere 
rather than the exact, but geometrically complex, 
region that is accessible in between the neighboring 
spheres when they are located on lattice positions. If 
the latter free volume is calculated® the pressure is 
raised but not nearly enough to bring it into agreement 
with the larger system results. 

The dotted curve labeled 3 in Fig. 1 refers similarly to 
a free-volume theory, but one in which two particles are 
confined to a cell determined by their neighbors. The 
curve is dotted because it is not the accurate result of 
such a calculation. Because of the complexity of the 


8 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 53 (1937). 

®R. J. Buehler, R. H. Wentorf, J. O. Hirschfelder, and C. F. 
Curtiss, J. Chem. Phys. 19, 61 (1951). 

10 J. de Boer, Physica 20, 655 (1954) ; 21, 137 (1955). 
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calculation some mathematical approximations had to 
be used in order to apply the theory to this region of 
density. Again the results are in the right direction from 
the two-particle theory but not large enough. 

A characteristic of the free-volume theory and of 
very small periodic systems is that density fluctuations 
are suppressed. This could make the pressure too low 
as compared to an infinite system. Thus, if P(p) is the 
pressure as a function of density, according to the free 
volume theory, then the effect of fluctuations can be 
calculated as a perturbation. Let po be the average 
density and let f(p) be the distribution of densities in 
the region of an atom. That is, f(p) is related to the 
distribution of nearest-neighbor configurations or 
cell sizes which would be found in an infinite system. 
Then, 


p= | ” P(o)f(o)dp. 


Expanding P(p) in a Taylor series about pp yields 


P= P(p) I ” t()dp+(dP/dp) Ips goer 


4+4(@P/ dp?) |pg Cit iled es: 


and since 


[Sorae=1 


J ” of (0) dp=po, 


B= P( 0) +}(P/dp) |ne  e— pitalia 


+ higher order terms. 


At very high densities where density fluctuations are 
inhibited, f(p) is a delta function centered at po so the 
integral in the above equation vanishes. 

Thus, as can be seen from Fig. 1 and particularly from 
Fig. 3, at densities near close-packing, the free-volume 
theory calculates the pressure very accurately. At densi- 
ties lower than that of close-packing, the integral is 
positive so that P is larger than P(po) since d?P/dp* 
is positive. The amount of fluctuation in density, that 
is the width of the function f(p), grows with increasing 


. system size so that the larger systems in this density 


range should show higher pressures. 

The free-volume theory is a model applicable in the 
solid state in as much as the neighboring particles are 
strictly confined to a lattice. It is, therefore, not sur- 
prising that the two-state behavior is not found for 
this theory. The larger systems investigated on the 
calculating machine are akin to the cell theory, as 
previously implied, when periodic boundary condi- 
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tions are used. For example, the same results for the 
equation of state are obtained when two particles are 
studied on a body-centered cubic lattice with periodic 
boundary conditions and when the free-volume theory 
for that situation is worked out. Thus larger systems 
are merely cell theories with more particles per cell. 
The question is, then, how many particles per cell are 
necessary to get away from an ordered state and create 
the opportunity to produce a disordered state. As Fig. 1 
shows, the three-particle analytical theory did not show 
a disordered state; neither does the four-particle system 
worked out on the computer. 

The four-particle system is the smallest cubic unit 
of a face-centered lattice. Since the system is so small, 
it was necessary in the calculation to anticipate colli- 
sions with a particle and also with its periodic continua- 
tions in neighboring boxes. This causes such small 
systems to be not nearly so fast to run on the computers 
as one might at first think. Nevertheless, quite long 
runs were made without finding a transition to a fluid- 
like state. However, a comparison of the positions of 
particles initially and after some collisions had taken 
place, showed that particles had switched positions for 
values of v/v> 1.80 while they were still in their original 
order for v/v<1.7— at the end of the run. This means 
that although particles are free to interchange, it is not 
possible to create any disorder in the system, because 
after the interchange the particles are again in a regular 
arrangement near lattice positions. The value of v/1 
at which interchange can first take place is a reasonable 
one. Interchange can first occur roughly when two 
particles can slip past each other along the diagonal of 
the unit cube after a third one is placed on the corner. 
This means that the diagonal length (v3) has to be 
equal to 3 or v/%= 1.837. By cooperative motion of 
three particles a rotation of the three (equivalent to an 
interchange) can occur at slightly higher densities in 
agreement with the facts. 

For systems containing eight or more particles the 
two-state behavior was obtained, though with eight- 
particle systems the fluid state was reached in only a 
few cases, and then after rather long runs. The eight- 
particle system consisted of two unit cubes containing 
four particles each placed next to each other. The result- 
ing periodic space consisted of rectangular parallelo- 
pipeds. Similarly for the 16-particle system two of the 
eight-particle cells were placed next to each other. 
' The 32-particle system again has a cubic cell when two 
of these 16-particle cells are combined. Figure 1 shows 
that the difference in the pressure for the two states is 
larger for the smaller systems. An explanation of why 
the fluid pressure is higher for the smaller system might 
be that when these systems get into the disordered state 
it is impossible to establish the proper local order. 
Because for the eight- and 16-particle systems the 
nearest neighbors are not independent, it is not possible 
to relax the position of one neighbor if the other neigh- 
bor is in a favorable position. In other words, there is 
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Frc. 2. Equation of state in the low-density region. The symbols 
labeling the curve mean: sup=superposition theory, vir=five- 
term virial expansion, fv=free-volume theory, 4=four-particle 
results, and the dots refer to the machine calculations for systems 
with 32 or more particles. 


order among the correlated neighbors but the system 
overall is more jammed up than in larger systems be- 
cause less flexibility is available. This jamming causes a 
higher pressure." The very same reason caused a lower 
pressure in the solid branch. Less flexibility in the solid 
phase meant that the correlated neighbors were always 
the same distance apart so that if a particle collides 
with one member of a correlated set it will certainly 
be far away from some of the others. This effect was 
described previously as an inhibition of fluctuation in 
cell size. 


(B) Low Densities 


Figure 2 compares the molecular dynamics results 
with various analytical theories in the dense-gas 
region. The dots refer to the results for larger systems. 
The free-volume theory (labeled fv) is just not applic- 
able in this region and results in pressures which are 
too high. Because the curves for small systems cross the 
curve for larger systems at different densities it mis- 
leadingly appears that the four-particle theory gives a 
worse result than the two-particle theory at low densi- 
ties. The four-particle theory is probably in better 


1 See the next paragraph which explains the same phenomena 
in an equivalent way, namely, the inability of the system to form 
clusters. 
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TABLE XIV. Excess entropy of a fluid of rigid spheres, 
S®/Nk, as a function of density. 
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agreement with the large-system results than the 
“smeared” free-volume theory at still lower densities, 
but may not be any better than the “average” free 
volume theory® which also gives too high a pressure in 
this region (v/m%> 2.5). The reason that the pressure is 
now higher than the more accurate results while in the 
solid region it was lower, can be restated in the follow- 
ing manner. In the fluid region hard spheres like to 
cluster so as to have as large as possible an attractive 
potential of average force. When two spheres are close 
together this effective attractive potential arises from 
the geometric consideration that there are more colli- 
sions forcing the two spheres together than forcing them 
apart. The cell theory prevents this clustering by con- 
fining the neighboring particles to their lattice positions; 
the effective attractive potential is hence less and the 
pressure higher. 

The superposition theory of Kirkwood” treats the 
distribution of particles in a much more satisfactory 
manner, as can be seen by the better results in Fig. 2. 
(The curve labeled sup) In fact, it was the prediction 
of the superposition theory" that hard spheres have a 
solid-fluid-like phase transition at a v/% of about 1.5 
that lead originally to this investigation. That some- 
thing unusual happens there is demonstrated in this 
report. We hope in a later report to make a more de- 
tailed comparison of the superposition theory with the 
present results for both the pair and triplet distribution 
function. This allows a direct checking of the validity 
of the Kirkwood approximation. It can be anticipated 
that the pair and triplet distribution functions com- 
pare almost quantitatively but that some finer details 
are left out in the superposition approximation. This 
can be ascribed to the fact“ that the superposition 
approximation is equivalent to leaving out some of the 
highly linked cluster diagrams in the rigorous Mayer 
cluster expansion. It is because of these omitted terms 
that the pressure calculated from the theory for hard 
spheres is too low. These highly linked diagrams be- 
come relatively more important at high densities, so 


2 J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935). 

18 J. G. Kirkwood, E. K. Maun, and B. J. Alder, J. Chem. Phys. 
18, 1040 (1950). 

4B. R. A. Nijboer and L. van Hove, Phys. Rev. 85, 777 (1952). 
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that at lower densities the theory is quantitatively 
correct. Unfortunately, however, in the interesting 
liquid-density region the theory is only semiquantita- 
tive, but still the best analytic theory available. 

To carry the theory logically one step further by 
making the superposition approximation in the space 
of four molecules (the free-volume theory carries it out 
in the space of only two molecules”) is a formidable 
mathematical problem. Even if this were done, as the 
previous discussion showed, it would not yet lead to 
quantitative results. In order to get quantitative results 
the superposition approximation would have to be made 
in the space of 20 or so molecules. Even a solution of 
the equation resulting from the superposition approxi- 
mation with four particles would require extensive use 
of computers, so it was felt best to try the present 
calculational approach to learn more about what is 
ultimately required of an analytical description of the 
classical many-body problem. 

The study of the entropy clearly shows the superiority 
of the superposition theory over the free-volume 
theory. Table XIV makes such a comparison of the 
excess entropy, S¥, defined as follows, 


S=—Nknp+S*(T)+S?, 


where 


S*/Nk= [ “Lpe/ NRT) —1}(1/v)d(v/v0) 


+In(po/NkT), (4) 


and 


S*(T) = lim[ S+Nk Inp]. 
po 


S is the excess entropy at constant pressure over that 
of an ideal gas. The free-volume theory gives much too 
low an entropy because the particles are ordered on 
lattice positions. However, when the free-volume theory 
is considered from the point view of a two-particle 
periodic boundary-condition problem then the entropy 
is considerably raised even though the equation of state 
is the same for the body-centered cubic lattice. We hope 
to discuss this more fully in a later paper. The excess 
entropy calculated from the superposition theory is in 
quite good agreement with the present results. Only at 
the highest density does any discrepancy appear. 

Figure 2 also shows the pressure resulting from the 
five term virial expansion (labeled vir) 


(po/NkT) —1=(b/v) +0.625 (b/v)?+-0.287 (b/v)* 


+0.115(b/v).4 (5) 


At low density perfect agreement with this expression is 
obtained as it must be (see Table X). At higher densi- 
ties the expansion no longer converges; however further 
terms are hard to evaluate analytically. These further 
terms are also hard to get from the numerical results 


6 J. G. Kirkwood, J. Chem. Phys. 18, 380 (1950). 
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because no effort has been made to obtain precise and 
more data points in the intermediate-density region. 
The precision required of the data is very high in order 


to say with confidence what the next virial coefficients. 


are going to be. All that can be said with confidence 
with the available results is that the sixth and seventh 
virial coefficients are positive. The data can be em- 
pirically fitted up to the transition density adding a 
term 0.079(b/v)5 to Eq. (5). Only slight improvement 
can be obtained over this fit by adding two terms 
0.046(b/v)5+-0.02(b/v) .° These terms may not have any 
relation to the theoretical higher virial coefficients. 

The fact that all the known virial coefficients are 
positive has theoretical impact on the question of the 
divergence of the virial expansion for hard spheres. If 
they were all positive it would be of course impossible 
to get a flat pressure volume region or a van der Waals 
loop indicative of a first-order phase transition. If there 
then is a phase transition, with all the coefficients 
positive, the series either diverges at the phase transi- 
tion or, what appears more likely, the series continues 
into a metastable fluid region. This region can be 
artifically generated on the calculator and will be dis- 
cussed in the next section. The earlier Monte Carlo 
results’* had indicated that some of the higher virial 
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Frc. 3. Equation of’state in the high-density region. The curves 
are labeled by the number of particles which were used. For 32 
particles both the solid and fluid branch are graphed. The signifi- 
cance of the dotted lines is that these curves were obtained by 
using unusual initial configurations and hence these curves do not 
represent a usual equilibrium state of the system. 


16M. N. Rosenbluth and A. W. Rosenbluth, J. Chem. Phys. 
22, 881 (1954). 
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Fic. 4. Equation of state in the high-density region. The solid 
lines represent the data for the 32-particle system in the solid 
and fluid branches. The dashed line is calculated by the free- 
volume theory in the region where it is accurate. The triangles 
represent the equation of state for 32 particles in the extended 
fluid branch when that data has been corrected by subtracting 
an empirically determined constant from v/vp (Table IX). The 
dots represent the equation of state for 31 particles when their 
close-packed volume has been corrected to that of 32 particles. 
The square represents an uncorrected point on the fluid branch of 
the 31-particle system. 


coefficients are negative. This was in error due to in- 
sufficiently long runs.‘ 


(C) High-Density Region 


The high-density results for the equation of state 
are shown in Fig. 3. As mentioned before, there is a sys- 
tematic trend in the pressure with the number of par- 
ticles (solid lines) but the differences vanish at high 
enough densities. The 96-particle results are plotted 
explicitly although they do not significantly differ from 
the other large-system results. This is of interest because 
the 96-particle system was placed into a hexagonal 
closed-packed lattice with a rectangular parallelopiped 
box while all the other large systems were in a cubic 
box containing a face-centered crystal. These two 
lattices differ only in the arrangement of the third 
nearest neighbors of a particle. As has already been 
seen, these third neighbors do not significantly affect the 
results and hence it is not surprising that the hexagonal 
and face-centered lattice results agree over the entire 
density region. 

The dotted curves in Fig. 3 demonstrate that in the 
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Frc. 5. Upper graph: The configuration of a 32-particle system 
in the yz projection for a face-centered lattice. Each dot represents 
two particles on top of each other. Lower graph: The configura- 
tion of the 32-particle system at the end of the run in the ex- 
tended fluid branch. The y’z’ axis refers to the projection graphed 
in Fig. 6. 


solid region for these small systems the results depend 
on the number of particles studied as well as their 
initial configuration. In the fluid phase these factors 
did not influence the pressure, as the results for 100 
particles in Table X show. The 100 particles were 
initially placed in some random configuration, but one 
which allowed the spheres to be quite tightly packed, 
so that quite high densities could be achieved. The 
density could then be lowered by shrinking the diameter 
of the spheres, keeping the cubic box the same dimen- 
sions. At high densities the system could not rearrange 
itself to a perfect crystal as the higher pressure in Fig. 3 
indicates. Even if this system were able to unjam 
itself it could not form a perfect crystal but only one 
with eight holes, since that is required by the periodic 
boundary conditions for a face-centered cubic lattice. 
However, when the density was lowered to that of a 
fluid, the system was able to rearrange itself to obtain 
the proper local order. 

A system with an artifically introduced single hole 
was then set up to study its behavior in this region. The 
resultant 31-particle pressure is shown in Fig. 3, and 
it is again higher in the solid region, but not as high 
as the 100-particle system since it is much more ordered. 
However, again, as the square point in Fig. 4 shows, 
in the fluid region the pressure is the same as that of a 
32-particle system. The results on the solid side can, 
however, be understood if it is considered that the hole 
is just an inaccessible region to the system, in other 
words, the 31-particle system behaves like a 32-particle 
system. Thus, if the close-packed volume, %, is con- 
verted to that of a 32-particle system, the dots in 
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Fig. 4 result, yielding perfect agreement in the pressure 
with that of the perfect crystal. Actually the agree- 
ment should not be perfect since the particles surround- 
ing the hole have a slightly larger volume accessible to 
them, so that the pressure should be slightly smaller 
than that of a perfect crystal. At high densities of the 
solid even this difference should disappear, since the 
particles surrounding the hole are completely locked 
in. Within the accuracy of the present results this 
difference could not be picked up even at the lowest 
solid densities. 

It is of interest to check whether this hole has moved 
during a run from the point of view of diffusion theory. 
A mechanism of diffusion in solids is by means of a 
particle moving into the hole leaving a hole in its 
stead. Even if this did not take place it would not 
alter the above argument for changing v. An examina- 
tion of the positions of the particles at the end of the 
rather short run at the lowest solid density showed 
that this phenomenon had not occurred. This is not 
surprising since such a motion would involve a highly 
cooperative movement of the particles surrounding 
the hole. Furthermore, the few particles used seriously 
restrict such fluctuations. 

The extension of the fluid branch to solid volumes for 
32 particles was accomplished by still other means. 
The dashed curve labeled 32F in Fig. 3 was generated 
by a gradual compression of a fluid 32-particle system. 
This gradual compression was achieved by a slow swell- 
ing of the particles, keeping the volume of the system 
unchanged. The striking feature of these results is 
that no two-state behavior is found and that a smooth 
extension of the fluid branch can be generated at much 
higher pressures than the crystal branch. The fact 
that a two-state behavior was not observed is not sur- 
prising since at the lowest compressed density studied, 
v/%= 1.4948 (see Table IX), it was also not possible 
to effect the transition from the solid to the fluid 
branch. The reverse transition also requires a large 
fluctuation which is not very probable under these 
jammed conditions. The liquid and solid regions of 
phase space have thus been isolated, if not at this 
density certainly at slightly higher densities. No matter 
how long the calculator would run, no transition be- 
tween the two states is possible for these finite systems. 

The higher pressure for the extended fluid curve 
compared to the 100-particle system indicates that at a 
given density the 100 particles are less jammed up. This 
is because the larger system has more voids (the 
equivalent of eight holes) which are at least partially 
accessible to the particles. The uniqueness of the ex- 
tended fluid branch has not been investigated, since 
only a single run has been made. It might be expected 
that there exists a fairly narrow band of curves extend- 
ing the fluid branch depending on from what particular 
configuration the compression was started. The only 
relevant data on this was obtained by the Monte Carlo 
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Frc. 6. The xy’ projection of the positions of the 32-particle system referred to in Fig. 5. The horizontal and vertical lines refer to the 
repeat planes due to the periodic boundary conditions. The crosshatched lines connect positions of atoms in the lower layer (dots). The 
crosses represent positions of atoms in the layer above. The squares represent location of atoms which are missing. 


method” using a similar procedure for 32 particles. The 
curves do differ in some detail but are over-all in sub- 
stantial agreement. 

Since it was possible to understand the behavior of 
the 31-particle system by correcting its close-packed 
volume, it should be possible to do the same thing 
for these other disordered systems except that the close- 
packed volume has to be found empirically. In other 
words, a free-volume type of theory should still work 
since the particles are localized, but the average free- 
volume per particle cannot be calculated from a crystal 
lattice model. The free volume could be calculated if 
the volume taken up by the imperfections were known. 
The close-packed volume for the extended fluid branch 
system was determined from the point at which the 
pressure became infinite (about v/7=1.1506). If the 
pressure is plotted against v/m—0.1506 (Table IX and 
Fig. 4) good agreement with the crystal branch is 
obtained in the region where the free-volume theory is 
accurate. 

An examination of the positions of the particles at 
the highest density studied on the extended fluid branch 
reveals that they are not in a completely disordered 
array but rather in a slightly imperfect hexagonal close- 
packed lattice. Figure 5 compares the positions pro- 
jected in the yz plane of a perfect face-centered cubic 
crystal (upper graph) to that found at the end of the 
compression run (lower graph). It is obvious that on an 
over-all basis the lower graph shows quite a bit of order. 
However, where the z’ symbol is located on the graph 
an atom is missing, and in the plane above and below 
that hole some disorder exists. The projection in the xy’ 
plane given in Fig. 6 makes this clearer. Two planes of 
particles each perpendicular to the z’ axis are plotted. 
The missing atom is indicated by a square. The crystal 
does not repeat every cube in the y’ direction but every 
three cubes as indicated by the heavy vertical line. 
However, in the x direction the repetition distance is 
the usual one of every cube as indicated by the horizon- 


™W. W. Wood, (private communication). 


tal lines. The crossed lines connecting the particles in 
one layer are drawn to emphasize the nearly hexagonal 
nature of the lattice. The crosses for the location of the 
particles in the layer above fall near the center of the 
triangles formed by the crosshatched lines as they 
should for a hexagonal lattice. There appears to be one 
fault in the crystal which might be described as a slip 
in addition to the hole. It is associated with the hole 
in the plane below (on the very left of Fig. 6 and re- 
peated periodically just to the right of the heavy 
vertical line for purposes of clearer demonstration). 
The particles above the hole are quite regularly ar- 
ranged as shown in the middle of the box in Fig. 6. The 
slip also appears very clearly again (about # over in the 
box) in the upper layer of particles marked by crosses. 

Undoubtedly these same imperfections would not 
appear each time such a compression was tried, as 
mentioned earlier. However, there are only a limited 
number of ways to have imperfections in such small 
systems. What would happen if the same thing were 
tried on larger systems is pure speculation. Very likely, 
however, a similar slightly disordered system would 
result if the fluid state compressed so fast that not 
enough time were allowed to reach the equilibrium 
state at each density. This behavior is quite analogous 
to cooling a liquid so fast that a glass forms. A glass is 
also believed to give a high degree of local order. Larger 
systems can, of course, have more complicated imperfec- 
tions; however, it is the instantaneous local arrange- 
ments in the fluid that primarily determines what sort of 
faults are frozen in. 


(D) Collision Rate 


The results for the collision rate relative to the colli- 
sion rate at infinite dilution for the various systems are 
given in Tables I through IX, and some of the results 
are graphically presented in Fig. 7. The collision rate 
ratio generally conforms to the behavior of the equa- 
tion of state. Thus, as Fig. 7 shows, the collision rates 
for systems of less than 96 particles are low on the 
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Frc. 7. Collision rate relative to the Boltzmann collision rate as 
a function of v/v. The fluid branch is represented by the upper 
curve for systems of 32 particles and larger. The dashed curve 
represents the extended fluid branch. The solid branch is repre- 
sented by the heavy curve for systems of 96 particles and larger, 
and by the labeled curves for smaller systems. 


solid branch just as the equation of state is. The colli- 
sion rates for eight-particle systems in the fluid branch 
seem unusually low (Table II) although the pressures 
are high. 

As Eq. (2) shows, the collision rate ratio is purely a 
function of the equation of state according to the theory 
of Enskog. The R column in Tables I through IX is the 
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Fic. 8. Dependence of the equation of state on the number of 
particles at lower density. Curve A refers to v/vp=1.65, curve B 
to v/vo= 1.7678 and curve C to v/v9=2.0 in the fluid branch. 
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Fic. 9. Dependence of the equation of state on the number of 
particles at higher density. Curves A, B, C, D, and E refer to, 
= v/vo=1.4, 1.5, 1.525, 1.55, and 1.65 in the solid 

ranch. 


ratio of the experimental value of '/Ty to the theoreti- 
cal one. The theoretical one is determined by the use of 
the equation of state as obtained by the computer work 
for the same system. A striking confirmation of the 
Enskog theory of collision rates is obtained for systems 
larger than 32 particles, which shows that this ratio is 
unity within statistical significance at all densities. 
This in turn implies that the molecular chaos approxi- 
mation made by the Enskog theory is a valid one insofar 
as the collision rate is concerned. The validity of this 
assumption’ at solid densities is certainly doubtful. 
The result then probably means that the collision rate is 
insensitive to this approximation. However, when 
artificial velocity correlations are introduced among the 
nearest neighbors of a particle as in small systems, the 
experimental to theoretical collision rate does reflect 
this correlation. This ratio is less than unity and the 
deviation is the largest for the smallest system. It is 
remarkable that this deviation is independent of density 
within the accuracy of the results; although the eight- 
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Frc. 10. Dependence of the equation of state on the number of 
particles for »/v9= 1.60 in both the fluid and solid branch. 
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particle case is a spurious exception, the deviation was 
much larger in the fluid phase than in the solid phase. 


(E) Dependence of the Results on the Number 
of Particles 


Although we intend to discuss the dependence of the 
results on the number of particles more fully when the 
study of larger systems in both two and three dimen- 
sions is completed, Figs. 8-10 are presented to demon- 
strate the dependence found so far which was previ- 
ously discussed qualitatively. The results are plotted 
against (4/N)*. The factor four is of not much signifi- 
cance except that it normalizes the results to the 
smallest cubic cell that can generate a face-centered 
lattice. The choice of the reciprocal one-third power of 
the number of particles which is characteristic of the 
linear dimensions of the system has been chosen em- 
pirically as the power which makes the graphs most 
nearly linear. 

It is only at low density that it has been possible to 
investigate theoretically the dependence of the results 
on the number of particles. The first few virial coeffi- 
cients for an infinite system (subscript ©) of hard 
spheres are related to those of a finite periodic system™ 
(subscript V) by 


By=Ba(1—1/N) 
Cv =Ca[1+ (1/5N) — (6/5N*) ], 


where B and C are the second and third virial coeffi- 
cients. For one particle these expressions correctly 
reduce the virial coefficients to zero and for a system 
as small as 32 particles the corrections are already small. 
For dense gas systems the results are given in Fig. 8 and 
show that the pressure first increases as V increases and 
then decreases very slightly (curve C). At higher 
densities, but still in the fluid region, the pressure de- 
creases monotonically as NV increases (curves A and B). 


18 J, Oppenheim and P. Mazur, Physica 23, 197 (1957). 
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All curves show that the results have become pretty 
independent of WV for the larger systems. 

Figure 9 shows the dependence of the pressure on V 
for the solid branch at various densities. The lines drawn 
are the best ones to fit the data and show that the pres- 
sure increases as the W increases. An extrapolation to 
an infinite system along these straight lines is, however, 
not justified. At the densities where the most extensive 
runs were made and the largest systems were studied 
(curve B) and lower curve in Fig. 10, the results ap- 
pear within the accuracy of the results to be indepen- 
dent of NW for larger systems justifying the previous 
discussions. Figure 10 plots the dependence of the 
results on N for both the fluid and solid branch of a 
system and shows that even under the worst condition 
of extrapolation of the solid branch the pressure 
difference between the two branches does not vanish. 


CONCLUSION 


It appears that systems as small as 100 particles are 
sufficient to describe accurately the equilibrium be- 
havior in the fluid region of hard spheres. In the two- 
state region four particles are insufficient to establish 
both states and 500 particles are insufficient to make 
the two states coexist. In the solid region for these 
small systems the initial state of the system and the 
number of particles must be selected so as to achieve 
the lowest free energy. 

The Enskog theory for the collision rate is valid over 
the entire density region, while the free-volume theory 
is valid only at high densities and the superposition 
theory at low densities. In the intermediate-density 
region analytical theories for the equation of state have 
to take into account higher-order correlations between 
the particles. 
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The effect of realistic boundary conditions on the computation of the specific heat of an isotropic solid at 
low temperatures is investigated. Two cases are considered: the surface free of stress and the surface rigidly 
clamped. The first of these is the one of physical interest. For both cases a term in the specific heat arises 
which is proportional to the surface area and to T? and appreciably higher than Montroll’s result in the 
case of the free solid. The effect of approximations introduced during the computation is estimated. Avail- 
able experimental data are not adequate for a critical test of the theory. 





INTRODUCTION 


HE Debye theory for the specific heat of a solid is 

usually presented using an elastic parallelopiped 
with boundary conditions either periodic or corre- 
sponding to perfectly reflecting faces as a model. 
Actually in his original paper' Debye took as a model a 
free elastic sphere, because the sphere is one of the few 
solids for which the equation of elastic motion can be 
integrated. However, in order to carry the calculation 
through he had to assume that the sphere was very 
large, which led him to the well-known frequency 
spectrum 


g(v) =4V[(2/c#) +(1/c#) *, 


where V is the volume of the solid, c, and c; the trans- 
verse and longitudinal sound velocities, and vy the 
frequency. 

More generally Weyl? and Courant*® have shown that 
in a continuous medium the distribution of the vibra- 
tions does not depend on the shape of the surface nor 
on the boundary conditions, if the wavelength is 
small with respect to the dimensions of the solid, that 
is if the solid is practically considered as infinite. It is 
interesting to know from M. Born himself why he 
introduced in 1923 the model of the infinite crystal with 
cyclic boundary conditions: first, the natural surface is 
likely to be rough and not perfectly smooth and 
secondly, he was “not interested in properties of the 
surface, or in properties depending on the surface, 
but only in intrinsic properties of the matter forming 
the crystal.” 

However, the behavior of the atoms at the surface is 
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certainly different from their behavior in the bulk and 
it seemed to us worthwhile to investigate their thermal 
energy, because the knowledge of this might be useful 
for the study of phenomena involving kinetic proper- 
ties of surfaces. 

Several authors have already undertaken such an 
investigation. Montroll® pointed out in 1950 a defect 
in the usual counting process of the normal modes of 
vibration and derived a corresponding correction term 
for the Debye frequency spectrum, 


gu (v) = (m/2) S[(2/c?) +(1/c?) 


proportional to the area S of the solid. But it must be 
clearly realized that he used as a model a parallelopiped 
with perfectly reflecting faces, and that such boundary 
conditions are not realistic. It is well known that in the 
case of a free surface as well as in the case of a clamped 
surface, one cannot satisfy the boundary conditions by 
the simple superposition of an incident wave and of a 
reflected wave of the same kind; one must add a trans- 
verse reflected wave if the incident is longitudinal 
and vice versa. The surface “scrambles” the waves, 
so that one can no longer analyze the vibrations of the 
solid in terms of pure transverse and pure longitudinal 
modes. 

Two authors actually considered the problem in this 
realistic situation, where the surface mixes up trans- 
verse and longitudinal waves: Brager and Schucho- 
witzky,® in 1946, only treated the simpler case of an 
incompressible medium. Stratton’ in 1953 computed 
the densities of points in the wave number space and 
then derived the specific heat in the usual fashion. 

In this paper we shall also compute the frequency 
spectrum in the case of these realistic boundary condi- 
tions. But we shall use a completely different mathe- 
matical method, which we shall now expose. 


1. MODEL 


As in the Debye theory, the solid is taken as an 
isotropic elastic continuum. Our model will be a rec- 


5 E. Montroll, J. Chem. Phys. 18, 183 (1950). 
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Frc. 1. Model used 
in the calculation, 
showing the rotated 
axes. 
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tangular plate of thickness /; and other dimensions 
l, and /,. The faces parallel to the plane of the plate are 
supposed to be free of stresses, whereas we take periodic 
boundary conditions on the other faces. 

The notation will be the following: the displacement 
vector is 














s=it+jnt+ke 


at the point A determined by r=ix+jy+kz. The 
maximum amplitude of the displacement is a, the 
wave number is k, the frequency is v. The indices ¢ 
and / refer to the transverse and longitudinal waves. 
All the quantities with the superscript “prime” refer 
to “reflected quantities” whereas incident quantities 
will remain without superscript. 

As was pointed out earlier, we cannot analyze the 
modes of vibration in pure transverse and pure longi- 
tudinal waves; therefore we construct a solution by 
superposing four coplanar plane waves: an incident 
transverse and its reflected, and an incident longi- 
tudinal and its reflected: 


S=s,+s,'+s:+s8/, 


where $= a exp[ 27i(k-r—vt) ]. 

As will be seen later, the symmetry of the model 
introduces the components of the propagation vector 
only through the components parallel and perpendicu- 
lar to the plane of the plate, which we shall from now 
on respectively call 7 and o. If we call &; and k, the 
components of 7 parallel to the edges with dimension 
l, and J,, the periodic boundary conditions immediately 
determine k; and k and therefore 7, 


ky =m/ h; ko=m/, le, 


where m and m2 are any integer. For the rest of the 
problem the directions of the edges parallel to the plane 
of the plate do not play any role, so that we can without 
loss of generality adopt the following frame of refer- 
ence: The faces parallel to the plane of the plate are the 
planes z=0 and z=/;. We consider a point A of the 
face z=0 where the displacement is 8 given by (1). 
Ax will be the trace of the common plane of propaga- 
tion on z=0 and Ay will be perpendicular to it in this 
plane (Fig. 1). 

The longitudinal vibrations s; are in the plane of 
propagation xAz but not the transverse vibrations 


(1) 
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8; We shall decompose the latter into two polarized 
components. One is polarized in the plane of propaga- 
tion and the other is polarized normally to it, along 
Ay. The normally polarized wave does not give rise 
to an extra wave after reflection, but gives rise to a 
Montroll surface correction, because we shall use the 
usual counting process for the wave number r. We 
shall take care of this component later and forget about 
it for the time being. Thus, the problem we have now 
to solve is a problem, whose geometry is in a plane, 
namely the plane of propagation «Az (Fig. 2). 


2. SECULAR EQUATION 


If the face z=0 is free of stresses, then the three 


stress components zz, dyz, oz, Vanish identically with 
respect to x and y. 


Oz2(X, y, 0) Syl (05 /dx) + (0E/d2) ],.0=0 

Fye(X, ¥, 0) ul (05 /dy) + (dn/dz) J-0=0 

Os2(X, ¥, 0) ={2u(9$/dz) +AL (GE/dx) + (n/dy) 
+(9£/ds) }}.0=0. (2) 


If we define a and £ as the angles of the propagation 
vectors k, and k; with the Az axis (see Fig. 2), and if 


we apply the conditions (2) to the wave solution (1), 
we obtain the following relations: 


k, sina= k; sing 
[k2 cos*2a+k? sin2e sin28 Ja,’ 


(3) 


=[k? cos*2a—k? sin2e sin28 Ja, 
+2k:k; sin2B8 cos2a a; 
[k? cos*?2a+hk? sin2a sin28 Ja,’ 


(4) 


= 2k.k, sin2a cos2a a; 


—[k2 cos*2a—k? sin2a sin28 Ja, (5) 
in which d and pw have been eliminated by using the well- 
known relations 


ce /cP=k?/kP=(A+2y) /p. 


Equation (3) expresses the fact that the component 
of the wave number, which is parallel to the plane of the 
plate, is the same for both transverse and longitudinal 


vibrations. This common component was already called 
T 


Equations (4) and (5) are linear with respect to the 
amplitudes a. We might do an identical computation 
at the face z=/;, and we would obtain the secular equa- 
tion by expressing the fact that these four linear and 
homogeneous equations have a nontrivial solution. But 
a more instructive way to obtain the secular equation 
is to notice that one obtains the reflected amplitudes 
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a; and a; by operating on the incident amplitudes a; and a; with the reflection matrix R: 


k? cos*2a—k? sin2a sin2B 


2kki cos2a sin28 





k? cos?2a+h;? sin2a sin28 


2k.ki cos2a sin2a 


kh? cos?2a+k? sin2a sin2B 


k? cos?2a— ke sin2a@ sin28 





k? cos?2a+k? sin2a sin2B 





so that we can write 
a’=Ra, 


where the vectors a’ and a have for components a,’, 
a’, and a, a. 

When after a first reflection the waves travel from 
the face z=0 to the face z=/s, the amplitudes a,’ and 
a,’ are transformed into a,” and a’, such that 


a,’ =a;' exp(2mik;/; cosa) 
a,’=a,' exp(2mikils cos). 
Thus we may define a second matrix T, 


{exp (2rikis cosa) 0 


0 exp(2mikils cos) 


and when the waves are back to the face z=0, the 
amplitudes are a,!V¥ and a/'¥ so that 


al'V=TRTRa. 
But we must have 
al’=a, 
which requires for a nontrivial solution 
| TRTR—1 | =0. (6) 


This is the secular equation for the allowed fre- 
quencies, provided that it does not contain’any extrane- 
ous root. This point will be examined in a moment. 

Equation (6) is equivalent®to 


|R+T“ || R-T“| =0. (7) 


By introducing the components 7 and ¢ of the wave 
numbers 
r=k,sina=k;sin8 


o:=[ (r/c?) —7°7}! 
o=(("/c?)—7*]; 


(8) 


Fic. 2. Geometry of a 
reflection. 








a k? cos?2a+k? sin2a sin28 








and by expressing (7) in terms of o and 1, we obtain 
the equation 


[(o2—r*)*+16r4020;7] sin2xols sin2rol; 


+8770101(0;°—17*)?(1—cos2rois cos2roi3) =0. (9) 


This is the secular equation for the allowed fre- 
quencies if our technique has not introduced any ex- 
traneous roots, that is, roots which do not correspond 
to any real mode of vibration, because the corresponding 
total amplitude vanishes identically everywhere. Thus, 
in order to make sure that all the roots of (9) do corre- 
spond to real modes of vibration, we must now try to 
construct the total amplitude for every solution of (9). 
For brevity we shall not reproduce the details of this 
analysis, which is easily done by studying the systems 
of linear equations corresponding to the vectorial 
equalities 

Ra=Ta 
or 
Ra=—Ta. 


The results are the following: The only extraneous 
roots are the frequencies corresponding to o,=0 and 
o1=0. For these frequencies, it is impossible to con- 
struct a total amplitude which does not vanish iden- 
tically everywhere unless we equate the wave numbers 
to zero, which corresponds to the case of a translation 
for the whole crystal. But we only consider the case of a 
solid large enough so that the number of the transla- 
tional degrees of freedom is always negligible compared 
to the number of vibrational degrees of freedom. 

Therefore we must divide (9) by oo: so that the true 
secular equation for the allowed frequencies of the 
normal modes for a given r is 


A(y, t) =[(02—7°)*+167'¢207] 
X (sin2re;/o1) (sin2xo 3/01) 
+87?(¢2—77)?(1—cos2mrols cos2rails) =0, (10) 


where the frequencies are introduced through the 
relations (8). 


3. COMPUTATION OF THE SPECIFIC HEAT 


A. Method 
The specific heat at constant volume is given by the 





SURFACE SPECIFIC HEATS OF SOLIDS 


Fic. 3. Contour for the 
integration of Eq. (11) in 
the »/rc, plane, showing 
the elliptic coordinates. 








—Y plane 
Tce, ?° 


well-known expression 
C=k(60;/ sinhéy,),? 


where B=h/2kT. Since we shall have occasion to use 
subscripts on C to indicate various contributions to the 
specific heat, we denote the specific heat at constant 
volume by C instead of the more customary C,. The 
problem now is to evaluate this sum over the frequencies 
given by (10). 

To solve it, we shall use a well-known result of the 
theory of complex variables: If a function g(v) is 
analytic within a contour (I), except at poles a of 
order m, and if we call 6 any one of its zeros of order n, 
and if f (v) is another function analytic within (T) 
and on (I), then 

/ 
v 

EN) f(y)dv= Df )— Dome). 

a 8) . . 


(2mi)-" 

Therefore the contribution of the modes with a wave 

number component parallel to the plane of the plate 
equal to r is given by 


k 
I(r) =— an d(InA(», r) J, 


2mi ay 
where (I°) is a contour surrounding all the roots of the 
secular equation A(v, r)=0. This counting technique 
is analogous to one introduced by Wentzel in the 
context of meson field theory®; it has been used for 
varied purposes. 

The summation over 7 is then done in the usual 
manner by counting the number of points in the wave 
number rf lattice. If we remember to take into account 
the contribution C’ of the transverse waves normally 


polarized to the plane of propagation, the total specific 
heat is 


ad k A’(v,r) B'v? 
= | Ixhjyrdr— dv+C’ 
. f re Wri J, Aly, 7) sih'Br Aad 





(11) 


where the integration over 7 is performed from zero to 
infinity, because we restrict ourselves to the low-tem- 
perature region. The reason for this restriction will be 
given in a moment. 


*G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 
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B. Simplification of the Secular Equation 


The expression of A’/A is complicated and the major 
difficulty in applying this method is to evaluate the 
contour integral included in (11). However, this diffi- 
culty can be overcome in the following way. After a 
short manipulation the secular equation (10) can be 
rewritten as 


[(o2—7*)*+-47 0.01? 
oO. 





A(v, r) = exp[ — 27il;(o:+01) ] 





(o2—7*)?+4ro,0; 


x (t1-ent2eitertoo | 


(o?— 7) io eet 


x Les Qnite,) exp (rit) ?) = (12) 


and we are going to show that we can find a contour of 
integration on which the expression 


Gv, r) = {1—exp[2mila(or+or) J}? 


ws [<= ?)?—47o01 
(o2—7)?+4ro,01 





[exp (2miosds) —exp(2miods ? 


is very close to unity, so that its contribution to (11) 
can be neglected. 

Although the contour integral included in (11) is to 
be evaluated in the » plane, we shall work with the 
reduced variable v/rc, and introduce in the correspond- 
ing plane elliptic coordinates \ and u 


A=3(ni+12) ; w=43(n—re) 


with respect to the centers +1 and —1 (Fig. 3). 

In terms of these coordinates, a short calculation 
gives for the complex number o;/7 the following expres- 
sion: 

o1/7=p(N— 1) #+id(1—p?)!. 


Thus, if we choose for the path of integration a 
hyperbola (H) which has the points v/rc,= +1 for 
foci, u will be a constant and d will never be less than 
unity. Therefore the imaginary part of o,/r will have a 
lower limit over all the contour. If we choose for o; 
the determination, the argument of which remains 
between 0 and w so that the imaginary part of o; 
remains positive over all the contour, the terms which 
contain in (12) exp(2wiljo,) decrease very rapidly as 
exp[—A(1—y*)!z/;] when we leave the intercepts of 
the hyperbola, where this factor reaches its upper 
limit. 

It must be clearly realized that this hyperbola is not 
the only contour on which these terms become negligi- 
ble: any contour on which the imaginary part of o; has 
a lower bound will be proper. In particular, the hyper- 
bola has this property for the terms which contain 
exp(2ril;:). 

Now we shall make the approximation that the 'terms 
which contain exp(2zil3o,) and exp(2zil3;o1) are negligi- 
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ble over all the hyperbola, so that we take as a secular 
equation 


[(o2—7*)?+4r* oor) 


O01 





K(v, r) = exp[ — 2mi(o:+07)/; ]=0. 


This approximation introduces an error which will be 
shown later, in Sec. 4, to be negligible if the plate is 
net too thin. 


C. Transformations of the Specific Heat Integral 


With this simplifying approximation the problem is 
now to evaluate 


Cc— = 2eha| " sdr(2xi)- fp 
(H) 


where 


K'(v, 7) =AK (v, 7) /dv; 


K'(v, r) 


Ko,)t™ 


(13) 


f (v) =k6r’/ sinh*6y, 





K(», 7) = 





C(#/cP—-1PL(#/c?) 1}! 


So we change the variables 7 and v into r and &=y/r 
and (14) is easily transformed into the following 
integral: 


C—C'=2ahle i  (2xi)— g af (e) Ca ‘(—)/M(€) ] 


(A1) 
sya (15) 


ne 
cPL (#/e?)—1} PL (#/c?) — 

where (H;) is the analogous hyperbola in the & plane. 

The association in (15) of 7 and & in & suggests the 
second change of 7 and é into y=ér and &, both complex. 
Now the path of integration for the v integral will be 
half a straight line (L) issued from the origin with a 
slope depending on é. As a choice of the contour (H;) 
shows that 





— Prin 


| argument of § | <2/2; 


this half-straight line will be located in the right-half 
plane, the imaginary axis being included. Thus (15) 
becomes 


a M'(é) 2rils 
C-C’= Qrlyls 2mi) v 
[2 f |v eM) F 


7 ise) ae. 





x| OE AB (16) 
cP(#/cP—1)! cr (&/c?— 


Keeping £ constant, we first perform the integration 


MAZO, 


PL (E/c?) —2 P+4 (/ce) — 1 PLE /c?) — 134}? 


AND ONSAGER 


and (H) is a hyperbola of the complex v plane. Note 
that (H) leaves outside the poles of f (v), which are all 
located on the imaginary axis. Furthermore (H) sur- 
rounds the negative roots of K(v,7) which do not 
correspond to any physical reality. But K(v,7) is an 
even function, so that the contributions of the negative 
roots can be discarded easily. 

If we note that (13) is absolutely convergent on the 
contour, we can write it as a complex double integral 


C—C'=2nhh 4 * (2mi)—! g E G9) 


z. "Ko ea oo 


(14) 


and use the rules valid for the real variable double 
integral, such as interchanging the order of the integra- 
tions. But before performing the integrations, we shall 
transform (14). 

We notice that K(v, 7) may be written as a function 
of rand §=p/r: 


co{-ai (*-1)'+(€ 1) ] 
_ M(t) exp| —2nirt| (1) +(£- ') |} 


over v; as v varies on (L) from zero to infinity, the result 
of an integration performed between limits independent 
of &, will also be independent of é. It is now clear why we 
extended the range of variation of 7 until infinity, 
restricting the solution to low temperatures. This 
restriction allows us to break down each double integral 
of (16) into a product of simple integrals. 





D. Computation of the Volume Dependent Term 


We first take care of the integral which in (16) 
depends on the volume V=/),/3 and which gives the 
volume contribution Cp 


1 1 
Cp=-— if st (@/c?)—1} 


ae |” vf (v) dv. 








(17) 


+ setae ae = 
The contour integral over (H;) is evaluated without 


any difficulty: Using Cauchy’s theorem we may swing 
(H,) down to the real axis, so that 


to _2 
oP Ae/A)—1} Ay PLR/A)—-1P 
(17) becomes 


Co= ee +5)" oe 


vy. 
o sinh*@y 
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Fic. 4. Contour for the counting of the roots of N,(s) and N_(s). 


If we add the contribution of the normally polarized 
transverse wave, we find the Debye result as expected 


vet sem (1294/5) R(T/0)3, 


- a e +5) o sinh*6v 


(18) 
where @ is the Debye temperature. 


E. Evaluation of the Surface Contribution 


The other integral included in (16) proportional to 
the surface area S=2),le, 


Cs= (2ni)- ig (1/€)(M'(@)/M (@) Mews | “of )ar, 


(Hy) 


requires more attention. We put 


(L(#/e?) —2P+40(8/c?) — 1 PL (E/e?) —1 PY? 


[(#/c*) —1 PC (€/c2) 1) 
P=s 





M(§) = 


in order to examine the quantity 

N(s) =[(s/c?) —2P+4{L (s/c?) —1 JL (s/c?) —1]}}. 
N(s) has two determinations 
N+(s) =[ (s/c?) —2 P+4[ (s/c?) —1 PL (s/c?) -1) Fs 
N_(s) =[ (s/c?) —2 P—4L (s/c?) —1}[ (s/c?) — 1}, 
the zeros of which are roots of the equation 
F(s) =N4(s) N_(s) =[(s/c?) —2} 

—16[ (s/c?) —1]L (s/c?) —1]=0. 


The roots of F(s) =0 are the trivial root s=0 and the 
roots of the equation 


R(s) =s'§—8¢?s?+8c,[ (3/c?) — (2/ci) Js 
+16c/[ (1/c*) — (1/c?) ]=0, 


which is the well-known Rayleigh surface wave equa- 
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tion. An important problem now arises, that is to know 
to which determination which zero of F(s) belongs. In 
order to solve it, we shall count the roots of N+(s) 
and N_(s) by using Cauchy’s rule over the contour 
shown in Fig. 4. (C;) is a very large circle and (C2) 
surrounds the cut (c/?, c?). 

For brevity we shall only give the result. N_(s) 
has the root s=0 and the root s=c,’, which corresponds 
to the common Rayleigh surface wave. V+(s) has two 
roots, bigger than c? if real, or imaginary. But these 
last two roots obviously do not correspond to any 
surface wave and are just extraneous roots introduced 
by our technique. We shall discard them and perform 
the integration in the Riemann sheet corresponding to 
N_(s). 


Thus we first integrate over v and obtain 
1M'(®) 


The evaluation of the é integral does not present any 
difficulty if we note that 


1 N’(é) go 
Pe dt= 
a i we 
X (residue at s=0), 


because the only pole outside the contour (H2) in the 
s plane shown in Fig. 5 corresponding to (H;) in 
the & plane, is the origin. 

A limited development near the origin gives the 
residue and the final result is 


= 6n(k8/h?)§ (3) ST?(2ni) dé. 


N's) sh 
Ns) -ds= —27i 


—crcr?+ci' 


=6ret (3) (c; 22) c2c? 7 lal (39) 


To be complete we must add the Montroll correc- 
tion to the specific heat for the normally polarized wave: 


== {* = 
22), vf (v)dv= 


Adding (19) and (20) we find the surface specific heat 
ch&—3cPcP+3c74 
crc? (cr—c?) 


3m k 
= i 3) ST. (20) 





Cs=3r-£(3)- ST? (21) 


S plone Fre. 5. Contour (He) in 


the s plane for the evalua- 
tion of Cg. 
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where ¢(3) is the value of the Riemann Zeta function 
for argument 3, namely, 1.202. 


4. CLAMPED SOLID 


Before attempting to estimate the error caused by the 
approximation of the secular equation in the previous 
section, we briefly give the treatment for a different 
set of boundary conditions, viz., the clamped solid. In 
this case we have 


for 
s=13, 


z=0, (22) 


Periodic boundary conditions are imposed on the other 
faces, as in the free surface case. The clamped solid is 
not of great physical interest, since surface effects are 
expected to be experimentally measurable when the 
surface area of the sample is large, i.e., when the sample 
is a powder. It is hard to see how to clamp powder 
granules. Therefore we merely sketch the theory in this 
case. 

As before transverse and longitudinal waves are 
“scrambled” on reflection, but a transverse wave 
polarized parallel to the surface is not affected. The 
secular equation can then be derived by straight- 
forward application of the conditions (22) to the 
wave (1). It is 


A(v, 7) =42r°9—[ (or +1)?/0101] cos(2ml3(a1+0:) ) 
+[(o101.—7°)?/o01] cos(2ml3(¢:—01)) =0. (23) 


The extraneous roots ,=0, ¢,=0 have already been 
eliminated. From Eq. (23) A’(v, 7) can easily be com- 
puted, but we shall not display it. Along the contour 
of integration chosen, which may be the same as in the 
previous section, Imo; and Img; are large over most of 
the contour. Thus we may use the fact that when Imz> 
1, tanz~i. Using this approximation over the entire 
contour 


A’ (v, t) /A(», r) = + 2mils[ (001/dv) + (d0,/dr) ] 


oi—7T |]O Ino, 0 Ino, 
- ——|. (24 
Berea ov 13 ov (24) 


The negative sign holds in the upper quadrant and the 
positive in the lower. 

The first term in Eq. (24) is proportional to /; and, 
when combined with the contribution of the normally 
polarized transverse wave, leads to the Debye T® 
law for the specific heat. The calculation is similar to 
the derivation of Eq. (18). The contour is moved down 
to the real axis. Because of the + sign, together with 
the branch cuts in d0,/dv and 00,/dv, the only contri- 
bution to the integral over & is the real axis between 
§=c,orc,and =. The integrals are elementary, and 
the Debye law follows. 

The term independent of /; gives the surface contri- 
bution and may be evaluated as follows. A change of 
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variables similar to that in Eq. (15) and (16) enables 
us to write 
2ahl, k [? x* | M’(é) dé 
OB? Qmidy sinh®x *M(é) e 
where, in this case 


M (é) =[N (&) F/(@/c?—1)(8/c?—1)! 
N(&) =((#/c?) —1 PL (/c?) —1 +1. 


Thus we may write 


(25) 


(26) 


rs ie, 8 
lita let J | N(@) cel (@/c#)—1] 


g 3 
cP (&/c*) —1 Je 
where the contour surrounds the positive real axis. 


The last two terms in the integral in Eq. (27) con- 
tribute 





(27) 


—inl(1/c?) + (1/c?) J 


to the integral because of the poles. To evaluate the 
first part, we must take the determination of N(é) 
corresponding to the negative square root, for this 
choice of the sheet of the Riemann surface corresponds 
to the choice of phases for o,; and a; used in deriving 
the approximate secular equation. This being the case, 
the only pole of the resulting function outside the con- 
tour is at the origin. Evaluation of the pole there yields 
for the integral 


—in[(c?—c?)*/cPc?(cP+c?) J. 


Adding to these results, together with the Montroll 
correction due to the normally polarized transverse 
wave, we obtain 


Cs= —3af (3) (48/h?) ST?{ (2/c?*) + (1/c?*) 
+[ (cP?) */cPcP(c?+e?) }}. 


Note that the Montroll correction is negative in this 
case. 


5. ERROR INTRODUCED BY THE SIMPLIFICATION 
OF THE SECULAR EQUATION 


(28) 


By taking as the secular equation the approximate 
expression 


[(o2—7*)?+47r’o101}? 


Tl 





K(v, r)= 


exp[— 2rils (o:+01) 1 


we have neglected the contribution of the factor 
G(v, r) ={1—exp[2mils(o.+01) ]}? 


(of —7)*—4ro101\7 j 
bi Gs 7’) pie, )oexP rile) —exp(2nilr) F, 
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Fic. 6. G(v, r) as a function of » for various values of rl. The 
dotted line is y=7cg. (a) rl, very large, (b) zi; large, (c) rly small. 


that is, 
co G’ : k 2 
ac=2hh | rdr(2mi)— r a A (30) 
0 (Tr) 





G(v, 7) sinh*By 


We are now going to show that this error is completely 
negligible if the plate is not too thin. 

The nature of the approximation is clear once we 
know the zeros of G(v, 7), which we rewrite as 


G(v, r) =4 exp[2xi(o1+01)/;]{sinh*]—ixl;(o.+01) ] 


— H? sinh*{ —inls(o.—01) }}, 
where 


A (v, 7) =[(e2—7*)?*—47°o.01)/L(o2—7*)*+-4ro.07]. 


We see that G(v, 7) has an infinite number of zeros 
larger than rc;, but we shall only concentrate our 
attention on the low-frequency region, because at low 
temperatures the low frequencies are the only ones 
which appreciably contribute to the specific heat. 

In this region a study of G(v, 7), which for brevity 
we shall not reproduce, gives the following result 
depending on the magnitude of z/; (Figs. 6a—6c). 

Thus the nature of the approximation made is clear. 
Let us first examine the frequency interval (0, rc). 
G(v, 7) has a double pole rcs and two zeros » and v2. 
If 7/3 is large, the zeros are very close to the pole rcs, 
the contribution to (30) of the double pole and of the 
two zeros will nearly cancel each other and the total 
contribution of G(»,7) will be negligible. But if ls 
is very small, the zeros »; and v2 will become very differ- 
ent, so that their contribution to (30) will not cancel 
any more the contribution of the double pole. 

As the presence of the pole rcs arises from the fact 
that we have factored out the quantity (¢?—7*)?+ 
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47°o.01, we can say in other words that we have ap- 
proximated the frequencies » and v2 by the frequency 
cg of the Rayleigh wave. 

In the high-frequency region the approximation is of 
the same nature and is even more justified since the 
high frequencies do not contribute much to heat capac- 
ity at low temperatures. 

The nature of the approximation made is now clear 
from the mathematical viewpoint; before giving the 
physical interpretation, we shall evaluate its order of 
magnitude. 

For reasons of simplicity we shall rather estimate 
first the error in the free energy of the solid: 


G' (», r) 
cr) 2% T) 


eS (31) 


where (I) is a contour surrounding the zeros of G(v, r) 
but leaving outside the poles of logl 1—exp(—hv/kT) ], 
namely, 


6A =2al,l, [ rd 


vg=2ninkT/h, 
where » is an integer or zero. 
By integrating by parts, (31) becomes 
logG(v, 7) 
exp(ln/kT)—1-” 





6A =—2zl,l. [ var 


and remembering that a contour integral can be 
evaluated by using the poles which are outside the 
contour, we obtain 


5A =2nhl, / rdrth>, logG(ve, r) 
0 n=O 


X {Res[Lexp(dv/kT) —1}“} ,=r2, 


6A=mhl, > i t logG(vz, r)dr. 
n=O “0 


This apparently simple result cannot be evaluated 
exactly. However, we can get the order of magnitude 
in the case where /; is not too small. An approximate 
calculation which we shall not reproduce shows that the 


error is proportional to exp[—4zl,kT/hc,] and that 
this error is less than 0.1% if 


4nlskT/hc:> 10. 


That is, since the usual order of magnitude of c; is 
approximately 5000 m/sec, 


1lsT>3X10- cm deg. 
or 300 A at 1°K. 
6. DISCUSSION 


In the case of the free solid, by replacing the surface 
wave frequencies »; and v2 by rcs, we are just neglecting 
the interferences between surface waves of opposite 
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faces which transform the frequency of a single face 
surface wave rcs into the frequencies 1; and ». These 
interferences become important only if the plate 
becomes very thin. In this case we have seen that the 
frequency v, becomes low enough to become a pending 
vibration. 

A simple calculation gives for the specific heat as- 
sociated with bending vibrations the following upper 
limit: 


CBending< V3¢ (2) [p(1—0*) /E_}'(R/h) (S/ls) T, 


where E is the Young modulus and o the Poisson 
modulus. This expression shows that Cgending becomes 
important if J; is very small: numerical estimations 
made in average cases (c,=3000 m/sec, c;=5000 
m/sec) give indeed the following orders of magnitude: 


Cp 10*V T* cal/deg 
Cs=10-" ST? cal/deg 
CBending= 1078S T/ls cal/deg. 


Therefore in usual conditions Cpena is absolutely 
negligible. 

With this analysis of the approximation in mind, we 
can reasonably think that our result not only repre- 
sents the surface specific heat of an isotropic plate, but 
generally represents the surface specific heat of a solid 
of total surface S, if this solid is not too small. 

One might object that edge corrections would arise. 
But the edge correction, according to Bolt® and Maa” 
adds to the frequency spectrum the term 


e(v) =§L[(2/c.) + (1/cr) J, 


and contributes to the specific heat at low temperatures 
an amount 


Crage= [¢(2) /4](#?/h) [(2/cr) +(1/c:) JLT, 


where L is the total length of the edges. Its order of 
magnitude under usual conditions is the same as that 
of the bending vibrations. It is therefore completely 
negligible. 

-There is little point in spending much time in discuss- 
ing the clamped case. We should just like to point out 
that the negative sign of the result is only to be ex- 
pected, for it is well known that imposing addition re- 
straints (in this case, clamping) on a vibrating system 
raises the frequencies and hence lowers the specific heat. 
The negative sign of the Montroll correction is due to 
the fact that propagation of a wave parallel to the 
clamped sides is forbidden by the boundary conditions. 
Hence the partial contribution of such waves, which is 
included in the usual Debye term, must be subtracted. 

As was pointed out at the beginning of this paper, 
this investigation seemed worthwhile to us mainly in 
view of its possible application to the study of phenom- 


®*R. H. Bolt, J. Acoust. Soc. Am. 10, 228 (1939). 
1D. Y. Maa, J. Acoust. Soc. Am. 10, 235 (1939). 
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ena involving kinetic properties of surfaces. However, 
one might wish to test the theory in the case of a crystal- 
line powder, where the surface area may be so large 
that the surface specific heat becomes an appreciable 
part of the total specific heat. Unfortunately the com- 
parison with experimental results is made difficult 
for several reasons. 

First, the only materials for which there are low- 
temperature elastic constant data appear to be aniso- 
tropic, whereas the present theory assumes an iso- 
tropic material. This means that the factor involving 
the wave velocities in the theoretical result(21) must 
be averaged over all directions of space. This is not an 
easy task, if a rigorous averaging is to be carried out. 

Second, as pointed out by Jura and Pitzer," for very 
small particles the external degrees of freedom of each 
particle should contribute to the specific heat, so that 
the measured excess of specific heat is not necessarily a 
pure surface effect. 

Third, the roughness of the surface and the un- 
certainty in particle size and shape also render the 
interpretation of the results uncertain. 

To compute numerically the theoretical result (21) 
in the case of anisotropic crystals, we averaged the 
sound velocities in the following way: since longi- 
tudinal sound velocities vary with direction much less 
than the transverse ones, we determined (¢:) simply 
by averaging over the directions 100, 110, and 111 for 
which c; can be computed easily from elastic constants. 
Then (c¢)s was determined by using the experimental 
Debye temperature. This method is certainly approxi- 
mate, but should give reasonable results since at least 
both velocities are such that they give a correct Debye 
temperature. 

The theoretical surface effect and the observed excess. 
of specific heat have been compared for two sets of 
measurements. One has been done by Lien and Phillips” 
between 1.5 and 4° K on a sample of MgO powder with 
specific surface area of 166 m?/g. Their results can be 
expressed rather well by” 


C=0,004597*-+0.163 7? mjoules/mole/deg, 


where the 7*-term is the theoretical Debye contribu- 
tion. 
Theoretically, we find 


C=0.004597*+0.043 7? mjoules/mole/deg, 


with (¢r)w=9692 m/sec and (c¢)w=6071 m/sec. 
Low-temperature elastic constants are from Durand," 
and the density has been taken equal to 3.592 for the 
whole range of temperature.” It should be pointed out 


1G, Jura and K. Pitzer, J. Am. Chem. Soc. 74, 6030 (1952). 
(1958) H. Lien and N. E. Phillips, J. Chem. Phys. 29, 1415 

958). 

18 W. H. Lien and N. E. Phillips, private communication. 

44M. Durand, Phys. Rev. 50, 449 (1936). 

% T. H. K. Baron, W. T. Berg, and J. A. Morrison, Proc. Roy.. 
Soc. (London) A250, 70 (1959). 
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TABLE I. Theoretical surface effect and observed excess of specific heat for NaCl powder. [AC = Cp (particles), smoothed Cp (bulk 
crystal). Both Cp are observed values.”!] 





Sample 1—Specific surface area: 38 m?/g 





(cr) av 
(m/sec) 


4615 
4539 
4438 
4351 
4278 


Cp (particles) 
(cal/mole deg.) 


0.0343 
0.0616 
0.1083 
0.1722 
0.2565 


C, (theor.) 
(cal/mole deg.) 


0.0017 
0.0026 
0.0038 
0.0053 
0.0069 


AC (obs.) 
(cal/mole deg.) 
0.0035 
0.0041 
0.0056 
0.0074 
0.0103 





Sample 3—Specific surface area: 59 m?/g 





(cr) av 
(m/sec) 


4612 
4537 
4424 
4343 
4273 


T 
(0° K) 


10.165 
12.190 
14.804 
16.814 
18.791 


Cp (particles) 
(cal/mole deg.) 


0.0378 
0.0661 
0.1237 
0.1887 
0.2715 


AC (obs.) 
(cal/mole deg.) 


0.00605 
0.0082 
0.0121 
0.0162 
0.0187 


C, (theor.) 
(cal/mole deg.) 


0.0027 








that both the theoretical and observed expressions 
suppose that the elastic constants of the crystal remain 
independent of temperature in the range considered. 
This assumption is probably correct, since the tempera- 
ture is very low and the range is small. The uncertainty 
is rather in the value of the corresponding Debye 
temperature, which has been obtained by extrapolating 
high-temperature measurements: since the Debye 
temperature has not been measured below 9° K, the 
value extrapolated at 0° K, 6=946° K, was used.® 

The observed effect appears to be 3.8 times larger 
than the theoretical surface effect. But the particle size 
was so small (cubes of 100 A edge) and the temperature 
so low that these measurements are at the limit of 
validity of our computation. Furthermore, a contribu- 
tion of the particle motion may be expected. 

Another set of measurements has been done by 
Morrison and Patterson” on samples of NaCl powder 
between 10° K and room temperature. The theoretical 
surface effect and the observed excess between 10 and 
20° K are given in Table I. As the Debye temperature 
has been measured in this range of temperature, we 
could estimate more accurately the theoretical surface 
effect. Low-temperature elastic constants are from 


% DPD. Patterson, J. A. Morrison, and F. Thompson, Can. J. 
Chem. 33, 240 (1955). 

11J, A. Morrison and D. Patterson, Trans. Faraday Soc. 52, 

al B A. Morrison, D. Patterson, and J. S. Dugdale, Can. J. 
Chem. 33, 375 (1955). 


Overton and Swim.” The correction Cp—Cy has been 
neglected, and the density has been taken equal to 
2.209 for the whole range of temperature.” 

It appears that the observed AC is about 1.5 times 
larger than the theoretical surface effect for sample 1, 
and 2 times larger for sample 3. However, it should be 
noticed that the observed effects are not exactly pro- 
portional to surface areas. The authors attribute this 
nonproportionality to experimental errors. Particle 
motion also may have contributed. 

A third set of measurements has been done on lamp- 
black graphite.” The interpretation of the observed 
excess is still being debated. Even though a pure 
surface effect may exist, measurements of the surface 
areas of the samples were not made (only the mean 
size of the particles has been estimated), so that an 
accurate test of our theory is precluded. 

To sum up, we can only conclude that the experi- 
mental data presently available, at least to our knowl- 
edge, are not adequate for a critical test of our theory. 

This reasearch received support from the National 
Science Foundation by Grant NSF-1865, in addition to 
the Fellowship held by one of the authors. 


19 W. C, Overton and R. T. Swim, Phys. Rev. 84, 758 (1951). 

2 R, M. Buffington and W. M. Latimer, J. Am. Chem. Soc. 
48, 2312 (1926). 

21 J. A. Morrison, (private communication). 

2 W. De Sorbo and G. E. Nichols, J. Phys. Chem. Solids 6, 
352 (1958). 

% P. Flubacher, A. J. Leadbetter, and J. A. Morrison, J. Phys. 
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If W is a function of the coordinates and momenta, then in classical mechanics the time average of the 
Poisson bracket (H, W) is zero. In quantum mechanics it follows from the Heisenberg equation of motion 
that the expectation value of (WH—HW) for any wave function, corresponding to a stationary energy 
state of the system, is zero. For each selection of W there is a dynamical relationship, in a time-average or 
space-aveiage sense, which the system must obey. Two classes of W’s are considered in detail: W as a func- 
tion only of the coordinates, and W as a function of the coordinates times the first power of a momentum. 
For the first class, neither the classical mechanical nor the quantum mechanical results provide useful infor- 
mation. The usual viria! theorem of Clausius is a special case of the second class of relations. The classical 
treatment should be useful for the determination of the equation of state of liquids. The use of the quantum- 
mechanical relations for determining the constants in an approximate wave function is discussed. 





HE classical mechanical equation of motion in 

terms of Poisson brackets and the corresponding 
Heisenberg quantum-meclanical equation of motion 
provide a means for determining a wide variety of 
generalizations of the virial theorem. These relations 
determine all of the statistical moments required to 
make a detailed study of the average motion in each 
degree of freedom of a dynamical system and to deter- 
mine the statistical correlations between the motions in 
different degrees of freedom. The classical treatment 
should be useful with respect to the determination of 
the equation of state of liquids. The quantum-mechani- 
cal treatment provides a set of integral conditions which 
might be used to determine the constants in an approxi- 
mate wave function. 

If W is a function of the coordinates and momenta, 
then in classical mechanics the time average of the 
Poisson bracket (H, W) is zero. In quantum mechanics, 
the expectation value of (WH—HW) for any wave 
function, corresponding to a stationary energy state 
of the system, is zero. For each selection of W there is a 
dynamical relationship, in a time-average or space- 
average sense, which the system must obey. In the 
present paper, we first consider the class of relations 
which are obtained when W is taken to be a function 
only of the coordinates. For this case, neither the 
classical nor the quantum-mechanical relations are very 
useful. Next, we consider the class of relations obtained 
when W is taken to be a homogeneous function of the 
first degree in the momenta with arbitrary functions 
of the coordinates as coefficients. The usual virial 
theorem of Clausius is a special case resulting from this 
class of W functions. Clearly, this analysis could be 
extended to considerations of W’s which involve the 
squares or higher powers of the momenta. 


* This research is being reported under contract to the U. S. 
Atomic Energy Commission. 


I. THE CLASSICAL HYPERVIRIAL THEOREM 


Consider a mechanical system composed of N 
particles and having a Hamiltonian function H. The 
state of the system can be described in terms of the set 
of orthogonal generalized curvilinear coordinates q, 
q@2, ***, Qsw and their conjugate momenta fi, pe, ***, 
psx. Let W be a function of the generalized coordinates 
and momenta which is uniquely defined by the state 
of the system! and which remains finite for all configura- 
tions of the system consistent with the prescribed 
constants of motion and boundary conditions. Then 
the classical equation of motion in terms of Poisson 
brackets states that? 


3N 
dW /dt=(H, W) = 2[(aH/0p%) (aW /aq;) 


— (0H /8q;)(@W/dp;)]. (1) 
And, of course, the canonical equations give 0H/0p;= 
q; and 0H /dq;= — pj. 

Let us take the time average of Eq. (1) by integrat- 
ing the two sides of the equation from time ¢=0 to a 
time @ and dividing by @. If the motion of the system is 
periodic, @ is taken to be the time required for the 
system to return to its original state. Otherwise, @ 
is allowed to approach infinity. Clearly, the time 
average of dW/dt is zero. Thus, indicating the time 
average by the brackets ( ) around the averaged 
function, 


, 3N 
0=((H, W) = 22 (Gs(OW/04) — (dH/dq;) (AW /dp;) ). 


(2) 
Because of its great generality, Eq. (2) is applicable 
to a wide variety of problems where the system has 
attained dynamical equilibrium. 


1 Note that angle variables are only defined to within a modulus. 
Thus, if g; were an angle variable, W could not be proportional to 
gs. However, W could be proportional to sin (qs). 

2 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
ee Book Company, Inc., New York, 1955), Vol. I, 
p. 291. 
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HYPERVIRIAL THEOREMS 


If W =f (q, 92, ***, Yaw) So that W has no dependence 
on the momenta, Eq. (2) gives the result 


3N 
2. A(f/aa) ds) = (df/dt)=0. (3) 


A very interesting class of relationships is obtained 
by restricting W to be a homogeneous function of 
degree one in the momenta. We call these relations the 
classical hypervirial theorem, since they correspond to 
a generalization of the usual virial theorem. For ex- 
ample, we might suppose that 


W= pdr f (q1, 92 °° 
In this case, Eq. (2) becomes 


*y gan) (4) 


3N 
2 (ds(af/045) br) = (f (@H/aqx) ). (5) 


If f=qe [see footnote (1) ], Eq. (5) leads to the usual 
virial theorem of Clausius. 

A simple example of the hypervirial theorem is ob- 
tained by setting W=~,'p,;, where x; is the cartesian 
x coordinate of the ith particle and ,; is its momen- 
tum. If m; is the mass of the ith particle, Eq. (2) or 
Eq. (5) becomes 


sm {x itt?) = (x? (9V/dx;) ). (6) 


Now let us suppose that the 3N generalized co- 
ordinates consist of the spherical coordinates r;, 0;, $; 
of the ith particle for i=1, 2, ---, N. Furthermore, 
let us restrict W to be equal tor;*p,;. Then, with p,;= 
mf; and with T; the total kinetic energy of the ith 
particle, Eq. (2) or Eq. (5) becomes 


m(s—1) (re-% 2 )+2(r27T;)= (r#(0V/dr;) ). (7) 


When s=1, Eq. (7) is one of the frequently used forms 
of the Clausius virial theorem. For large values of s, 
one obtains information regarding the behavior of the 
system when 1; is large. 

For a one-dimensional problem taking W=mzV*, 
we obtain, for s=0, 1, 2, +++, the relations 


(V*(aV /ax) )=0. 


There are many problems, such as the equation of 
state of liquids, where it is necessary to investigate 
the correlation between the motions of two particles 
having the same mass m. For this purpose, let W= 
miyf12*. Here rio is the separation between the two 
particles. Using this form of W in Eq. (2) and supposing 
that the potential energy of the system is a function of 


the relative distances between pairs of particles, we 
find 


(ml (dii/dt) — (dt2/dt) Pris*-*)+-m(s—1) (ris*ris?*) 
= 2 (rie (OV /Or2) )+ Yn T2) 


| (n-1) ov _(nmo-r Tj) OV 
ty agp . (8) 
Nj ony 12; are; 
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If W is a function only of the momenta, W= 


S(pi, po, ***, paw), then Eq. (2) gives the result 
parallel to Eq. (3) 


(3’) 


+, Psw), Eq. (2) gives 


3 ((05/0pi)p1)= (aS/dt)=0. 


Or, if W is equal to q.S(p1, pe, °° 
a result parallel to Eq. (5) 


(5’) 


3N 
> (gqupi(8S/Op;) = — (&S). 


For a one-dimensional simple harmonic potential 
V=(k/2)x*, taking W=-2'p" we obtain all of the 
statistical moments of the coordinates and momenta. 
The only nonvanishing moments are 


(2s) !(2r) ! 
sir! (s-er) 1220+)" 


If Eis the total energy of the system, then x,= (2E/k)* 
is the classical turning point and p»=(2mE)! is the 
maximum momentum. 

The hypervirial relations are not restricted to 
systems for which a potential energy function exists. 
Quite generally in these equations, —dV/dg; may be 
replaced by the generalized force F,;. Thus, if T(q, p) 
is the kinetic energy of the system expressed in terms 
of the generalized coordinates and momenta, in Eq. 
(2) we may set 


(0H /09;) = (OT (q, p)/0q;) — Fai 


For systems in thermal equilibrium at a temperature 
T, there are considerable simplifications which can be 
made in the hypervirial relations. For thermal equi- 
librium distributions there is no statistical correlation 
between the coordinates and the momenta, so that 


(f(qy o**) SCP, 2°) = (f(y +*) KSC ***))- 


Furthermore, (p,0H/dp;)=kT. Thus, for example, 
Eq. (6) becomes 


skT (xf) = (4#0V/0x;). 


((x:/2m)*(D/Pm)* )= 





(6’) 
As W. W. Wood points out, such relations can also be 
obtained by integrating by parts the corresponding 
average of the canonical ensemble over phase space. 

Applications of these relations to equations of state, 
and possibly to transport properties, will be given in a 
subsequent paper. 


II. THE QUANTUM MECHANICAL HYPERVIRIAL 
THEOREM 


The Heisenberg equation of motion is the quantum- 
mechanical equivalent of the classical equation of mo- 
tion in terms of Poisson brackets. Take W to be an 
arbitrary function of the generalized coordinates and 
the (differential) operators for their conjugate mo- 
menta. Let ~m and , be eigenfunctions for the total 
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energy of the system, Z,, and E,, respectively. Then,’ 


< [vat Wad — (i/h) [vn*(WH-HW Wade 


= (i/h) (Em— En) if Vn* Wind. (9) 
If the expectation value of W for a stationary energy 
state m is not infinite, Eq. (9) gives 
0=(i/R) [ ¥a*(WH-HW Wadr. (10) 
Equation (10) is the quantum mechanical equivalent 
of Eq. (2) with spatial averaging (or integration) 
replacing the time averaging. Let us define the operator 


J =(i/h) [(WH-HW]. (11) 


Then, Eq. (10) states that if y is any solution to the 
Schrédinger equation, the expectation value of J is 
equal to zero, 


[vrsvar=o. (12) 
Equation (12) is a powerful theorem since there is a 
wide variety of J operators. 

Usually quantum-mechanical formulations are ex- 
pressed in terms of a set of orthogonal generalized 
coordinates g; which have the corresponding metric 
scale factors g; defined by setting the square of an 
infinitesimal length equal to 


3N 
Dog? (dqi)?. 
j=l 
In these coordinates, the quantum mechanical opera- 


tor for the momentum 9; is (h/i)0/dq;. The volume 


element is 
dr = gdqidq2° + +dqsn. (13) 


Here g=gigo***gsv. The Hamiltonian for a set of 
particles each having the same mass m; is then 


H=— (f?/2m,) De *(9/99)) [egi2(a/aq;)]4+V. (14) 


If W=f(q, g2, ***, gsw), so that W has no depend- 
ence on the momenta, and if the masses are all equal, it 
follows from Eqs. (11) and (14) that 


ih ( af : (2) 
v = = A paee 2 wet 2 
(f) moet 99, 88! +ao2)e 


oe 
ary = (15) 


Although this case was trivial with respect to classical 
mechanics, the quantum mechanical relations, Eqs. 


3L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-. 


pany, Inc., New York, 1955), 2nd ed., p. 140. 
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(9) and (12) using the J of Eq. (15), are very useful 
in evaluating the corrections to the Born-Oppenheimer 
approximation in the separation of variables, etc. To 
see the significance of Eq. (15), let us suppose that 
f=r (the restriction that all of the particles have the 
same mass need not apply), so that J becomes 


J (r#) = (ih/2m,) [s(s+1)r¢*+2sr ¢"'(0/dr;) ]. (16) 
Substituting Eq. (16) into Eq. (11) leads to the result 


[vt (ou/ariydr=—¥(s+1) [YreMadr. (17) 


Similarly, if f=x,,* where «,; is the jth cartesian co- 
ordinate of the ith particle (and the masses of the 
particles are not necessarily equal), 


J (xij*) = (ih/2m,) [s(s—1) xij? + 25x (8/dx5) J 
(18) 


and 


[otra @v/ars)dr=—4(s-1) [yteg bdr. (19) 


Another example of this sort results from setting f =r" 
where ri is the distance between particles 1 and 2 
which have different masses. For this case, 


J (nz) = itor | ("+ -) 
2 \m me 


+(t1—f2) (-1-£x,)| (20) 


mM, 


In analogy with the classical treatment, we obtain 
the hypervirial relations by setting 
W=(h/i) f(9/aq). (21) 


Here we suppose that f is an arbitrary function of the 
generalized coordinates and the masses of all of the 
particles are equal. Then, making use of Eq. (14), 


OV h2 3N 
Jip) = fat; DL4i+A), 


2m; j=1 


(22) 


where 


1e-l ES) Ce be 


sfeQC9e prt 


iF 

0dr 

2 2 2 

A;®= =) o +297 of AS 
Oqx /0q? 9; 9q;0Qx 


In Cartesian coordinates (and with arbitrary masses) 
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Eq. (22) reduces to 


Vv Sw Loy a 
I(Spew) =f +d Bye 


inl 2M; jai 
of @ 
2—— ———- |; (23 
a OX ij <5:,| ( ) 


An interesting example corresponds to setting 
W = (h/i)r#(0/dr;) and letting the particles have ar- 
bitrary masses. Then Eq. (22) gives 


J (rt pri) =18(OV/dr;) + (h?/2m;) [27 1A; 
+ (s—1)r2-*{2r,(82/ar2) + (s+2) (/dr;) } 1]. 
Similarly, if W = (h/i) x,;°(0/dx;;), then 
J (Xij*prij) = xi" (OV /dx5j) 
+ (h?/2m;)[s(s—1) «4°? (8/dx;;) 
+2sx;°-!(0?/dx;7) J. (25) 


There are indeed a large number of examples which can 
be solved rather easily. However, it is best that these 
examples be considered in terms of specific applications. 


III. QUANTUM MECHANICAL IMPLICATIONS 


(24) 


In Sec. II we found two sets of integral relationships 
which must be satisfied by y, an exact wave function 
for a stationary state of the system, 


[vrripvar=0 (26) 


[vrs ipyvar=o. (27) 

The relations involving J(f) are the quantum 
mechanical counterpart to the classical result 
> i(8f/8q;) (@H/dp;) =0. The J( f) operators do not 
involve the potential energy of the system and therefore 
the same set of relations, Eq. (26), must be satisfied by 
all wave functions (regardless of potential energy) 
which correspond to stationary energy-states of an 
arbitrary system. The satisfaction of the J(f) rela- 
tions is an inherent property of the Schrédinger Hamil- 
tonian and the boundary conditions required for a 
physically acceptable wave function. 

Let the kinetic energy operator be 


x=— DY (8/2m,) (8/ax;2). 


j=1 i=1 


(28) 
Then regardless of the potential-energy function, 


[vrr(nvar 


3) ON 
=i) XD (/2m) | (a/ax;) WV (af/axs) Yr 
29 


7j=1 i=l 
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Eq. (26) is then satisfied if y decreases at infinity 
faster than any negative power of the cartesian co- 
ordinates so that 


lim_y*¥(Af/ax;:) =0. 


Ti ae 0 


(30) 


The Eq. (27) relations for the integrals of J(fp) in- 
volve the potential energy and are specific to the 
dynamical problem under consideration. For example, 
if we again focus our attention on the radial coordinate 
of the ith particle, according to Eq. (24) we have the 
set of operators (expressed in atomic units) ; 


J (7 iPr) = r,0V/dr;+A; 
J (126i) =120V /dr +r Ai+20/dr;+70?/dr? 


(31) 
(32) 


J (13 pri) =730V/Ori +r 2A:+5r0/dr +21 70?/dr? (33) 


eoomeee 


Equation (27) with the operator J(r;p,;) is the usual 
virial theorem of Ciausius; the other operators lead to 
generalizations of the virial theorem. It is easy to show 
that if we take ¥1= exp(—r;) for the wave function, 

=—1/r; and any of the operators J(r:p,i), J(r2,i), 
J(ripri), ***, Eq. (27) is satisfied. Similarly Eq. 
(27) is satisfied if we take yo= exp(—ar?), V= 
2a*r ? and any of these operators. 

Other members of the J( fp) family involve functions 
of more than one variable and second derivatives with 
respect to either one or two variables. 

M. S. Wertheim showed the significance of the J( fp) 
relations. Let be real and decrease faster than any 
negative power of x; as xi; approaches +. Also, 
we assume that f does not increase faster than any 
positive power of x,; as xi; approaches +. Then, 
integrating by parts, we obtain 


[¥1(Speu)¥ar=0 


= J SP (0/dxu) LAY /p dr. (34) 


Since Eq. (34) is valid for arbitrary functions f, it 
follows that 
(0/dxx) (H¥/y]=0. 
Equation (35) integrates to give 
Hy= Ey. 


(35) 


(36) 


Thus, any function y which satisfies the complete set of 
J( fp) relations is a solution to the Schrédinger equa- 
tion corresponding to a stationary energy state. 
Similarly, one can show that the J relations involving 
higher powers of the momentum operators correspond 
to the vanishing of the higher derivatives of [Hy/y]. 
No additional information could be obtained from such 
relations. 
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The J(fp) relations can be used to determine a wave 
function. We might proceed as follows. Let gi, ¢:, 
-++ form a mathematically complete set of functions 
in the coordinate space which are everywhere contin- 
uous, have continuous first derivatives, are square 
integrable, and satisfy the boundary conditions imposed 
on the wave function. Now let us express the set of 
energy wave functions in the form 


y= HCH: 


j=1 


Then substituting Eq. (37) into Eqs. (26) and (27) we 
obtain the sets of equations 


LCi*J( ff) uWCi=0, 


(37) 


(38) 


where the J(fp)1; are the matrix elements 


I fp)u= [o* I Spear. (39) 


It is possible to completely determine the wave 
function from these relations and there are a sufficient 
number of linearly independent operators to determine 


these constants. Of course, there would be an infinite 
number of sets of C; corresponding to the various quan- 
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tum states of the system. However, the quantum 
numbers corresponding to a particular solution would 
be very easy to recognize from the nodal structure of 
the wave function. 

We shall use the J( fp) relations to assist in the 
selection of an approximate wave function. Depending 
on the physical properties of the system which we are 
most interested in, we shall select the set of J( fp) re- 
altions which will be most sensitive to this property. For 
example, if we were interested in chemical binding, which 
requires that the wave functions be accurately deter- 
mined at large separations from the nuclei, we might 
require the satisfaction of integral equations involving 
J (r:*p,:) with large values of s. 
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A variational form of the cell theory of multicomponent liquids is formulated on the basis of the grand 
canonical ensemble. The method can in principle be extended to any desired level of accuracy. More explicit 
results are obtained for the case in which each cell can contain at most one particle and the correlation be- 
tween cells is neglected. In addition, a higher order theory is presented in which correlations in the modes 
of occupancy of cells is treated to the second order. The relation between the radial distribution function 
and the results of the simpler cell theory is considered. 





I. INTRODUCTION 


HE cell (or free volume) theories of the liquid state 

developed by'Eyring and Hirschfelder! and by Len- 
nard-Jones and Devonshire? have been successful in 
approximately accounting for the thermodynamic 
properties of simple nonpolar liquids in terms of inter- 
molecular forces. During the past several years numer- 
ous investigators*’ have devised improved versions of 
this type of theory. However, all of these efforts are 
limited by the fact that they are based upon a particular 
model in which the molecules are confined to cells in 
certain ways. Kirkwood? has published a critique show- 
ing how the cell theory can be put on a sounder con- 
ceptual basis by deriving it from the general formulation 
in the petit canonical ensemble with the aid of well- 
defined approximations. His paper shows that the 
physical model is identical with a particular approxima- 
tion within the general formulation, and it suggests a 
way for devising higher approximations. 

A more convenient general formulation can be ob- 
tained by employing the grand canonical ensemble. One 
can then speak of the states of cells (the numbers of 
various molecules in each cell and their positions) in- 
stead of the states of molecules, and with the aid of a 
general variational method® a cooperative theory of 
arbitrarily high accuracy can be constructed with the 
cells themselves playing the roles of the cooperative 
elements. The principal advantage of the grand canoni- 
cal ensemble over the petit is that with vanishing inter- 


1H. Eyring and J. O. Hirschfelder, J. Phys. Chem. 41, 249 
(1937); also, J. O. Hirschfelder, J. Chem. Ed. 16, 540 (1939). 
2jJ. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
ag A163, 53 (1937) ; ibid. A165, 1 (1938). 
anssens and I. Prigogine, Physica 16, 851 (1950). 
. Rowlinson and C. F. Curtiss, J. Chem. Phys. 19, 1519 


5S, Ono, Mem. Fac. Eng. Kyushu Univ. 10, 190 (1947). 
6 F. Cernushi and H. E ting, J. Chem. Phys. 7, 547 (1939). 
J. Pople, Phil. Mag. 42, 459 (1951 
J. G. Kirkwood, J. Chem. Phys. 18, 380 (1950). A further 
application of this formulation may be found in D. W. Salsburg 
and J. G. Kirkwood, J Chem. Phys. 20, 1538 (1952). 

9jJ.M. Richardson, A General Variational Method in Statistical 
Mechanics (to be published). 





molecular potentials, the cells are statistically inde- 
pendent. On the other hand, the restrictions on the total 
numbers of various types of molecules introduce a 
statistical dependence” in the petit ensemble. 

The general formulation is presented in Sec. II. 
Section III is devoted to first-order theories in which 
statistical correlations among cells are neglected and 
the cell volume is optimized. In the beginning of this 
section we present the most general of the first-order 
theories. Next we neglect multiple occupancies ob- 
taining a theory of which a special case is identical to 
the theory of Mayer and Careri." We then introduce 
the spherical smoothing and singlewise displacement 
approximations giving finally a result that may be con- 
sidered a generalization of the Lennard-Jones Devon- 
shire theory. In Sec. IV, we specialize the last results to 
a one-component system and neglect vacancies, thereby 
obtaining a result identical to the Lennard-Jones 
Devonshire theory. Section V is devoted to the calcula- 
tion of the radial distribution function within the 
framework of the first-order theories. In Sec. VI, we 
consider second-order theories in which pair correla- 
tions are approximately taken into account. It is hoped 
that a second-order theory will eventually prove success- 
ful in treating the case of a mixture of molecules in- 
volving large radius ratios—a case can be handled by a 
first-order theory only by allowing multiple occupan- 
cies and employing a larger cell size. 

The communal entropy is given only brief considera- 
tion because it does not appear in a natural way. 
Kirkwood® has shown that the communal entropy may 
be regarded as a correction for the neglect of vacancies 
and multiple occupancies in a theory explicitly treating 
the cells as only singly occupied. It has nothing what- 
ever to do with the interchange of identical molecules 
between cells, as is often assumed.” Although an ap- 

” To be sure, this dependence is negligible when the numbers 
are large. Nevertheless, it is a conceptual and mathematical con- 
venience to have this dependence vanish exactly. 

1 J, E. Mayer and G. Careri, J. Chem. Phys. 20, 1001 (1952). 


12 See, R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, New York, 1939), p. 327. 
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proximation to the communal entropy is considered in 
Sec. IV, the authors hold the opinion that the problem 
of evaluating this quantity is a futile one since its 
evaluation depends on comparing a single occupancy 
theory with one treating more complicated modes of 
occupancy. Once the more accurate theory has been 
constructed, one then has all the physically significant 
answers one is seeking and there then seems to be little 
profit in considering the deviations from the less ac- 
curate theory. 

The present paper emphasizes formal results. The 
results of numerical computation and comparisons with 
experiment will be presented in a sequel. 


II. GENERAL THEORY OF CELL METHOD IN 
GRAND CANONICAL ENSEMBLE 

Our model is an assemblage of classical molecules 
confined within a large container of volume V. We 
consider c types of molecules labeled by a, a=1, +++, ¢. 
The mass of a molecule of type a is denoted by ma. A 
pair of molecules, one of type a and the other of type 
a’ (aw may equal a’), separated by a distance r, has an 
interaction energy ¢aa,(7). Thus, our treatment is 
limited to molecules which, to an adequate degree of 
approximation, can be regarded as spherical.” If the 
system contains N; molecules of type 1, N2 molecules 
of type 2, etc., then Hamiltonian is 


Na 
H= p (2ma) > Pas? U, 
a a=] 


(2.1) 


where the potential energy U is given by 


U= 4D ” es (Tea’ )+4> = daa(Tes’) , 


aa! gl g/=] a 8,e/=] 


sxe! 


(2.2) 


and where pas= | Pas| in which Pas is the momentum 
of the sth particle of type a. 
The grand partition function can be expressed in the 
form 
exp(8pV) =S exp[8(2ima*Na—U)], (2.3) 
a=l 
where 6=1/kT, p is the pressure, and §$ is the con- 


figurational summation operator in the grand canonical 
ensemble defined by 


( )=TT Sovve) Of atwal( ), (24) 
a=1 Ng=0 Vv 


in which fyd{N.} ( ) is the operation of integration 
in the configuration space of Nq molecules of type a 
confined in a volume V. In the case of no molecules of 
type a, the integration written in Eq. (2.4) is to be 
replaced by unity. Apart from an additive constant, 
the quantity u.* is the chemical potential per molecule 
of type a. It is related to the absolute potential ue by 


18 Tt is not difficult, at least in principle, to extend the treatment 
to nonspherical molecules. 
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the formulas 
Ha* =pHa—B logra®, 
Va? = (2rm./h*B)-}, (2.5) 


where / is Planck’s constant. The quantity ua* has 
the convenient property that at infinite dilution it 
approaches 6—' logC., where C, is the average number 
density of molecules of type a. 

The theory depends upon the important property of 
the summation operator $, namely, that it can be 
factored into a product 


s=[]s,, 


in which the factor labeled by i sums over the states of 
cell i (with volume 2; in real space). These cells may be 
of any shape or size as long as they are nonoverlapping 
and collectively make up the total volume V, 


= V. 


i 


(2.6) 


(2.7) 


Later we will find it convenient to require the cells to 
be identical. The factor $; is defined by 


8( )=TT Dl1/(me) If dima), 28) 
when ma; is the number of molecules of type a con- 
tained in cell i. The operation f,,d{mai} is the integra- 
tion over the configuration space of ma; molecules of 
type a contained in the volume 2,. It is apparent that the 
operator S; has the same meaning as § except that it 
sums over the numbers and configurations of the mole- 
cules in the cell i instead of the total volume V. 

Now we consider the variational principle correspond- 
ing to the grand canonical ensemble. This principle 
involves the maximization of the variational function 

—BpV=SP(logP—B 2 ua*NatBU), (2.9) 
om 
with respect to the distribution function P (dependent 
upon numbers as well as configurations) and subject to 
the constraints that the u.*, 8, and V are constant and 
that P is normalized, 


8P=1. (2.10) 


It can be shown that the maximum value of # is the 
pressure p given by Eq. (2.3) and that the functional 
form of P giving this maximum is 

= exp[6(—PV+2ime*Ne-U)], (2.11) 
which defines the grand canonical ensemble. 

Now we will use the factorization property of the 
summation operator $. According to the general varia- 
tional method developed by one of the authors,’ one can 
define cooperative elements as the entities whose states 
are summed over th the factors 8; of 8. In the present 
case the cells are the cooperative elements and we will 
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be concerned with the states of cells, interaction and 
correlation between cells, etc. 

The general variational method provides an expan- 
sion of BpV, defined by Eq. (2.9), in a series of terms 
containing progressively higher-order correlations. Now 
let the cells be identical (for example, they could be the 
unit cells of a face-centered cubic lattice). Let the 
distribution function be written 


P=JJo(i) Tse (i, #) TD’ give, 0”) ++, 


i,i’,é 


(2.12) 


in which the letters 7, 7’, ---in parentheses denote the 
dependence upon the states of cells i, i’, «++, whereas 
i, i’, +» *appearing as subscripts denote the dependence 
upon the /abels of the corresponding cells. For example, 
p(i) depends only upon the state of cell i, and its 
dependence upon this state is independent of 7 regarded 
as a mere label. In other words, p(i) is the same func- 
tion for all cells. On the other hand, g;;(i, i’) depends 
upon both the states and labels of cells i and i’. How- 
ever, we will require that the dependence upon the 
labels be such that only the distance between cells i and 
i’ is involved. Obvious extensions pertain to the higher 
order g’s. These statements amount to saying that the 
cells are statistically equivalent. The primes on the 
product operators in Eq. (2.12) are employed to de- 
note the omission of factors in which the same cell 
appears. more than once. 

According to the general variational method, certain 
restrictions must be imposed upon the factors in Eq. 
(2.12). First, the factors p(i) must be normalized, 


Sp(i) =1. (2.13a) 


In addition there exists a sequence of compatibility 
conditions, 


8.0(t) giv (4, i’) =1, (2.13b) 
Soli) giv(i, i”) gier(i, i”) gserer(i, 7,4”) =1. (2.13c) 


and so forth. In the present application we will not 
explicitly use compatibility conditions of order higher 
than the third. For example, condition (2.13b) ensures 
that if p(i)pi’)gi(i, i’) be the joint distribution for a 
pair of cells i and 7’, then p(i) is the distribution for one 
cell. 

Insertion of (2.12) and (2.9) using the normalization 
and compatibility conditions reduces the variational 
function to 


—Bpo=8,0(i) [loge (i) —8 oue*na + BU (i) 
+4L'S8ir0(i) (7) giv (i, i) [logg i+ (i, t’)+-BU i (i, 7’)] 
+ (1/3!) 21'SSe8ir-0(i) 0(@) (4) giv (i, #) gira", *”) 


girs(t", i) givin (i, V, i” )loggivi (i, 7, tees, 
(2.14) 
in which » is the cell volume, U(i) is the potential 
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energy of a cell in state i (nonvanishing only if the cell 
is multiply occupied), and U ;,(i, i’) is the interaction 
energy of cells i and i’. The primes on the ),’s denote 
the omission of terms involving a cell more than once. 
The quantities U(i) and U;,(i, 7’), expressing U in 
terms of cells, can be readily obtained from Eq. (2.2) 
expressing U in terms of the molecular coordinates. 
This can be done by comparing 


U= DU (i) +4 Vili, *’) 


with Eq. (2.2) for the states of a single cell, then for a 
pair of cells. For instance, if cell contains no molecules 
or orily one molecule, U (i) =0. If it contains two mole- 
cules, one of type a and the other of type a’, then 
U (i) =¢aa’(r), where r is the distance between the two 
molecules. If one or both of two cells, i and 7’, are 
vacant, then the interaction energy U ;,"(i, i’) vanishes. 
If cell 7 contains one molecule of type a at a vector dis- 
tance r from its center and cell 7’ contains one molecule 
of type a’ at a distance r’ from its center, then 
Uiir(i, i’) =daa'( | r—2’+R |), where R is the vector 
distance between the cell centers. The states of higher 
occupancy can be treated by similar means. 

The solution of our problem is obtained by maximiz- 
ing the variational function, Eq. (2.14), with respect to 
p(i), giw(i, i’), etc., under the constraints (2.13a), 
(2.13b), etc., and holding 8 and the ua* fixed. If desired, 
v can be varied also. However, as long as the expression 
(2.14) is employed in its exact form, the maximum 
value is independent of v. If certain approximations are 
introduced into (2.14), the result will depend upon » 
and it may be advantageous to let » vary in the maxi- 
mization. 

Regardless of whether # is an exact or approximate 
functional, its maximum value , the pressure, can be 
used for the computation of all of the thermodynamic 
quantities if its dependence on 8 and the u_* is known. 
The resulting quantities will be thermodynamically 
consistent, i.e., they will still conform to the general 
thermodynamic relations. The preservation of thermo- 
dynamic consistency when approximations are intro- 
duced is a convenient property of a variational pro- 
cedure, since it provides directly a single function from 
which all the thermodynamic quantities can be derived. 
Another useful property is the fact that a first deriva- 
tive of p (with respect to the parameters 8 or the ua*) 
equals the same derivative of p holding the variables 2, 
p(i), etc., fixed if after differentiation these variables 
are assigned the values making p a maximum. Let the 
symbol y represent the above variables (2, p(i), etc.) 
and let ym represent the particular values making p 
a maximum. Obviously ym is dependent only upon 8 
and the ua*. We have 


P=P(B, ua*; ¥), 
(8, Ma™) = p(B, Ha®; Ym) ’ 
Ym=Ym(B; Ha*) 


(2.15) 


(2.16) 
(2.17) 
(2.18) 
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where the maximum condition is given by 
(06/97) y=1m=9. (2.19) 


Let us consider for example the derivative of » with 
respect to 8. We obtain from Eqs. (2.16)-(2.18), 


0p/dB= (0p/08) mt (0p/OY) ymym (-¥m/88) : (2.20) 


By Eq. (2.19) the second term on the right vanishes, 
giving the desired result 


0p/IB= (9P/98) ym (2.21) 


Now let us consider more explicitly the evaluation of 
the thermodynamic functions. From Eq. (2.3), defining 
exactly the grand partition function, we obtain (holding 
the volume V fixed) 


d(BpV) = >> (Na)d(Bua*)—(U)dB, (2.22) 


where 
(Na)=VCa=SPNoy (2.23) 
and 
(U)=8PU. (2.24) 


C. is the average number density of molecules of type 
a and U is potential energy given by Eq. (2.2) [or 
Eq. (2.15) ]. Eq. (2.22) is a somewhat disguised form 
of the well-known Gibbs-Duhem equation. From Eq. 
(2.5) we obtain 

d(Bua*) = d (Bua) —3dB/28. 
Insertion of Eq. (2.25) into (2.22) gives 


d(8pV) = >> (Na)d(Bua)—(H)dB, (2.26) 


(2.25) 


(H)=E=(U)+(3/28) (Na) (2.27) 
is the average total energy. Eq. (2.26) is the more fami- 
liar form of the Gibbs-Duhem equation. The entropy S 
may. be defined by 
S=—ks(V ouaCa— E—pV). (2.28) 
All of these relations are exact, and suffice for the 
calculation of S, E, ~, and C, in terms of 6 and yu 
(or we*). When # is an approximate function of 8 and 
the ua*, we will keep Eq. (2.22) as the definition of 
(N.) and (U), and then use (2.25), (2.27), and (2.28) 
for the calculation of the other functions. In each parti- 
ular case it must be determined whether or not the 
approximations used in # are consistent with Eqs. 
(2.23) and (2.24). For example, suppose we make the 
approximation of setting all the g’s equal to unity in 
Eq. (2.14) and then calculate (U) from Eq. (2.22) 
with the aid of Eq. (2.21). Is this result the same as 
that obtained by introducing the same approximations 
into SPU? In this particular case the answer is yes. 
However, it is hard to make general statements valid 
for all conceivable approximations. 
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(2.22) [or from # using (2.22) and (2.21) ], and the 
modified entropy S* defined by 


S*=ba(V ma Ca— (U)—pV), (2.29) 


has been obtained, then E may be calculated from 
(2.27), ua from (2.5) and S from 


(2.30) 


S=S*+kV Ca (3— logy.). 
a= 


In these last computations we have regarded the inde- 
pendent variables to be 8 and the ua*. However, it is 
more conventional to take the set 8 and the C,. This 
set is usually more convenient mathematically because 
the solution of the variational problem usually yields 
the ua* expressed explicitly as functions of 6 and the 


III. FIRST-ORDER THEORIES" 


By the phrase “first order” we mean that only first- 
order factors in the product (2.12) are retained, the 
higher-order factors being approximated by unity. This 
approximation is equivalent in a formal sense to that 
used in the Bragg-Williams theory. The most general 
first-order theory is given by the following approxi- 
mation to —8pv [defined exactly by Eq. (2.14) ]: 


— ppv=8,0(i) [logo (i) — BY petnec+ BU ()] 
+48 2'SS8ve(i) oi) U iwi, ’) (3.1) 


in which cell i is any representative cell. We drop all 
of the compatibility conditions, Eqs. (2.13b), (2.13c), 
+++, and retain only the first-order normalization condi- 
tion 

Sip(t) =1, (3.2) 


which is now the only restraint on the variations of 
p(i). It is permissible also to vary » in order to obtain 
the optimum cell size. As pointed out by Mayer and 
Careri," if one does not impose an upper limit to the 
cell occupancy, the optimum cell size will equal the 
total volume in which case (3.1) becomes identical to 
the exact variational principle (2.9). If the method 
is to have any practical value we should allow an 
occupancy limit of one or perhaps two molecules per 
cell. 

Let us confine our attention henceforth to the case of 
an upper limit of one molecule per cell. Let p(i) take the 


more explicit form 
. Po 
i)= ; 
me se 


4 The main part of this section was presented at the Washington 
Meeting of the American Physical Society, May 1952. J. M. 
‘os and S. R. Brinkley, Jr., Phys. Rev. 87, 199(A) 

1952). 


(3.3) 
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where po is the probability of vacancy in cell i, and 
pa(¥)dr is the probability that one molecule of type a is 
located in the volume element dr situated at a vector 
distance r from the cell center and that no other 
molecules are contained in the cell. 

With these restrictions, Eq. (3.1) reduces to 


— ff0= pa logert+ > [arpa(1)Dogpe(#) —Be*] 


+480 far far'ra(t)pe(e)Wee(t-"), (34) 


aal=1~v 


where 
Waa (t—?’) = 2o'bear( |r—-r’—R]). (3.5) 


In Eq. (3.4), 
fac 


denotes the integration over the cell volume »v. In Eq. 
(3.5), aa’ (f—¥’—R) is the interaction energy between 
a molecule of species a at a position r in a cell and 
another molecule of species a’ at a position r’ in another 
cell whose center is located at a vector distance R 
from the center of the first cell. The prime on the 
summation over R in Eq. (3.5) denotes the exclusion 
of R=0. The normalization condition $,p(i) =1 takes 
the explicit form 


ot [arpa(r) =1, (3.6) 


a=l“v 
The variational function should be maximized with 
respect to v, po, and pa(f) subject to the normalization 
condition Eq. (3.6). This operation yields the following 
subsidiary conditions 


logpa(t) =logoo+B[Ha*—wa(t) J, 


we(t)= > far'pe(e’)Weo(t—P), (3.7) 


ale] 


Bp=1—p— 38 > [arf ae’ra(t)pw(r’) Wow(t—¥), 


aal=1 “vy 


Wow (t—¥’) = 2 | r—r’—R | dea’(| r—1’—R]). 
(3.8) 


Equation (3.7) arises from the variation of # with 
respect to the distribution functions. It is an integral 
equation for the determination of p.(r) and must be 
supplemented by the normalization condition, Eq. 
(3.6). In the one-component case, it is identical to a 
result obtained by Mayer and Careri" by somewhat 
different methods and is similar to the integral equa- 
tion Kirkwood? obtained under the constraint of single 
occupancy. Equation (3.8) arises from the variation 
of # with respect to the cell volume v and may be seen 
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to conform to the kinetic theory definition of pressure. 
To obtain, in principle at least, the solution of the 
problem, we must solve Eqs. (3.6)-(3.8) along with 
Eq. (3.4) (with p replacing #) for po, pa(f), v, and p. 
This unfortunately cannot be done exactly. It is neces- 
sary to resort to approximations (e.g., those used by 
Kirkwood). One achieves greater logical coherence 
and the obvious preservation of thermodynamic con- 
sistency if one introduces the approximations into the 
expression for the functional # before taking the varia- 
tions. We derive below a more approximate form of # 
and repeat the variational procedure. 

Two additional approximations are desirable. The 
first is the treatment of the displacements of molecules 
from their cell centers in a singlewise fashion. More 
explicitly we set 


Pa(T) =pa5 (I) +yYa(r) 


in the interaction energy part of Eq. (3.4) and neglect 
terms that are quadratic in the ya(r). The quantity 
Pa, Which is not to be confused with p.(1), is the occupa- 
tion probability of molecules of type @ and is defined by 


(3.9) 


p= [ dfpa(f). (3.10) 


The second approximation is that of spherical smooth- 
ing. We require p.(r) to be spherically symmetric 
and replace the cell by an equivalent sphere of radius r* 
given by 41/3-r=», 

It will be convenient to separate the scale of the cell 
distribution from the shape. To do this, let 


Pa(T) =paba(é)/2, 
t=r/r*. (3.11) 
The normalization condition (3.6) can now be written 
pot > pa=1. (3.12) 
a=] 
From Eq. (3.10) we obtain 
1 
[ sedee.(@) =1. (3.13) 


With the preceding approximations and definitions 
Eq. (3.4) assumes the form 


— Bfv= po logout YL log (00/2 


1 c 
+ f 3Ede06(€)logta()]—B pata” 


+392 pebe| Woe (0)+2 I "3e2deb,(E) (AWaa' 5 (3.14) 


where Waa’(0) is defined by Eq. (3.5) and (AWaa: )e’, 
the spherically-smoothed excess interaction energy 
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introduced by Lennard-Jones and Devonshire,? is 
given by 


(AWaa' Ye= (1/4) / de[Waa'(r*te)—Waar(0)], (3.15) 


where f de is integration over all orientations of the 
unit vector e., Equation (3.15) is symmetrical in a 
and a’, 

Our ultimate purpose is to maximize p at constant 6 
and ue* with respect to 2, po, pa and 6.(#), subject to 
the constraints (3.12) and (3.13). However, it is 
expedient to maximize first with respect to 0.(é) 
subject to (3.13), keeping all of the other variables 
fixed. This operation leads to the expression 


c 


04= 1/T,-exp(—8 > Pa’ (AW aa’ de) 


a/=] 


(3.16) 


where 
1 c 
r= j 3¢dt exp(—B D> par(AWaa')e). (3.17) 
a=] 


The quantity T, and its derivatives have been evalu- 
ated by Lennard-Jones and Devonshire? for the case 


of one component and single occupancy. Substitution 
of (3.16) and (3.14) yields 


— Bhv=po logort+ Dpa log(pa/v) —log’—8 > patta* 
a=] a=] 


+36 ne PaPa'W aa (0), (3.18) 


a ,a!l=] 


log!’ = > ‘pq logl a. (3.19) 
a=] 


Here I is to be considered a function of v, 8, and the pa. 


’ Now we maximize p, given by (3.18) with respect 
to v and the pq, using 


po=1— > ‘pa. 
a=l 
The variation with respect to v gives 


ce 

Bpo=1—po+0(d/d2) (log? —38 D> pabeWea'), (3.20) 
a ,a/=1 
where # is given by (3.18) after replacing # by its 
maximum value p. On inspection one sees that this 
expression is an approximation to the kinetic-theory 
definition of pressure. The variation with respect to 
Pa gives 


Bua* — logpo 


+log(pa/v) — (8/Apa) log’ +8>> pa'Waa'(0), (3.21) 
a!=] 
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an expression to be used for computing uo*. Re- 


placing # by in (3.18) and substituting (3.21), we 
obtain 


Bpv= —logeo—8 (9/98) logl+48 D> Pope! W aa’ (0). 


a ale 


(3.22) 
We have used the identity 


Ya (2/Apa) log =logl+8(a/a8) logl (3.23) 
a=) 


in deriving the last result. 

If 8 and ywo* were the prescribed independent varia- 
bles, our program would be to eliminate »v and the pa 
from Eqs. (3.20)—(3.22), thus obtaining p as a func- 
tion of the prescribed independent variables. It is more 
convenient to choose 8 and the pa as the independent 
variables. In this case we can determine v as a function 
of 6 and the pa by using Eqs. (3.20) and (3.22). Then 
p is given by either (3.20) or (3.22) and wa* by (3.21). 

Applying Eqs. (2.21) and (2.22) of Sec. II, we obtain 
the potential energy density and the concentration of a, 
respectively, in the form 


(U)/V=1/0-[— (0/08) log +4 & abe Wwe(0) 


aa! 


(3.24) 


Ca=pa/9. (3.25) 
The question arises if these equations are consistent 
with Eqs. (2.23) and (2.24) of Sec. II. Eq. (3.25) is 
obviously consistent with Eq. (2.24), since when multi- 
ple occupancy is ignored, the average number of mole- 
cules of component a in a cell is equal to the probability 
pa of single occupancy by a molecule of component a. 
Then division by 2, of course, gives the concentration 
C,. The consistency of (3.24) and (2.23) is not as 
obvious. However, we will assert without proof that if 
one starts with Eq. (2.23) and introduces the approxi- 
mations of the present section (neglect of correlation, 
neglect of multiple occupancy, singlewise displacement 
in interaction energy, and spherical smoothing) into 
it, one obtains Eq. (3.24) after some manipulation. 

From Eq. (2.29) we find the density of the modified 
entropy S* to be given by 


S*/V =k/v+[/po logpo+ ye log (pa/v) 


+6°(8/08)B-Nogl'}. (3.26) 


With this result together with Eqs. (3.24) and (3.25) 
we can compute E, wa, and S by Eqs. (2.27), (2.5), 
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and (2.30), respectively, which we now summarize: 
E/V=(U)/V+ (3/28) 2oCa, 

a=] 


Ha>= Ba*+B- ‘ logv.’, 


(3.27) 


(3.28) 


S/V=S*/V+kRSCa(3— loge’), (3.29) 
al 
where 


02° = (2rma/h?8)-*. (3.30) 


IV. THEORY OF LENNARD-JONES AND 
DEVONSHIRE 

It is possible to obtain the results of Lennard- 
Jones and Devonshire? from our previous results by 
specializing the variational function (3.18) to the one- 
component case and by imposing the further require- 
ment that there be no vacancies. To specialize to the 
one-component case, the index a takes only one value: 
1, say. The requirement of no vacancies means, of 
course, that the probability of vacancy pp vanishes 
and that the probability of occupancy (by one mole- 


cule of type 1) p: is equal to unity. Equation (3.18) 
reduces to 


—Bpv= log (vl) —Bui*+36W (0), 
where I is given by (3.19) reduced to the form 


(4.1) 
log!’ = log!. (4.2) 


Then I; is in turn given by the following simplified 
form of Eq. (3.17): 


1 
i I 384d exp(—B(AWn)e) 


(4.3) 


in which §=r/r*, where r* is the radius of the equiva- 
lent spherical cell. (AW1). is the spherically-smoothed 
excess interaction energy of a displaced molecule with 
the surrounding neighbors fixed at their cell centers, 
and is given by Eq. (3.15). Wu(0) is the energy per 
molecule of a perfect crystalline array of molecules all 
at their cell centers, and is given by Eq. (3.5) with the 
argument r—r’ set equal to zero. 

In Eq. (4.1) there is only one parameter left to vary: 
the cell volume v. The vanishing of the variation of p 
with respect to v yields® 


Bpv=1—360(0/dv)Wi(0)+0(9/d0) logr (4.4) 


which is actually Eq. (3.20) specialized to the present 
case. This is the Lennard-Jones Devonshire equation of 
state in a different notation. From the viewpoint of our 
variational method, the best value of v for fixed 8 and 
w:* is obtained by eliminating » from Eq. (4.4) and 
Eq. (4.1) (with p replacing #). 

If the best value of v is substituted into (4.1), we 
can set p equal to p and with a little rearrangement 


8 Here I’ is to be regarded as a function of 8 and v. Wu (0) isa 
function of v alone. 
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obtain an expression for the Helmholtz free energy A 
in the form 


B(A/N) =B(m— pv) =B(mi*— pr) + logn,” 
=48Wy(0)— log(2I'/n°), (4.5) 


where N is the total number of molecules in the system 
and 


0,°= (24m,/h’B)-3. 


Here the cell volume v is the molecular volume equal to 
C,1, The combination vl may be regarded as the free 
volume 1,.° 

In their original work, Lennard-Jones and Devon- 
shire? used a larger number of approximations than are 
used in this derivation. We have shown in effect that 
their approximations are self-consistent by deriving the 
same results by introducing four obviously self-con- 
sistent approximations directly into the variational 
function. These approximations are: neglect of correla- 
tion, single occupancy, spherical smoothing, and single- 
wise displacements. 

In order to correct for the neglect of vacancies and 
multiple occupancies, it is customary to add a term 
— loge to the last member of Eq. (4.5). The expression 
k logcis known as the communal entropy (per mole- 
cule). We make an approximate calculation of « by 
comparing the present results obtained under the 
restriction of single occupancy with the corresponding 
results of the last section, where both vacancies and 
single occupancies were allowed. Neglecting the differ- 
ence in entropy arising from the difference in the shapes 
of the cell distributions in the two cases, we obtain the 
result 


(4.6) 


logo = — po logpo/(1—po), (4.7) 


where po is the probability of vacancy per cell in the 
case in which both vacancies and single occupancies 
are allowed. It is perhaps of interest to note that as 
po increases from 0 to 1, o increases monotonically from 
1 to e, as pointed out by Kirkwood.® 


V. THE RADIAL DISTRIBUTION FUNCTION 


Knowing the distribution function for each cell 
makes it possible to compute the radial distribution 
function to a satisfactory degree of approximation. 
Recently, Dahler” has calculated the radial distribu- 
tion function from a cell theory. Here, we accomplish 
essentially the same objective in the frame of the present 
theory. For this purpose let us confine our attention to 
a one-component system containing only molecules of 
type 1. First we consider a molecule (of type 1) in the 
cell whose center is at R=0, and let this molecule be a 
distance r from the cell center. The average number 


16 The free volume is defined here with the potential energy 
(per molecule) of the perfect lattice playing the role of the energy 
zero. It is perhaps more conventional to use the average energy 
as the zero. 

17 J. S. Dahler, J. Chem. Phys. 29, 1082 (1958). 
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density of molecules at a distance x from the first 
molecule is evidently 


L'a(x+r—R), (5.1) 


where the prime on the summation denotes the omis- 
sion of the term for R=0. The discrete set of R’s 
defines the lattice of cell centers. The cell distribution 
functions p, are supposed to be defined so that they vanish 
when their arguments exceed the vector distance from the 
cell center to the cell wall. The quantity (5.1) when 
averaged over the positions of the first molecule (in the 
cell whose center is at R=0) becomes 


(Cw) fatox(x) Din(xt+4—R), (5.2) 


Curt [ dtp(t) 


is the macroscopic number density. Averaging over 
the directions of x gives 


(Co)-"fatm(x) D'(olerte-R)). (53) 


where x= |x|, e=x/x, and (_), denotes the average 
(uniformly weighted) over the directions of e. The 
radial distribution g(x) is defined as the ratio of the 
average number density at a scalar distance x from a 
given molecule to the average number density calcu- 
lated without this constraint (macroscopic number 
density). Evidently it is the ratio of (5.3) to Ci so that 


g(x) =Cr4 i dtm(r)D'(n(ertr—R))y (5.4) 


which expresses g in terms of p. 

Equation (5.4) can be recast in a form which is more 
convenient for calculation. First of all, we observe that 
in the identity, 

D’a(x—R) = Doi(x—R)—pi(x), (5.5) 
R R 
the complete sum >Re (x—R) is a function possessing 
the periodicity of the lattice and p(x) is localized in the 
cell centered on R=O. In accordance with this, we 
decompose g into two parts, 
g(x) =g (x) —g (x), (5.6) 


where 


g(x) =Cv / dtn(r) D(n(ertr—R)). (6.7) 


can be calculated most conveniently using a Fourier. 
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series representation, and where 


g(x) =Cv | dto(r)(n(ex+r)), (5.8) 


can be handled most conveniently as it stands. 

Now we consider more explicitly the calculation of 
g(x). We first express the complete sum over R as a 
Fourier series 


Xn(x—R) = Lx exp(iK-x), (5.9) 


px=v[dtp(r) exp(—iK-r), (5.10) 
in which the sum on the right-hand side of (5.9) ex- 
tends over the discrete set of K’s generated by the 
condition that R- K/2z be an integer. It can be shown 
that the set of K’s forms a lattice and that except for 
the factor 27, this lattice is reciprocal to the R lattice. 
From the fact that p; is real it follows that px*=p_x. 
If one is limited to the interior of the cell centered on 
R=0, Eq. (5.9) can be used as a representation of 
p(X). Inserting these results (with appropriate changes 
of the arguments) into Eq. (5.7), we obtain 


g (x) =Crh | px |?(exp(iK-ex) )e 
=Cr?> | px |*(sinKx/Kx), (5.11) 
K 


where K= | K |. It is to be expected that a sum over a 
relatively small number of K’s neighboring the origin 
of the K lattice will give quite a good approximation 
to g(x) when ~ is larger than the maximum cell diam- 
eter. The K=0 term in (5.11) turns out to be equal to 
unity since 


(exp(iK-ex) ).=(1).=1 and px=C; when K=0, 


The coefficients px are given by Eq. (5.11) in the 
most exact verision of the first-order cell theory. 
Suppose we use as an approximation spherical cells 
and spherically-symmetric cell distributions as was done 
in Sec. III. In this case we obtain 


px= otf” serie (r) (sinKr/Kr), 


(5.12) 


where r* = (30/41) }. 


The term g(x) is actually not very interesting and 
its calculation is rather troublesome. It can be shown 
that g(x) vanishes for all x larger than the maximum 
cell diameter. Thus it contributes nothing to g(x) in 
this range of x. For x less than the maximum cell diam- 
eter this theory of the radial distribution function is 
not very accurate. It is true that if g™ and g™ are com- 
puted precisely, g(0) =0; however, it will not approach 
zero as rapidly as one would expect for a repulsive 
potential that approaches infinity in the limit of ‘zero 
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separation. As a practical matter it is probably worth- 
while, considering g only for x larger than the maximum 
cell diameter, or in the case of the spherical approxima- 
tion, larger than r*, the diameter of the equivalent 
sphere. 

Since the first-order cell method by its very nature 
introduces an artificial long-range order into a liquid, 
one expects the amplitude of undulation of g about the 
value unity to attenuate less rapidly than it should with 
increasing distance; in fact, the amplitude is inversely 
proportional to the distance when the distance is large. 
The more exact theories of the radial distribution func- 
tion developed by Kirkwood, Born and Green” and 
Yvon,” give attentuations which are more rapid than 
this. 

It can be shown that if we calculate the pressure by 
the formula 


B/Ci=1—48 “awatg(x)[ddu(x)/dx\dx, (5.13) 


using g(x) given by Eq. (5.4), the result is identical to 
Eq. (3.8). This is of interest because it is sometimes 
contended that Eq. (5.13) belongs exclusively to the 
radial distribution function method and that the equa- 
tion of state yielded by the cell method is quite un- 
related to the preceding result. Similar considerations 
pertain to the average energy. If the singlewise dis- 
placement approximation is introduced into the cal- 
culation of p,(r) to be used in (5.4), certain difficulties 
arise. For example, in order to obtain a result with 
(5.13) which is identical to (3.20) appropriately special- 
ized, we must retain the 6-function peak in p, in which 
case g will have a series of similar peaks corresponding 
to the perfect crystal. Thus, when g is suitable for ther- 
modynamic purposes, it looks quite unlike the ex- 
pected form. 

It may be of interest to note here that Hill™has treated 
the inverse of the present problem; namely, the deduc- 
tion of information concerning cells and holes from 
the radial distribution function. 


VI. SECOND-ORDER THEORIES INCLUDING 
SECOND-ORDER CORRELATIONS 
The first-order theories considered in previous 
sections suffer from the defect that correlations be- 
tween cells are neglected. Even though the single- 
cell distribution functions are adjusted to give the best 
answer under this limitation, the error will be large if 
the fluctuations in the states of cells are large, but not 
too large, in a certain sense to be clarified later. One 
might expect that for a binary mixture a first-order 
theory of the type so far considered will be appreciably 
in error if the concentration ratio is 1:1 and that the 
error will be seriously aggravated if the molecular radius 
. G. Kirkwood, J. Chem. Phys. 3, 300 A ag! 
. Born and H. S. Green, Proc. Roy. Soc. (London) A189, 
103 (1947). 


” J. Yvon, Actualitiés sci. et ind. (1935). 
1 T. L. Hill, J. Chem. Phys. 28, 1179 (1958). 
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ratio is far from unity. The situation might be improved 
still keeping the basic framework of the first-order theor- 
ies if we either increase the cell size and occupancy, or 
relax the restriction that the cells be statistically 
equivalent. The first modification is obviously im- 
practical; however, the second might be quite workable 
if the concentration ratios are approximately ratios of 
small integers, in which case the theory would closely 
resemble certain treatments of order—disorder phe- 
nomena in alloys. In this section we try a more direct 
and generally applicable approach to the partial correc- 
tion of the errors of the first-order theories. We simply 
extend the earlier theory to include second-order correla- 
tions. It will not be possible to do this exactly; how- 
ever, we obtain explicit results with the aid of an ap- 
proximation which should be fairly good under a wide 
range of conditions. 

We reconsider the expansion of the variational 
function BpV discussed in Sec. II. Here we keep second- 
order correlations but neglect those of higher order 
giving us 


— Bpv=S p(t) Dloge(i) —BYinetne + BU (i) J 
+42L'88v0 (i) (7) gue (i, i’) Tlogg is (é,2’) +8U iv (i, i’) J 


(6.1) 


in which the notation has already been defined in Sec. 
II. The functions p(i) and g;i(i, 7’) must satisfy the 
constraints 
Sp(i) =1, 
Sip (i) giv (i, i’) ses 1, 


expressing normalization and compatibility, respec- 
tively. 

We first maximize # with respect to gii(i, 7’) with 
the constraint (6.3) and keeping all other variables fixed. 
We obtain 


logg si (4, 1’) = —BC x (4, 7’) +rc (i) +Avi(7), 


where \,i(i) [and \,-;(2’) ] constitute a continuous set 
of Lagrange multipliers to be determined by the con- 
straint (6.3). At this point a word about notation is 
in order: in \,i(i) the subscripts denote (as discussed 
in Sec. II) a dependence upon the relative positions of 
cells i and 7’ whereas the i in the parentheses denotes a 
dependence upon the state of cell i. Insertion of (6.4) 
into (6.3) yields the nonlinear integral equation 


$.p(i) exp[—BU x (i, i’) +r (i) j= exp[ —A,";(7’) }. 
(6.5) 


(6.2) 
(6.3) 


(6.4) 


Substitution of (6.4) in (6.1) yields 


—860= 5.3) [loge i) Bnet mat Driv (i) J 
(6.6) 
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Thus, provided the integral equation (6.5) can be 
solved to a suitable degree of approximation, # is a func- 
tional of the same variables [p(i) and v] as in the first- 
order theory discussed in Sec. IT. 

We obtain an approximate solution of (6.5) by a 
perturbation method. To start the procedure, let us 
take as a zero-order solution 


Aiv (t) =FKiw, (6.7) 


where «;; depends only upon the relative positions of 
cells 7 and 7’, and not upon their states. Let xii be 
determined so that the resulting form of g;i(i, 7’) 
given by Eq. (6.4) satisfies the second-order normaliza- 
tion condition 


SiS ip(i)p (i) givr(i, ”) =1. 
We then obtain 
kiiv= — logS Sip(i)p(i’) expl—BU iw (i, 7’) J. 
Define the quantities 
fiv (i, ’) = exp[—BU x (i, 7’) +«ivJ—1 (6.10a) 


(6.8) 


(6.9) 


and 
five (’) =8 4p (1) fix (4, i’) . 
It is evident that 
fiv (’) =8.p(i) expl—BU i (i, i’) +«ivJ—1  (6.11a) 


and 


(6.10b) 


Svp(’) fix (i) =0. 


On using these definitions and regarding f;;(i, i’) as a 
perturbation, we obtain from Eq. (6.5) the result 


Ai (1) = dei bfx () Hhiv*(i) 
+80) fie fie (i, 7) fie) 4+. 


However, many of the terms in this expression drop 
out when averaged over the states of cell i 


Sip(t) Ax (4) =v +38 efit. 


Thus in the variational function # given by (6.6) only 
the corrections of second and higher order will appear. 
As a reasonable approximation we may take only the 
zero order solution for Aji(i), namely, $x;. Then 
(6.6) reduces to 


(6.11b) 


(6.12) 


(6.13) 


—Bpo=8.0(i)[ loge(i) — 2iua*nai +32 «iv, (6.14) 
a=l wv 
where «;; is defined by Eq. (6.9). 

Now we make the approximation that a cell is at 
most singly occupied and we introduce the more explicit 
notation defined in Sec. III. (The neglect of multiple 
occupancy is undoubtedly less serious here than it was 
in Sec. III because the introduction of the second-order 
correlations, although approximate, will reduce the 
optimum cell size, thereby further reducing multiple 
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occupancy probabilities.) Following this plan, we 
obtain 


— Bpv= po logpo+ 3 [ dt pa (Tt) [logea(T) —Bua* ] 
+320'm, (6.15) 


where 


KR= —log| 1+ > [ax far’oa(1)pa(r') Va! 
a,al=l"v v 


X(|r—r’+R| | (6.16) 
in which : 
Yaa’ (7) =exp[ —Bobaa (r) ]—1. 


These equations must be amended by the normalization 
constraint 


(6.17) 


pot do fatpa(r)=1. (6.18) 
a=l 
It is interesting to digress from the main line of 
argument to consider the connection between our new 
form of # and the old form given by Eq. (3.4) of Sec. 
III. It can be shown that the new form reduces to the 
old form in two cases: (a) when the temperature is 
very high (more precisely, when kT=6"" is large 
compared with the average interaction energy between 
adjacent cells), and (b) when there is negligible 
fluctuation in the state of each cell. To treat either case 
we need only consider the term }.’rxr, since this is 
the only part of the new form of # that differs from the 
old. In case (a) we have 


Vaa'( | f—1’+R | )~—Bdaa'(|tr—r’+R|) (6.19) 


for most values of r and r’ if 8 is sufficiently small, so 
that we obtain 


Ay eee 4 
R R 


sog| 1-8 a [ax [arpa t)pu(t’) Veer r—r’+R | 


a,a’=l"v 


~e > i dr i dt'pa(T)par(t’) Do'baa’( | r—r’+R | ), 
v R 


a,al=1" vy 


(6.20) 


in agreement with the interaction terms of Eq. (3.4) 
recognizing that Waa(r—r’) in (3.4) is defined by 
(3.5). 

In case (b) we dismiss the subcase of unit proba- 
bility of vacancy as trivial and consider the distribution 
po=0, o(F)=48(r), pa(r) =O0(a>1), corresponding to 
the certainty of the presence of a particle of type 1 at 
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each cell center. We now obtain 


4Q'm=— 32 log{1+exp[—6¢u(R) J—1} 


=182'on(R), (6.21) 
obviously identical with the form to which the interac- 
tion terms of Eq. (3.4) reduce when the above distribu- 
tion is assumed. Thus correlation becomes unimportant 
when one has a high degree of randomness arising 
from a high temperature or when the state of each cell is 
known with certainty. 

It is also of interest to find the form that the new p 
takes in the limit of vanishing cell volume. For this 
case we let pa(r) be independent of r and equal to C, 
where C, is the number density of component a. It is 
obvious that the spatial variation of p.(r) in a cell will 
be of negligible magnitude when the cells are very 
small. Using the normalization condition, we set 


na i—s>C.. 
a=] 


Inserting these relations into Eq. (6.15), dividing the 
result by v, and neglecting terms of the order of v, we 
obtain 


—6= LCo[logC.—1— Bua") 


—3 >) C.Cw i 4nrtdrVaa(r), (6.22) 
Cad | 0 

where Yaa,(r) is defined by Eq. (6.17). This expression 

is now to be extremalized with respect to Cz. When this 

is done, we find 


ta* = logCa—B Car / 4erdrV aat(r). (6.23) 
a!=] 0 

Also we find that the maximum of #, equal to the 

equilibrium pressure 9, is given by 


Bp= > Ca—} D> CaCa! / 4nr'drVaa'(r). (6.24) 
a=] a,a/=1 0 
The reader will recognize that this is the correct equa- 
tion of state for an imperfect gas mixture neglecting 
terms cubic in the concentrations. Thus, assuming that 
the optimum cell volume will approach zero suffi- 
ciently closely as the system approaches infinite 
dilution, our theory will agree with the rigorous theory 
of imperfect gases neglecting third- and higher-order 
virial coefficients. 
Returning now to the main line of argument, we 
consider the general equations yielded by the maximiza- 
tion of p given by Eqs. (6.15) and (6.16). This process 
is to be performed with 8 and with yua* held fixed and 
with the normalization constraint expressed by Eq. 
(6.18). The variation with respect to pa(f) yields the 


result 


logpa(t) =logov+Bia* 
+3 exp(en) 2 fat’ pee(t!) Yaur( | +R |) 


(6.25) 
and the variation with respect to v yields 


Bpv=1—po 
+82 exp(«) 2) [ar'ou(t’ Poa’ ( | r—r’+R | ); 


(6.26) 
where 


Yaa (r) =r(d/dr) Yaa (r). (6.27) 


Equations (6.25) and (6.26) are to be compared with 
Eqs. (3.7) and (3.8) of Sec. III. 

In the second-order theory it is possible to employ 
the spherical smoothing and singlewise displacement 
approximations just as in the first-order theory. We 
introduce the modifications expressed by Eqs. (3.9)- 
(3.13). We finally obtain Eq. (6.15) in the form 


EAs Bpv = Po logpot+ Lie log (Pa/' v) 


+2 f '3€2d80,(£) logba(t) 


—BLipate* +3 Lin, (6.28) 
a=] 
where kr is the modified form of xp and is given by 


c 1 
kr= —logG—2G— = vba | 3#dt.(E) (AV aa’ Yes 


Ce a 


(6.29) 
in which 


G(R) =1+ > PaPa’ Vaa' (R) 


a ,a/=] 


(6.30) 


and 
(AV aa! )= = fet Vaa' (er*E+R)— Vou (R)]. (6.31) 


The symbol fde denotes the integration over all 
orientations of the unit vector e. 

Following the same procedure as in Sec. III, we will 
maximize # with respect to the 6.’s subject to the con- 
dition 


I "3¢d8Ba(t) = 1. (6.32) 


We obtain 


05(8)=1/O4rexp(G""D) pe (AY eu)e); (6.33) 
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: : 
0.= / 3@dt exp[G— >> par (AYaa’ de}. (6.34) 
0 a/=1 


Finally, is given by 
— Bpv= po logpv+ > pa log (pa/?) —B> palta* 
a=] a=] 


—>°’(} logG+log@), (6.35) 
R 


where 8=0(R) is given by 


log8= Ya logO.. 


a=] 


(6.36) 


We now maximize the new form of #, just given, with 
respect to v and the p,’s using 


pPo= im Da. 


a=! 


Bpv=1—pot ).'v(d/dv) (3 logG+log®), (6.37) 
R 


where is given by (6.35) after replacing # by its 
maximum value ~. The variation with respect to pa 
gives 


Bue* = logpo+log (4/0) — 1’ (8/Apa) (3 logG+log0). 
R 


(6.38) 


The expressions (6.37) and (6.38) bear a close resem- 
blance to Eqs. (3.20) and (3.21) of Sec. III. The 
computation of other thermodynamic functions can be 
simply carried through in much the same way as in 
Sec. III and will hence not be treated here. 


VII. DISCUSSION 


We have formulated a general cell method for a 
classical system which can be extended to any degree of 
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accuracy. Two main classes of theories are treated in 
detail: first-order theories in which correlations be- 
tween cells are neglected, and second-order theories in 
which second-order correlations are approximately 
taken into account. In both classes we introduce ap- 
proximations (spherical smoothing and _singlewise 
displacement) which lead to results on a practical 
computational level. On this level the second-order 
results are only slightly more complicated than the 
first order. The first-order results on this level, with a 
slight reduction of generality, are identical to the 
Lennard-Jones Devonshire theory. The problem of 
calculating the radial distribution function within the 
framework of the first order theories has been treated, 
and the results appear to be reasonable. 

There are several questions that remain unanswered. 
One is: How much better is a second-order theory than 
the corresponding first-order theory in a given case? 
In the question we have appended the phrase “in a 
given case” because the second-order theory is not 
always better than the corresponding first-order theory. 
If we consider Coulomb forces, for example, we find 
that the most approximate form of the first-order 
theory gives a finite but wrong answer, whereas the 
corresponding second order theory gives a divergent 
answer, which is definitely worse. 

The example of Coulomb forces brings us to the 
second question. Why does this type of theory fail for 
coulomb forces? The unsatisfactory results above do 
not arise from the additional approximations. In fact, 
the most refined first- and second-order theories still 
fail in much the same fashion. It was hoped that the 
methods of this paper might be first fully applied to 
strong electrolytes. However, it appears that the meth- 
ods work only for nonionic, perhaps even nonpolar, 
liquids and solutions. If a clear insight into the reasons 
for this failure could be gained, it would be a valuable 
contribution to methodology of the theory of 
electrolytes. 
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It is shown that if (A (#) ) is the expectation value of a real observable A at time #, then for a finite closed 
dynamical system (A (é) ) can converge to a limit as > only if (A (¢) ) is altogether independent of ¢. 
This conclusion is unaffected by time-smoothing or coarse-graining. On the other hand, for an infinite system 
whose energy levels form a purely continuous spectrum, (A (¢) ) tends to a limit as > under very general 
conditions. This conclusion does not depend on the introduction of either time-smoothing or coarse-graining. 





1. 


CENTRAL problem in statistical mechanics is 

that of reconciling the tendency of any system 
towards equilibrium with the time-reversibility of the 
equations of motion. This difficulty is especially acute 
for isolated systems because, as a result of Liouville’s 
theorem or its quantum-mechanical analog, the entropy 
cannot change with time. 

In this paper we offer no complete solution to this 
problem, but merely prove certain theorems which are 
relevant to its discussion. Though our analysis ignores 
the radiation field we believe that it is of some value in 
indicating the manner in which the problem of irreversi- 
bility must be approached. The scheme of the paper 
is as follows: 

In Sec. 2 we examine the long-term behavior of the 
expectation value (A(t) ) of an arbitrary observable 
A which does not depend explicitly on the time. It is 
shown that for any finite closed mechanical system 
(A(t) ) can only converge to a limit as (> if it is 
constant for all values of the time. This conclusion is, 
moreover, unaffected by “time-smoothing” the statis- 
tical operator. 

In Sec. 3 we consider an ensemble, the “equivalent 
asymptotic ensemble,” which yields the time-average 
properties of the given system, i.e., the time-average 
expectation values of all its time-independent observa- 
bles. It is shown that in a precise sense the temporal 
fluctuation of (A(t)) in a finite closed mechanical 
system can never exceed the dispersion of the observa- 
ble A in the equivalent asymptotic ensemble, and will 
in general be smaller. 

In Sec. 4 we extend our analysis to an infinite mechan- 
ical system, and find that the situation is essentially 
different. If the Hamiltonian has a purely continuous 
spectrum, (A(¢)) will under very general conditions 
tend to a limit as t+, without necessarily being 
constant for all time. In Sec. 5 the implications of these 
results are examined. 


2. 
Consider a system of interacting particles confined 
within a finite box whose walls completely isolate 
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the system, thermally and mechanically, from the 
outside world. The Hamiltonian H will be a function 
of the coordinates and momenta of all the particles, 
and the eigenvalues of H will constitute a discrete 
spectrum of energy levels. 

For expressing our knowledge of the state of the 
system we adopt von Neumann’s statistical operator 
p(t), whose temporal evolution is determined by 


ih(dp/dt) =Hp—pH. (2.1) 


Since by hypothesis H depends on the coordinates and 
momenta but not on the time, we may integrate (2.1) 
immediately to obtain the formal result 


p(t) = exp(—iHt/h)p(0) exp(iHt/h), (2.2) 


where p(0) is the value of p at =0. This result may be 
used to derive an expression for (A(#) ), the expecta- 
tion value at time ¢ of any observable A which does 
not depend explicitly on the time 


(A(t) )= trace[p(t) A]/ trace p(t) = trace[p(t) A], 
(2.3) 


where we have used the fact that trace p(t) is constant 
in time, and have for convenience normalized it to 
unity. 

Now it is a matter of experience that large systems 
tend to a condition of equilibrium in the sense that | 
many of their observable properties seem to approach 
limiting values after the lapse of a sufficiently long 
time. Though this statement should be qualified to 
allow for metastability, it prompts us to inquire under 
what circumstances an observable? can exhibit a 
limiting asymptotic behavior as (>. 

Consider, then, the quantity 


sf due-*(A (2) a) ae trace[p(t) A], (2.4) 


where z is a positive real quantity. This expression is a 
weighted time average of the expectation value of A, 


1 The discrete nature of its energy spectrum is the only special 
property of the system which we invoke; the number of degrees of 
reedom may be finite or infinite. Energies are measured from the 
lowest eigenvalue. 
? Here and later it is to be understood that the only observables 
under discussion are those which do not involve the time explicitly. 


1479 





1480 s. 


and in the limit z-0 it becomes the ordinary time- 
average value of (A(t) ). Hence if (A(t) ) tends to a 
limit as (>, this limit must be the same as the limit 
of (2.4) when z tends to 0. To determine the latter 
limit it is convenient to evaluate the trace in a repre- 
sentation which diagonalizes H: 


z[ dte~*' trace[p(t) A ] 
0 


= :/ dte-** pam (0) exp[i ( En—- En) t/hJA mn (2.5) 
0 nm 





(2.6) 


ere 2 en (0) Ane : | 


2—i(Em— En) /h 


Since by hypothesis the eigenvalues £, are discrete, 
the terms in (2.6) for which E,,+ E, all vanish in the 
limit z-0, so that the time-average value of (A(t) ) 
is just 


(A) lim s / “dte**(A(1))=SDopmn(0) Aum. (2.7) 


En=En 


Now if (A(t) ) were to tend to an asymptotic limit, 
this limit would have to be (A ),, and the expression 


sf die (A())— (A) 
maf de > dopnm(0) expli(Em— En)t/h]Amn 
E,+Em 


would vanish in the limit z-0. To examine the limit of 
this expression let us define the discontinuous function 


g(~)= 2) Pam(0) Amn; (2.8) 


(E,=E_—hw) 


which vanishes unless fw is one of the possible values of 
En— E,. Then 


‘ / “dte*[ (A(t) )— (AP 
=:/ dte~**| Ds (w)e" | 


(2.9) 


wt0 w/+0 


= Lewaw|— 7 | 


—i(w—w’) 


and in the limit z—0 all terms vanish for which ww’. 
Hence 


limz / “dte*"[(A (t) )— (A) P= > | g(w) [, 
=0 “0 w+0 


and the vanishing result is obtained only if g(w) 
vanishes for all nonzero values of w. Now in the nota- 
tion of (2.8), (2.7) may be written 


(A )e=g(0) ’ 


(2.10) 
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whereas the ensemble average value of A is initially 


(A (0) )= trace[p(0) A ]=g(0) +2 8(o). 


Hence if the equality is to hold in (2.10) we must have 
(A(0) )=(A).; in other words, if (A(t) ) tends to an 
asymptotic limit (A), it must already have had this 
value at ¢=0, i.e., at any arbitrary earlier time. We 
conclude, then, that unless the expectation value 
(A(t) ) is constant for all time it cannot exhibit limit- 
ing asymptotic behavior as t+. Any observable 
whose expectation value is not constant all the time 
must therefore continue to fluctuate forever. 

The question arises: Might this conclusion require 
revision if the properties of the ensemble are time- 
averaged? The idea here is that if the fluctuations 
in (A(t) ) are of fairly short duration, they might be 
smoothed out by averaging over a short time interval, so 
that limiting asymptotic behavior might be recovered. 
The answer to this question is, however, in the negative, 
as will now be shown. 

We define a “time-smoothed” statistical operator 
R(t) by the equation 


R() = [def (2) 0+"), (2.11) 
where f (x) is a nonnegative real function whose integral 
over all x is unity, Then, whatever the precise form of 


f (x), 
ih(@R/at) =ih / ” arf (7) Ca(t-+r) /at] 


a [ “def (1) {He t+r) —e(t+r) H} 


=HR(t)—R(t)H, (2.12) 


showing that the equation of motion of a time-smoothed 
statistical operator is identical with that of a statistical 
operator which has not been time-smoothed. Conse- 
quently the theorem already established about the 
inevitability of ceaseless fluctuations in (A(t) ) re- 
mains true even when the procedure of time-smoothing 
is applied. To put the matter differently, if the time- 
smoothing is made effective enough to abolish the 
fluctuations which might otherwise occur at very large 
values of ¢, then it will also obliterate any secular 
variation in (A(t) ) for small values of t. The device of 
time-smoothing is therefore useless in attempts to 
ensure the asymptotic approach of any time-inde- 
pendent observable to a limiting value. 

We may note in concluding this section that the 
arbitrariness of the observable A in the preceding 
analysis permits it to depend on a limited selection of 
the coordinates of the system. In these circumstances A 
may indeed represent an appropriately “coarse-grained” 
property of the system, or of a portion of the system. 
It is therefore evident that coarse-graining makes no 
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difference to the theorem that (A(t) ) must fluctuate 
ceaselessly unless it is constant for all values of the 
time. 


3. 


The theorem established in the preceding section 
precludes the construction of asymptotically developing 
observables in any isolated dynamical system of finite 
extent, and seems to cast doubt on the validity of any 
theory of such systems which postulates the existence of 
such observables. One can, nevertheless, establish a 
further theorem which places an upper limit on the 
fluctuations which can occur for a very long time. To 
do this it is convenient to introduce the concept of 
the “equivalent asymptotic ensemble.” 

Suppose, as before, that at =0 the original system 
is described, in a representation which diagonalizes 
H, by the statistical matrix pm,(0). Because the energy 
levels may be degenerate, such a representation is not 
necessarily unique. In these circumstances a representa- 
tion which diagonalizes H may be chosen in which the 
blocks of the statistical matrix corresponding to de- 
generate energy levels are also diagonalized. Such a 
choice evidently involves no loss of generality. Then the 
equivalent asymptotic ensemble is defined as that en- 
semble whose Hamiltonian H is the same as that of the 
original system, but whose statistical operator p’, 
in the aforementioned representation which diagonalizes 
H, is the diagonal part of pam(0). Thus p’ commutes 
with H, and is constant in time 


Pnm (t) =pnm(O), =m; pum (t)=0, n¥m. (3.1) 


By (2.7), which may now be written 
(A )1= D pan’ Ann= trace(p’A), 


the time-average of the expectation value of A in the 
original system is the same as the expectation value 
of A in the equivalent asymptotic ensemble at any 
time. It follows immediately, for instance, that 


(A*),= trace(p’ A’). 


The useful feature of the equivalent asymptotic 
ensemble is a connection between the fluctuation of A 
in the original system and the dispersion of A in the 
equivalent asymptotic ensemble. We now show that this 
relation places a useful upper bound on the fluctuations 
in (A(t) ). 

First we note that for the original system, by 
Schwartz’s inequality, 


(A(t) PS (A*(2) ). 


Averaging over time gives 
((A (t) ? eS (A?) e= trace(p’A?). 
Subtracting from this the equation 
({A ):)?=[ trace(p’A) P, 


(3.2) 


(3.3) 


(3.4) 


we obtain 
({A(t) i ((A )t)?S trace(p’A*) —[ trace(p’A) f, 
(3.5) 


which may be written in the alternative form 


({(A(#) )— (A i}? eS trace(p’A?) —[ trace(p’A) F, 
(3.6) 


showing that the fluctuation of (A(#) ) in the original 
system cannot exceed the dispersion of A in the equiva- 
lent asymptotic ensemble. Equality of these two quan- 
tities can only occur if the equality holds in (3.2) for all 
values of the time. This in turn implies that A has no 
dispersion in the original system at any time, i.e., that 
the system is in a pure eigenstate of A all the time, 
so that (A(t) ) is constant. 


4. 


The results obtained in Sec. 2 preclude the possi- 
bility of constructing observables which exhibit genuine 
asymptotic limits for finite dynamical systems, how- 
ever large, and show also that even if time-smoothing or 
coarse-graining procedures are carried out they are of 
no avail in preventing the ceaseless fluctuations of any 
observable whose expectation value is not constant over 
the whole of time. This result may be regarded as an 
inescapable consequence of the ergodic theorem that a 
finite dynamical system must return arbitrarily close 
to its initial state of motion after a sufficiently long 
time; but it shows that the consideration of a time- 
smoothed or coarse-grained ensemble in no way affects 
the essentials of the situation. It may well be pointed 
out that this conclusion is of merely academic interest 
for very large systems; but this only underlines the 
necessity for considering the macroscopic character 
of a system as the essential requirement for effectively 
irreversible behavior. 

The theorem established in Sec. 3 offers more promis- 
ing prospects. It shows that though the fluctuations in 
(A(t) ) can never die away, a useful upper bound 
can nevertheless be set on their magnitude. The larger 
the system under consideration, the smaller one would 
expect to be the relative dispersion of any macroscopic 
observable in the equivalent asymptotic ensemble. 
Hence if the initial deviation of (A(t) ) from its time- 
average value is sufficiently great compared to the 
variance of A in the equivalent asymptotic ensemble, 
we can feel confident that (A(¢#) ) must approach its 
time-average value and remain close to this value for 
very long periods of time. The considerations indicate 
clearly that the virtually infinite nature of macroscopic 
systems must be taken into account in any theory of 
irreversible processes; and to such systems we now 
turn. It transpires that their properties are radically 
different from those of the finite systems discussed 
previously. 
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.Consider, then, an infinite mechanical system, 
whose Hamiltonian has a purely continuous spectrum.’ 
In those cases where there is degeneracy the eigenstates 
| E’, a’) are characterized by the energy of the system 
E’ and the values of some other set of properties of the 
system which are here represented by a’. The values 
taken on by a’ may in general depend upon £’. It is 
convenient to normalize the eigenstates so that 

(E’, a’ | -. a’) =$( E’— E”) Sarat 's 
(The use of a discrete formalism for the a’ values is 
entirely a matter of convenience.) In this representa- 
tion, the statistical matrix is written as (E’, a’ | p| E”, 
ao’) and the matrix elements of A as (E’,a’| A| E”, 
a’). When there is no degeneracy the presence of a’ 
may be suppressed. 

We now suppose our knowledge of the system at ¢=0, 
expressed by (E’,a’|p(0) | E’,a’’), to be entirely 
based on the measurement of observables at that time, 
so that the expectation value of every observable at 
any later time is an even function of ¢; this is a neces- 
say consequence of the time-reversibility of the equa- 
tions of motion. 

On measuring all energies from the lowest eigenvalue 
of H, we have 


(A(t) =/ ax’ | dE" >. (E’, a’, |p| E”, a’) 
0 0 a’ all 


X(E", a!"| A| E’,a’) expli(E”—E’)t/hi], (4.1) 


which is to be an even function of ¢t. The substitutions 
=1(E"+E’); y=4(E"— 


E’) (4.2) 


yield 
+O foe} 

(4 )=2f dy “dal (ey, 0! || ety, 0”) 
--) ly al al! 


XK (x+y, a’ | A | x—y, a’) ]exp(2iyt/h), (4.3) 


which may be written in the form 


+00 
(A())=2] dyes) expQint/h), (4A) 


where 
g(y) -/ ax D (xy, a |p| ety, a”) 
y a’ all 


Xx (c+g, a” | A | x—Y; a! )I. (4.5) 


* The continuous nature of its energy spectrum is the only 
special property of the infinite system which we invoke; the 
number of degrees of freedom may or may not be infinite. 
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This form shows that g(y) must be purely real if 
(A(t) ) is to be an even function of ¢. But, 


(= fa E (x+y, a’ | p|x—y, a!” 
v a’ ,all 
X (x—y, a” | A | x+y, a” )] 
= [asl ety,” |p| x—¥, a’) 


x (xy, a! | A | x+y, al” )J 


-/ << do (e—y, a! |p| x+y, a’) 
x (x+y, al” | A | x—y¥, a’) |* 
=9(y) (4.6) 


in view of the Hermitean character of p and A. Hence 
g(y) is not only real, but also an even function of y. 
To obtain the time-average value of (A(t) ) we write 


(A) lines i “dle-*(A(t)) 


[-s) +-co 
=2 limz i dte~* / dyg(y) exp(2igt/h). (4.7) 
m0 “0 —0 


The time integration yields 


(A)=2 en Z i “ dyg(y) ear a | 


ES ge a 

aim f"dyeo)|sreareh 48) 
where we have used the fact that g(y) is real. Now 
for | y |>>z the function [z*/(2*+-4y?/f?) ] is very small, 
whereas for | y|<z this function is close to unity. 
Hence if g(y) is nonsingular at y=0 the integral van- 
ishes in the limit z-0, and (A ),=0. Allowing, then, 
for the more general possibility that 


g(y) =G5(y) +h(y), 


where h(y) is nonsingular, we obtain 


(4.9) 


(A )e=tim f” ayGa(y)|- aul 


=lim G(22?/z?]=2G. (4.10) 
zw 


The time average value of (A(t) )* may also be ob- 
tained from the form Gé(y)+A(y). Precisely, 


(4(0 %= |2f dye) exp(2iv/t) | 


aie i “dy i “dy'e(y)a(9’) exp[2i(y—y’) t/A], 
(4.11) 
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so that 


((A(t) 


=s1im [ay faye(ode0; iG ak 


The integration over y’ gives zero unless g(y’) has a 
delta function singularity at y’=y. By hypothesis the 
only such singularity is y’=0, namely, Gé(y’). Hence 
we obtain 


((A (t)? )e= 4 tim f “ae)| spay ah 


which in turn reduces to 4G? upon integration over y. 
We conclude that 


((A (t) ¥ p= 4@= ((A),)?, (4.14) 


showing that the fluctuations in (A (#) ) must eventually 
die away completely. 
It is not out of the question, of course, that g(y) 


might possess other singularities than Gé(y), for ex- 
ample that 


g(y) =G8(y) +Gi{8(y— yn) +5(y+9:) }+A(y), (4.15) 


where h(y) is again nonsingular. This assumption 
leads, as before, to (A),:=2G; but the calculation of 
{(A(t) )*): is modified. By (4.12), as before, 


(A(t) *e 
=4 lim [of aon) a= mel 


But now the integration over y gives three distinct 
terms 


((A(t) ?)e 


a G2? G2? 
=4 im [eno peta oe 
G2? 
ia al (4.16) 


In the integration over y, all three terms contribute 
to the result, and we obtain 


((A (2) ? )e=4(@+2G,") ¥ ((A (4) ))?. 





(4.12) 


(4.13) 








(4.17) 


Hence the presence of any other delta function singulari- 
ties in g(y) except G5(y) leads to permanently fluctuat- 
ing behavior in (A(#) ). This should occasion no sur- 
prise, since the separated singularities at +y,, would 
be expected to lead to periodic fluctuations in (A(t) ) 
of frequency y./27rh. 


5. 


Possibly the most striking result which we have 
obtained in this paper, is that there is a qualitative 
difference between the time-development of expecta- 
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tion values in finite and infinite systems. This result 
might seem paradoxical at first sight, since it is difficult 
to define an infinite system except as the limit of a 
sequence of finite systems of increasing size. The resolu- 
tion of this paradox lies in the fact that two different 
limiting processes must be carried out in order to 
establish the long-time behaviour of any expectation 
value in an infinite system. The first of these is allow- 
ing the time to tend to infinity; this limiting process 
was given precedence in Sec. 2, which was concerned 
ostensibly with finite systems. But consideration of 
Eq. (2.9) shows that for a large finite system the times 
involved are exceedingly great—of the order of the 
Poincaré cycle—so that it is physically unrealistic to 
base a theory of irreversible behaviour upon such an 
analysis. For this reason the other limiting process— 
making the size of the system tend to infinity—should 
take precedence over the passage to infinite time, and 
in Sec. 4 we have taken cognizance of this necessity. We 
therefore feel that the results obtained in Sec. 2 merely 
demonstrate the danger of making the time tend to 
infinity before making the system infinite; it is the re- 
sults of Sec. 4 which indicate the correct way of handling 
irreversible phenomena. 

A word must be said about time-smoothing, and the 
bearing of our results upon theories of irreversibility 
which invoke time-smoothing as an essential device for 
obtaining irreversible behavior. We do not wish to claim 
that time-smoothing can never be helpful in the practi- 
cal formulation of irreversible equations. We do, 
furthermore, recognize that a measurement takes a 
small finite time, so that a time-smoothed expectation 
value might correspond more faithfully to what is 
actually measured. On the other hand, the fact that 
irreversibility is manifested by infinite systems under 
very general conditions indicates that time-smoothing 
should not be regarded as essential to the irreversible 
character of many phenomena. : 

Finally, it is of interest to compare the results of 
Sec. 4 with the work of Van Hove.‘ Van Hove showed 
that a sufficient condition for limiting asymptotic 
behavior in an infinite system was that the perturba- 
tion-inducing-transitions between eigenstates of the 
unperturbed Hamiltonian should exhibit a diagonal 
singularity of the type discussed in Sec. 4. His analysis 
was couched in terms of perturbation theory, though he 
carried it to infinite order. In our paper we make no 
use of perturbation theory; we deal directly with the 
observable whose expectation value is to be determined. 
The function whose analytic properties are relevant 
to the time-development of the observable now in- 
volves both the statistical operator and the observable 
itself; the diagonal singularity condition on this func- 

4L. Van Hove, Physica 21, 901 (1955). 

5 L. Van Hove, Physica 22, 343 (1956). 

®°L. Van Hove, Physica 23, 441 (1957). 

7™L. Van Hove, Proceedings of the International Symposium on 


Transport Processes in Statistical Mechanics (Interscience Pub- 
lishers, Inc., New York 1958), p. 219. 
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tion corresponds mathematically to that of Van Hove, 
but we find a converse result to that of Van Hove, 
namely, that our function shall be nonsingular except 
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possibly on the diagonal. We feel that this conclusion 
adds to our knowledge of the necessary and sufficient 
conditions for irreversible behavior. 


NOVEMBER, 1960 


Ensembles of Maximum Entropy 
JoserH E, MAYER 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois* 
(Received December 23, 1959) 


A theorem is stated and proved. The theorem considers the various possible probability density func- 
tions, W y, in the phase space of all the N molecules of a system, defined for an ensemble for which known 
mechanical properties require a given set of reduced probability densities, wn, for small numbers of molecules 
n<no. The theorem states that the function, Wy, of maximum entropy is that with the simplest possible 
correlations between the molecules consistent with the restraint imposed by the fixed wpa, m<mpo. It is then 
shown that the course of the negative entropy flow in a real “isolated” system undergoing spontaneous 
change is a flow of negative entropy into the correlation functions of many molecules followed by the de- 
struction of these negative entropy terms due to the random time dependent fluctuations at the container 


walls. 





INTRODUCTION 

N this article a theorem is stated and proved. The 

mathematics of the proof are quite simple, and, 

indeed, after its statement is understood, one would 

intuitively believe, almost without proof, the correct- 

ness of the theorem. The statement of the theorem is 
less simple. 

STATEMENT OF THE THEOREM 

An ensemble of classical systems is mechanically 
defined in all detail by giving the probability density 
function, Wy, in the coordinate-momentum phase 
space of all the N molecules composing the systems. 
If we deal with an ensemble of open systems, the func- 
tions Wy must be given for all numbers, V>0, of 
molecules. 

There are, however, a much smaller set wp, of less 
complicated probability density functions which com- 
pletely describe the average mechanical properties of 
the systems of the ensemble. These are the “reduced”’ 
probability densities for n=1, 2, 3, +++ molecules, 
giving the probability densities in the phase space of n 
molecules for occupancy of the position in this phase 
space by m molecules simultaneously, independently of 
the positions and momenta of all others in the systems. 
Included in this set one may define the constant wo, so 
defined as to always have the value unity. 

In present practice no measurements have been 
devised which measure the probability density func- 
tions, w,, for m>2, with any accuracy at all. In prin- 
ciple some measurements (i.e., low-energy neutron 
scattering) can be utilized to find w, for n=3 and n=4. 
Conversely, no measurements are affected by the 


* Present address: Department of Chemistry, School of Science 
and Engineering, University of California, La Jolla, California. 


values of these functions w, for large values of n, say 
for n>mo, where n, is reasonably small and very much 
smaller than the total number, V~10”, in the macro- 
scopic systems. The average mechanical properties of 
the systems of the ensemble are thus fully determined 
by the set of m functions, wo=1, wy, ***Wng-1. 

Now an infinite continuum of the probability density 
functions Wy, for all N molecules will lead to the same 
fixed set of functions, wp to Wny.r. We may, however, 
ask the following question. Which function, Wy, of 
this infinite continuum, has maximum entropy? The 
answer follows. 

For a specified set of functions Wy, defined for N>0, 
we may define a unique set of functions, ¢o which is a 
constant, ¢; which is dependent on the phase space of a 
single molecule, ¢2 on that of a pair, +++, ¢, on that of 
molecules, +++, etc. These are so defined that InWy is 
the sum of these functions ¢, for O<n< JN, one ¢y 
entering the sum for each of the N!/(N—n) !! subsets 
of m numbered molecules out of the total set of V 
numbered molecules. Our theorem is that the function 
Wy, which has maximum entropy consistent with a fixed 
set of mp reduced probability density functions, wo, 
Wi, ***, Wno-1 is that function for which ¢,=0 if n> np. 

The functions w, are obtained from the Wy by 
integration of Wy over the phase space of the remaining 
N-—n molecules. The condition wo=1 is merely the 
normalization that the integral of the probability 
density must be unity. For given set ¢,, ¢2, «++, 
dono, of functions, with ¢,%=0 for n>m, this 
equation determines a normalizing factor exp $0 in 
Wy. The other reduced probability densities, w, are 
then determined by the appropriate sum of partial 
integrals. 
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One may now assume any arbitrary set of functions 
¢n(A), dependent on a parameter A, for n> mo, but such 
that these functions are all identically zero for \=0. 
The mo integral equations for wo, 1, ***Wng-1 May Now 
be used to determine the mp functions ¢o(A), ¢i(A)*** 
@no-i(A), with on(A=0) =¢,, such that the reduced 
probability densities, w,, for O<m<mo—1, remain un- 
changed for all values of \. We prove in the next sec- 
tion that the entropy expression has an extremum at 
\=0, and that the second derivative with respect to A 
is negative: The entropy is maximum when the correla- 
tion functions ¢, for n> mp are all zero. 

It is intuitively obvious that this is to be expected 
when one remembers that the entropy is maximized 
by the “smoothest” probability density consistent 
with given restraints. The function Wy for A=+0 con- 
tains correlation functions, ¢, for n> mo giving detailed 
correlations in phase space between numbers n, of 
molecules, At \=0 these correlations are wiped out but 
in such a way that their averaged effect is retained 
by altering the correlations, $,, for m<mo, so as to re- 
tain the same physical characteristics of the ensemble 
in the unaltered w, for w< mo. The entropy is a maximum 
for the “smoothed” functions. 


PROOF OF THE THEOREM 

In the interests of generality we prove the theorem 

for a system containing any number of different com- 

ponents, a, b, «++. Let N=N,, Nz, and use 
N!=N,!Np!+*, 


N=D0N.. 


(1) 


(2) 
The symbol 


{N} =qu, Pir ++ Gv, Pw (3) 


is used for the coordinate-momentum space of the 
set N of molecules, in such units that Planck’s con- 
stant h/ is unity, and 


d{N} =dqu, dpi, +++, dp (4) 
is used for the volume element. 

We prefer to use the equations for an open system 
and introduce functions Wy(V, A, {N}), which depend 
on a parameter A, and are defined as being proportional 
to the probability density in phase space of the set N 
of molecules, when that set alone is in the volume V 


of an open system. The proportionality factor is such 
that 


Px(V, >) =(N-[f-++ [Wa(V,d IN}IN} (8) 


is the probability that exactly the set N of molecules 
occupies V. The sum of Py over all number sets, N, is 


necessarily unity, so that 


mai=D(N})=ff-- [We(V, r, {N})d{N}. (6) 


The reduced probability densities w.(V,{m}), for a set 
N=n,n», +++ of molecules are given by 


wn(V, A{n}) 


= DN) =ff +++ [Weeen(V,2, (N+ M})AIN} (7) 


N20 


which include Eq. (6) when n=0. We have 


ouoe/d0= TN!) [f+ [a 


dPu0n/ ON = ZU(N 1) / ave i “SaiN, 


d{N}, (8) 


(9) 


and necessarily dwo/dA = 0?w/d\? = 0. 
The correlation functions ¢,(V, \{m}) are defined 
in terms of the W,, for O<m<n by 


da(V,2, (n}) =. D5 (—)""™ Ina (V, A, {m},), 


m=0 {m}y 
(10) 


where, for a given number set m, the sum runs over all 
n!/(m—m)!m1! different subsets, {m},, of numbered 
molecules of the numbered set n. 

With (10) one has 


InW,(V,a, {N}) = > 2 oa(V, A{n}jn), 


n=O (nin 


(11) 


which follows from Eq. (10) by observing that if Eq. 
(10) is used in Eq. (11) an identity is obtained. 

The negative entropy divided by Boltzmann’s 
constant — S/k in the volume V, is given at equilibrium 
by the expression 


= S/k= DG ff--- [we intvsatN), (12) 


and we use this as a general definition for any ensemble. 
Differentiation with respect to A gives 


(0/0) (— S/k) 
=dny-ff-- - [ns +1), 


N20 


2 ai aff... (\e" 
(/aN*) (— S/k) = DU(N}) TI {| >A CinWy+1] 


+(msy wo |aiNi, 


which with (8) and (9), and dw /dA=0~/dA=0, 
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may be written as 


(8/dd) (— S/k) =2(N})* / / vee i (9Wy/Add) 


XInWnd{N}, (13) 
(82/an2) (— S/k) =o + >. (N!) 71 (@Ww/0d2) NWyd{N}, 
N20 


(14) 


(15) 


c= 
Ne 


(N)> i] / see J [a InWy/d\PWrd{N}. 


We note here that since from its definition as a proba- 
bility density Wy is necessarily positive, it follows that 
o>0. (16) 
Use (11) in (13) and (14) for InWy. Use (8) and 
(9) for dwn/dA and dw,/dd*. Noting that there are 
N!/(N—n) !n! different subsets, {n}n, for each set n 
one finds, 
(0/0) (— S/R) 
1 


=D —ff---fon(own/aryatn}, (17) 


nel Nn! 


(0°/0d*) (— S/k) 


aot Dnt) ff-++ fon(orw/arryain}, (18) 


n=l 


where we have dropped the terms ¢odw/dA and 
$0"w/OA?, since they are necessarily zero. 
Now define 


on(V,A=0, {n}) =g. (19) 


and let 
¢2=0 = for 


n> no. (20) 


Assume arbitrary functions ¢,(V, A{m}) for n>mo 
consistent with (20) that they all be identically zero 
at A=0. We may then fix the functions ¢a(V, A, {m}) 
for N< Mp so that! 


dwn(V, A{n}) /dA=d*w,(V, A, {m})/ovr=0, n<no. 
(21) 


With (20) and (21) the sums displayed in (17) and 
(18) are both zero at A=0, since ¢,.=0 for n> Mo, 
and the derivatives are zero for m<mMpo. Since (17) is 
zero at \=0 the entropy is an extremum at A=0. Since 
the sum in (18) is zero at \=0, and ¢ is positive, Eq. 
(16), the entropy is seen to be a maximum at A=0. 

The demonstration would be the same for a closed 
system. All equations except (10) are then the same, 


1 The equations to do this are by no means readily solved. The 
general set of integral equations are given by the author [J. Chem. 
Phys. 15, 187 (1947) ]. These are somewhat generalized equations 
similar to those of J. Yvon, [Statistique des Fluides (Hermann 
and Cie, Paris, 1935)] or of Kirkwood, [John G. Kirkwood and 
Elizabeth Monroe, J. Chem. Phys. 9, 514 (1941) ]. 
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except that only a single set N of molecules has a non- 
zero function Wy. Since, however, in a closed system, 
and in the absence of some rule, W y is not defined for all 
N, Eq. (10) has no meaning. The functions ¢, must 
then be defined implicitly by (11), which is not really 
unique, since, for instance ¢o/N could be added to each 
of the V functions ¢;, and ¢» eliminated. This in no way 
alters the physical picture or the results, as given 
InW y requires functions ¢, in (11) up to some N< ng; if 
functions ¢n for M> Mo are arbitrarily added they in 
turn could always be analyzed as sums of functions of 
smaller subsets, M< Mo. The use of the language of the 
open system permits us to define the ¢, uniquely by 
Eq. (10) and thus obviates the necessity of this kind 
of awkward discussion. 


SIGNIFICANCE OF THE THEOREM 


The theorem has one use which may, or may not, 
be of some value in discussing equilibrium systems. If 
the reduced probability densities w=1, w, and w. are 
taken as known, one may ask what is known about the 
entropy of the ensemble. Green and Nettleton? have 
attempted an answer based on the (implicit) assump- 
tion that the Kirkwood superposition approximation 
holds for the higher reduced probability densities w,. 
The answer they obtained was disappointingly com- 
plicated. It may be that the answer is simpler if one 
computes for the ensemble of highest entropy as de- 
fined here. 

Probably more important seems to be the interpre- 
tation in connection with the entropy increase in a 
time dependent system. The usual transport problem 
involves a system described by thermodynamic varia- 
bles at =0, which, however, are generally such that the 
intensive variables are functions of the position in the 
system. The appropriate probability density function 
Ww, for the ensemble representing the totality of all 
experimental systems prepared in this manner, is then 
that of local thermodynamic equilibrium at /¢=0. 
Equation (12) then gives the correct expression for the 
negative entropy divided by &, the same as the thermo- 
dynamic value, which in turn is higher than (— S.q/k) 
the value of the thermodynamic function at the equilib- 
rium which the system will approach as >. This 
Wy at t=0 has only the equilibrium correlations, 
which, for a sum of pair potentials, have ¢2= — i; (rij) / 
kT, and ¢,=0 for n>2. 

Now for an ensemble consisting of hypothetical 
completely isolated systems, all in containers having 
identical time independent Hamiltonians, the function 
Wy(V, t, N) is given for any ¢ by the integration of the 
Liouville equation from the initial function Wy(V, 
t=0, {N}). The correlation functions ¢,(V, ¢, {m}) 
for large sets m, now grow with time. Indeed, if p is 
the number density in the systems, and if c is the sound 


(1958) E. Nettleton and M. S. Green, J. Chem. Phys. 29, 1365 
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velocity, then nonzero correlation functions ¢, will 
appear at the time ¢ for values of n of the order 


n= (42/3) p(ct)*. (22) 


Thus in an ordinary laboratory system correlation 
functions involving all the molecules of the system 
will be nonzero in about a millisecond. 

It is also well known that with the Wy(V, #t, {N}) 
computed for ideal isolation, the quantity — S/k given 
by Eq. (12) does not change with time. 

Actually, of course, the experimental systems are not 
so isolated. They must really be in containers which are 
in some contact with the remainder of the universe. 
Even extremely small time-dependent random fluctua- 
tions in the Hamiltonian due to the container walls will 
destroy these high-order correlation functions. How- 
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ever, by definition, if the systems behave like thermo- 
dynamically isolated systems, the mechanical proper- 
ties will be those predicted for the strictly isolated 
systems: the functions w,(V, ¢, {m}) for n<mp will be 
those computed from the correlation functions ¢,(V, 
t, {m}) of the ensemble of strictly isolated systems. 
The actual correlation functions for large » will be wiped 
out by the fluctuations, but those for smaller values, 
n=0, 1, 2, -++will be altered by this “smoothing,” 
in such a way as to retain the w,’s of the isolated 
ensemble. 

The course of the negative-entropy quantity — S/k 
can thus be described as a flow into the high-number 
correlation functions, followed by a destruction there 
due to the otherwise trivial time dependent random 
fluctuations introduced at the walls. 
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Boltzmann Equation and Inverse Collisions* 
J. T. O’Tooret anv J. S. DAHLER 
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The equations of change for the statistical distribution functions involved in the kinetic theory are ex- 


amined for molecular species which interact with arbitrary central forces. It is shown that the notion of 
inverse encounters follows in a straightforward fashion from the fundamental Liouville equation. The 
analysis also establishes that it is not the usual singlet distribution function, but a particular modification 
thereof, which should satisfy an equation of the Boltzmann variety. Three body collision processes are 
briefly examined and the extension of the method to the domain of chemical kinetics discussed. 





I. INTRODUCTION 


N the modern kinetic theory the fluxes or currents of 
matter, momentum, and energy are expressed as 
moments of certain statistical distribution: functions. 
The accuracy with which we can calculate these fluxes 
then depends only upon our ability to derive and to 
solve appropriate equations of change for the various 
distribution functions. The remarkable success of the 
Chapman-Enskog theory seems generally to be inter- 
preted as almost conclusive evidence that at low densi- 
ties the equation of change for the singlet distribution 
function is the one originally proposed by Maxwell 
and Boltzmann. Consequently, many attempts have 
been made to derive this equation from the fundamental 
theorem of Liouville. Particularly noteworthy are the 
investigations of Bogoliubov,' Kirkwood,? M. S. 
* This research was supported in part by a grant from the 
National Science Foundation. 
t Formerly General Electric Fellow, Chemical Engineering 
Department, University of Minnesota: now National Science 
oe Fellow, Faculty of Science, University of Brussels, 


IN. ag ore J. Phys. (U.S.S.R) 10, 256, 265 (1946). 
* J. G. Kirkwood, J. Chem. Phys. 15, 72 (1947). 


Green,’ H. S. Green,‘ and Brout.’ A common denomina- 
tor of all these studies is their reliance upon some condi- 
tion which artificially limits the system’s memory of its 
dynamical history. Thus, in-one or another of its forms 
the assumption of molecular chaos appears to be an 
unavoidable prerequisite to the establishment of the 
Boltzmann equation and, indeed, to the general develop- 
ment of the theory of irreversible processes. However, 
even when the inevitability of this hypothesis is ac- 
cepted, the question of how to introduce it into the 
theory still remains. In the past investigators often 
have been so concerned with justifying the chaos 
condition that they have disregardéd or actually erred 
in their identification of the dynamical states which 
appear in the “collision integral” of the Boltzmann 
equation. The inadequacy of this approach has oc- 
casionally tended to obscure the physical content 
of Boltzmann-like equations and even to discredit the 
interpretation of collision integrals in terms of direct 

3M. S. Green, J. Chem. Phys. 25, 836 (1956). 

4H. S. Green, Molecular Theory of Fluids (North Holland 


Publishing Company, Amsterdam, 1952). 
5 R. Brout, Physica 22, 509 (1956). 
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and inverse encounters. The practical consequences of 
these errors are generally more pronounced at high 
densities where the mechanism of collisional transfer 
contributes significantly to transport phenomena. 
Thus, only the collisional transfer portions of the fluxes 
would be adversely affected in calculations based upon 
the erroneous Boltzmann-like equations proposed by 
Dahler® and by Rice, Kirkwood, Ross, and Zwanzig’ 
for the case of rigid sphere molecules. 

In a previous communication® we were able to estab- 
lish that when the discontinuous nature of the rigid 
sphere interaction is treated carefully the resulting 
equation of change for the singlet distribution function 
agrees with that of Enskog and that the collision integral 
then becomes explicable in terms of direct and inverse 
encounters. These conclusions have been fully confirmed 
by the recent studies of Hollinger and Curtiss.? The 
purpose of this article is to illustrate how the methods 
previously developed for rigid spheres can be applied 
to a more general class of pair interaction potentials. 

In the next section it will be shown how one can 
arrive at a Boltzmann equation for a modified singlet 
distribution function which is defined in terms of rather 
arbitrarily chosen regions of interaction. A similar 
approach has been employed, but in a less explicit 
manner, by M. S. Green* and by Hollinger and Curtiss.° 
In Sec. III the equation of change for an analogously 
defined pair distribution function is derived. 


II. EQUATION OF CHANGE FOR SINGLET 
DISTRIBUTION FUNCTION 


We consider a system of NV identical molecules each of 
mass m and denote the position and momentum of the 
ith by R; and pj, respectively. The probability of a 


T. O’TOOLE AND J. S. 
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particular state of the system is given by the correspond- 
ing value of the specific distribution function D™ = 
D® (Ry, pi; +++; Ry, py; 2). Conservation of system 
points in the 6N-dimensional phase space on which 
D™ is defined can then be expressed by the Liouville 
equation, 


N 
dD” /dt+ DC (p/m) +Va+F s+ Vp, JD™=0. (1) 
i=] 


Here F ;, the force acting on the ith molecule, is assumed 
to equal the sui: of the gradients of the N—1 pair 
potentials $( Rj), 
N 
F;=—Vr,20o(Ri). (2) 
jl 
We now find it convenient to define the sequence of 
regions and corresponding complements, 


Vi:{Rig<e, j¥i} 
V/=V-Vi, (3) 


where V denotes the volume in ordinary three-space 
accessible to the system. In the case of rigid spheres this 
division of the space into an interior and an exterior 
region is an intrinsic property of the pair interaction 
potential. For the moment we require only that the 
parameter o be ‘small in comparison with macroscopic 
dimensions and that Vr ,o( Ri;) be continuous on V ,’. 

Let us next integrate Eq. (1) over all values of the 
momenta, Ps, +++, Py, and over the range V,’ of the 
coordinates Ro, ---Ry. If the total energy of the system 
is to be finite, then the terms involving momentum 
gradients, {V,,; 7>1}, must vanish upon integration 
with the result that 


F) eee ‘ w ; x 
— De +2. f . + [Va,DAR ap" [[Pi-vasDaydRap,= + [[Cv26(RuI-VDosdRap,, (4) 
ja j= 


Vi’ Vy’ Vy 


where 


Vy 


Dos =f J - [D%aR™ap"= [. : - [D»aRapy : -dRydpy 


Vi’ Vi’ 


Vy Vy 


Dw ;® = J oe J D™ dR*~dp* = if hid / D™ dRedp2: + dRjadpjadRj:dpj41° + >dRydpy 


Vi v,’ Vi Vi 


differ from the usual singlet and pair distribution functions in that molecule one is isolated from all others to an 


extent determined by the magnitude of o. 


6 J. S. Dahler, J. Chem. Phys. 30, 1447 (1959). 


7S. A. Rice, J. G. Kirkwood, J. Ross and R. Zwanzig, J. Chem. Phys. 31, 575 (1959). 
8]. T. O’Toole and J. S. Dahler, J. Chem. Phys. 32, 1097 (1960). 
®H. Hollinger and C. F. Curtiss, J. Chem. Phys. 33, 1386 (1960). 
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We now perform the transformation of variables 
(Ri, Vai; Ry, Vai, 7=2, +++, V) (Ri, Vai Deis Rj =R;—Ri, Van, j=2, +++, V) (5) 
and proceed to the limit N20, V-+«2, N/V-—n.” The second of these steps is unnecessary if we agree to omit 
from the equation of change contributions which arise from the surface of the container to which the system is 


confined. In either event the volume integral of a divergence conditioned only by the requirement that Rj>o can 
be replaced by an integral extended over the boundary surface Rj:=¢. As a result of these manipulations, (4) 


becomes, 


N N 
[ (2/81) + (Bs/m) + Vay Den = (o*/m) 2 If Rae (PsP) Dod ndps— 2 [EV a6 Rv] 


{Ra=c} 
where Ry=Ry/| Ry |. 


Vy 


*VpDwjdRadp; (6) 


Partition of the range of integration into the two regions Ra (p;—p.) >0 and Ry-(p;—p,;) <0 and a simple 
change of sign in one variable of integration then transforms the first integral of (6) into 


(o?/m) > 


I 


{Rj* (Pj;—P1) >0} 


We can now be somewhat more specific concerning 
the value of o. The integrand of this last expression 
consists of two terms, the first describing pairs moving 
away from one another, the second, those headed 
toward one another. We desire to treat these pairs as 
being involved in binary collisions. For this purpose ¢ 
should be as small as possible. On the other hand, to be 
rid of the second integral in (6) o must be chosen so 
large that the contribution of Vr, (Ra) in Vi’ is 
negligible. 

Although we have required ¢( Rj) to be continuous 
for Rj>o no restriction has been placed upon its 
behavior within this “collision sphere.” Thus Eq. (6) 
remains valid for the rigid sphere potential in which 
case the obvious choice is to allow o to approach the 
diameter of the sphere. The second set of integrals 
will then be identically zero and the distinction between 
the modified and usual distribution functions will 
vanish. Likewise all collisions will be binary and, since 
o approaches the sphere diameter from greater values, 
no problems can arise from the discontinuity. With 
allowance for notational difference it may easily be 
verified that the result is identical to the rigorous 
equation obtained previously.® 

For a more general choice of the pair potential the 
trajectory of a typical binary encounter will resemble 
that illustrated in Fig. 1. Corresponding to each of the 
post-collisional pair states {Ri, pi; RitoRa, pj; t} for 
which Rj+(pj;— pr) >0 there is a unique precollisional 

” Strictly, it is 

ZZ Dw =4N(N—1)Day® 
N2i>i21 
and not Day;® which converges in this limit. 


Ri (P)— Pd) (Da; (Ri, Pr; RitoRa, pj; t) 


— Dj? (Ri, Pi; Ri—o Ry, ps; t) dRadp;. (7) 





state {Roo, Pw; Ro+oR jo, Pio; t—r.} for which Ryo 
(Pjo— Pio) <0. The relationships between these pre- 
and post-collisional states are easily found to be 


Rwo=Ri— (pj+pi) r-/2m+ (Ra—Rjo)o/2 
Pw— Pi=— (Pjo— Ps) =Kk- (p;— pi), 


where 


(8) 


Ra=Rald, ¢) 


Ryo= R jo(n—-0— X; ¢) 
and 


k=k{(x—x)/2, ¢] 


are unit vectors, the polar spherical angles of which are 
shown in Fig. 1. The collisional duration 7, and the 


PB -P, 


hind 
. 1 


Frc. 1. Binary collision trajectory. 
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oileten J “C(py— P1)?(148%/12) —4mo(r) dr 


x=7— 20-2 f[(1-+6%/12) —4ma (1) /(Bs— Ba)" Pdr /* 


where 7 is the greatest positive root of the radical appearing within each of these integrands. 

Along the trajectories of these isolated binary encounters both the total number and density of phase points 
(in pair space) are conserved. Thus, when higher order collisional events are neglected the pair distribution func- 
tions in (7) referring to postcollisional states can be replaced with those referring to the precollisional configura- 
tions given by (8). Then, by choosing ¢ so that the terms involving ¢( Rj) are negligible we find that 


[(0/dt) + (pi/m) «Vr, JDay™ (Ri, Pr; ¢) 


=(e/m> ff 


{Ria+(pj—P:) >0} 


It should be emphasized that the validity of this 
expression is dependent upon the extent to which the 
molecular collisions can be treated as isolated binary 
events. The error introduced by this approximation 
will be examined later. 

The various contributions to the collision integral 
represented by the right-hand member of (9) are 
obviously separable into direct collisions which remove 
molecular pairs from states (Ri, pi, pj) and inverse 
events which project pairs into these very same states. 
Thus, we have succeeded in casting the equation of 
change for the modified singlet distribution function 
into a form such that there is a term-for-term counter- 
part with an identical physical interpretation in the fa- 
miliar Boltzmann equation. There is significance in the 
fact that Da) and not the usual singlet distribution 
function, D®, appears on the left-hand side of (9). By 
its very manner of definition, D® (Ry, p:; ¢) includes 
not only the density of “isolated” atoms, Da), but also 
the density of atoms with position R; and momentum 
P: which at the instant ¢ are engaged in various collision 
processes involving one and possibly many other 
atoms. Particularly important to the present investiga- 
tion is the observation that the density D® will in- 
clude that of atoms which “belong” to diatomic or 
polyatomic clusters, i.e., D® counts the members of 
molecules along with “dynamically free” atoms. Thus, 
unless the molecular interactions are strictly repulsive, 
D® should not be identified with the singlet density of 
atoms considered as a chemically distinct species. The 
recognition of this seems essential not only to the de- 
velopment of a statistical theory for chemical kinetics 
but also to a complete understanding of transport 
processes in chemically inert fluids. The latter remark 


Ria (Pi— Pd) LD; (Rio, Po; Ro+-oR jr, Pio; t— 7.) 


— Da; (Ri, pi; Ri—o Ra, pj; t) WdRadp;. (9) 





appears to be justified by the accumulating evidence 
for the existence in inert gases of loosely bound 
atomic or molecular clusters." 

As a consequence of these observations we are pleased 
rather than dismayed to find that it is Da)™ instead of 
D® which satisfies Eq. (9). In fact, a moment’s re- 
flection will convince one that the intuitive arguments 
upon which the traditional demonstration of the Boltz- 
mann equation is based apply not to D® but to Day 
or some similarly defined partial density. 

From our present point of view an error which is 
frequently incorporated within formal derivations of 
the Boltzmann equation can be described in the follow- 
ing manner: (1) the Liouville equation is first inte- 
grated over all values of the momenta and coordinates 
of N—1 molecules to yield the “streaming contribu- 
tion” (0/dt+ (pi/m) - Vr,) D® and another term arising 
solely from the molecular interactions; (2) the second 
of these contributions is then approximated by neglect- 
ing all but “pre- and postcollisional pair states,” i.e., 
integrals over V are replaced by the corresponding 
integrals over V,’. One effect of this unsymmetrical 
procedure is precisely that which we have previously 
demonstrated for the case of rigid spheres, namely, 
that it is impossible to interpret the collisional integral 
of this unsymmetrical Boltzmann equation in terms 
of direct and inverse encounters. Also it will be observed 
that with a symmetrical development the “streaming 
terms” involve Day and not D®, 

Our use of binary collision dynamics in proceeding 


11N. Bernardes and H. Primakoff, J. Chem. Phys. 30, 691 
(1959; D. E. Stogryn and J. O. Hirschfelder, ibid. 31, 1531, 1545 
(1959); A. Michels, H. de Kluiver, and C. A. ten Seldam, Physica 
25, 1321 (1959). 
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from (7) to (9) was based upon the assumption that 

during the course of their mutual collision neither 

molecule experienced interactions with any others. 

This precludes not only our usual conception of three- 

body collisions but also genuine molecule-atom en- 

counters. In the remainder of this section our attention 

will be confined to the atom-atom collisional contribu- 

tion to the equation of change for Da) given by the 

right-hand member of (9). This procedure is adopted 

solely as a convenience and in no way implies that 

molecule-atom contributions are unimportant. Al- 

though an indication of how a more general equation of . : - P 

change can be obtained is given in Sec. III, we shall Tita SENSIS RE SL Re Ree. 

reserve for separate communication a presentation of 

the detailed theory. it is reasonable to assume that there will be very little 
Returning to (9) we see that both terms on the right- correlation between the individual molecular momenta 

hand side refer to precollisional pair states. Therefore, and so 





Dw; (Rio, Pio; Riot oR 0, Pjo; t— 7) =X (Rw, chro) Day® (Rio, Pro; (—7-) Duy (Riot oRj0, Pio; 72) 
Daj (Ri, Pr; Ri—o Ra, pj; t) =X (Ri, —oR;) Day (Ri, Pi; ) Dw (Ri—o Ra, Pj; t). (10) 


Here X is a spatial correlation which arises solely from the influence of the molecules constituting the environment 
of the colliding pair. An approximation to this function may be calculated from the equilibrium theory of the 
potential of the mean force. For a gas so dilute that isolated binary encounters are predominant X can safely 
be equated to unity. As we have stated in the introduction no mathematical verification for the chaos assumption, 
(10), will be attempted, since its introduction or that of some similar factorization seems to be a necessary hy- 
pothesis in the theory of irreversible phenomena. 

When these arguments are used to reformulate (9) the result is 


[(0/dt) + (p/m) «Vr, Day 


N 
=(0°/m) o I Rix (Pi— Pr) [Day (Rao, Pro; — 7) Din® (Ro + oR no, Pio; 72) 
j=2 
{Ria (Pj— Pr) > 0} 


—Dw® (Ry, Pi; )Dw® (Ri—oRa, pj; ) dRadp;. (11) 


Tf the gas is dilute and we only wish to consider terms of the lowest order in the number density, the discrepancies 
in the positional and temporal arguments of the distribution functions can be ignored. This approximation then 
reduces (11) to the classical form of the Boltzmann equation. 
As an estimate of what is meant by “dilute” the two singlet distribution functions may be related by a virial 
type expansion. The formal technique is presented by M. Green.* 
Let us define a function 
0; Riy>o 
Gy= 
—1; Rio. 
Then from (3) and (4) we find, 


N 
Day? = [ . - [DT] 1+6,)dRap 
j=2 
r= 
N 
=),o— pe / D,jdR,dp;+0(n’) 
j= 
Vi 
N N 
=D, — S°$(nre*?/N) D+ >> [[Toeve— DUR ap;+0(9" 
jut j= 


Vi 
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For a weakly interacting pair in a fluid at equilibrium this reduces to, 
Day™ = D,@ti-— 2n(bo+ 30°) +0(n?) a 


where —2y is the molecular 2nd virial coefficient, 


n= {expl—o(r) /AT]- tar. 


III. PAIR DISTRIBUTION FUNCTION 


Both in the interest of obtaining a more refined Boltzmann equation and of developing the kinetic theory for 
diatomic molecules an equation of change for the function D;; or some suitable modification thereof should 
prove useful. To proceed in this direction we define, analogous to (3) and (4), the regions 

Vii=ViUV;, V,/= VJNV/ 


or Vij :{Rii>o, Rij>o; 41+, 7} 
and the functions 


Viz! Vi" 


By proper choice of ¢ we may interpret Das)” as the distribution function (including internal coordinates) for 
interacting molecular pairs. 


Integration of the Liouville equation (1) over all p;, R; in Vai’ for j>2 yields, 


N 
[(8/0t) + Vryb( Ra) *(Vp:— Vp.) JDay® =— Do [- ’ - [ (p/m) * Va iD dR*—dp* 


i=l 


Vi Vi. 


ns 
+> I / CVeib( Rj) * Voi t+ Va.o( Ry) * VppJDanisdRdp;. (15) 


j=3 
Vie! 


By careful manipulation of this equation we hope to show that it, like its .nalog (4), may be separated into 
streaming terms and contributions arising from encounters between the pair and other molecules. To accomplish 
this we consider the function 


Vn, HdR)=Vn, J HdRjtVai i HdRj2. (16) 
Vie Rja>o Rp>o 
Rie Rn< Ru/2 Ryo: Rn <— Ra/2 
If Rx> 20 the two halves of Vo’ are distinct and independent of Rx. Otherwise, they are the regions on either 


side of a partial plane Sy:{Rj=Rj»>o; 7>2} shown in Fig. 2. With the indicated choice of variables only one 
component in each integral depends on Ry. Thus” 


Ra/2 'cO 
Vn, { HdR,=Vn, | d(Ry- Ru) [ad RnxRu) +n d(Ra-Rx) | Hd(RpX Rx) 


—o —R21/2 
Vie! 


=— ‘Rx [ Hd(RuXRu) + / Va,HdRa—48en { Hd(RaX Ru) + J Vr,4dRj. (17) 


So {Rjp> Rao} Sor {Ra>Rp>o} 


2 The symbol d(RjiX ea) is used here to denote the differential of the two components of Rj; which are orthogonal to Ra. 
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When we employ the transformations, (Ri, Vri; Rj, Vrj)—(Ri, Vr, +Vr;; Rj, Vrj) and (Ri, Vr,; Rj, Vai) 
(R,, Vri3 R,;, Vrs); (17) becomes 

Vai J HdR;=— Rn J Hd(RjX Rx) + if Vaj;HdRj+ J Vr,HdR,j. (18) 


Viz! Si { Re> Rja>o} V2" 
For the set of functions 


H;(R,, Ro, «++, Ry; pi, De) =|- ° + [Dewi dp --dpj, 


(18) implies the recurrence relationship 


Vai ja=— Ra i] Day ;d(R;X Rn) dpj+ i / VajDaz;dRdp;+ i Vr, dR;. 
Sie {R»> Rj>o} Vi’ 


A similar expression can be derived for Va,Hj-1 and an iterative procedure then used to establish that 


m*(Br-Vas + rea) Den =m fof (Br-Vart Para) DOPARY dp 
Vi." Vi)’ 


N _— 
+2, rs Pie Ra i] Daz,®d(RjX Rx) dpj+(Pi/m) - J / VasDoniSdRaP; 
i= 


Sie {Rjp> Rj>o} 


+ (p2/m) + / / VaiDoni dR, (20) 
{Ra>Rp>o} 


The left-hand side of (20) is, however, just the streaming contribution to the time derivative of Das)” and so 
when (20) is added to (15) we find that 


[(0/dt) + (pi/m) + Va,+ (P2/m) + Vr.t+ V( Rar) * (Vpi— Voy) JD) 


0-Day? & 
E ie +> | / [Vnib( Rin) * Vert Vab( Re) + Vp, !DanidRidp;, (21) 
j=3 


Vi’ 
where 


N N 
8.Daz)®/dt=[(P2— Pi) /m]- Rad i] / Dayjd(R;X Rn) dpj;+m > i] / (Pi— Pj) * Va;Daz;5dR,dp; 
j=3 j=3 


Sig { Rj,> R;,>¢} 


N 
+m ff (Pe) -VasDavsARytps. (22) 
y=3 
{Ri,>R,>o} 


Finally by again dividing V2’ into two regions and applying the divergence theorem we obtain 


il VrjDa2jdR; = —o? J RaDoyjdRatRn if Day jd(R;X Rn) 
{Rp>Ra>co} {Rp>Ra=c} Siz 


J VajDa2j®dRj=—o* / ReDoyjdRa— Rn / Day;d(RjX Rx), 
{Ra>Rp>co} {Ra>Rp=c} Siz 
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where the integration ranges {Rj»>Rji=c} and {Rj>Rj=c} refer to the two truncated spherical surfaces 
illustrated in Fig. 2. The substitution of these results into (22) then leads to the expression 


N 
ADs) /dt = (o2/m) D> J / Ria (Pj— Pr) Day jdRadpj+ 


j=3 


{Rp> Ra=c} 


for the rate of change of Das)” due to collisions of 
molecules 1 and 2 with their environment. Actually if 
the gas is predominantly in an associated state it will be 
more convenient to replace Das); by 


|[ DoosdRap, 
Vi! 


and interpret (24) in terms of diatom-diatom colli- 
sional events. In general, the integration of (21) fol- 
lowed by a factorization similar to (10) leads to an 





i] / Ry (Pj— Po) Doo asap, 


{Ra>Rp=c} 
(24) 





“extended Boltzmann equation” which includes within 
its collision integral contributions both from binary and 
from three-body encounters. 

The relationships (6) and (21) may be identified 
as the first and second members of an infinite set which 
closely resembles the well-known Born-Green-Kirk- 
wood-Yvon-Bogoliubov hierarchy of relationships be- 
tween the conventionally defined distribution func- 
tions. Although no proof will be presented, the generali- 
zation of (6) and (21) to higher order molecular 
clusters is obvious. Thus, for a group of s molecules we 
would have 


[(9/9t) +2(pd/m) *Vayt _ DV 6( Ri.) *Vpi Da.) 


t=1 l+i 


=m > 


t=1 jme+l 


Sf 


R;:* (Pj— Pi) Da... dR; dp; 


{Ry> Rji=o, ¥ISs, 11} 


The relationship (21) and its higher order analog 
(25) seem particularly well adapted to the description of 
simple chemical kinetics. Thus, in cases where the pair 
potential permits the existence of bound diatomic or 
polyatomic species, 0.Di2)/dt can be decomposed into 
portions identifiable with the rate of production of 
bound pairs due to three body collisions, the stabiliza- 
tion of meta-bound pairs by the intervention of third 
bodies, the internal reorganization of energy in a bound 


>> 


tl jmetl jj 





i] / CVro( Ris) ]+Vp Da... dRidp;. (25) 
Viz..-0 





pair accompanying its collision with some third mole- 
cule, and the corresponding conjugate processes of 
dissociation. These various events can be explicitly 
accounted for in terms of partial pair densities which 
represent the contributions to Das)® arising from 
bound, meta-bound, and unbound pairs. The details of 
this procedure will be presented in a separate communi- 
cation. For the present we restrict ourselves to_the 
observation that (24) may be written in the form, 


N 
d.Das)/dt= (o2/m) >> If Ry (Pi— Ps) Day ’dRpdp; 


j=3 


{Re> Ra=o} 


+ ff 


{Re>Ra=c} 


Rye (Pj— Pi) Day jdRadpj+ / / 


Ras (Pi— P2) Day ;®”"dRpdp, 
{Ra>Rp=c} 
+ ff Re(o—PDeeiahrap,], (26) 
{Ra>Rp=o} 
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where the precursor states to {Pi, P2, pj} indicated by 
the primes are determined by dynamical considerations 
similar to those presented in Sec. II. Although the 
evaluation of these states is a practical possibility for 
only a few special cases, the information gained from a 
careful study of these should provide valuable insight 
into the dynamics of reactive processes, the relaxation 
of internal excitations, and the collisional events which 
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contribute to transport behavior in moderately dense 
gases. 


Note added in proof. It has recently (and somewhat 
belatedly) come to our attention that modified dis- 
tribution functions such as Da) have also been em- 
ployed by H. Grad, Handbuch der Physik (Springer- 
Verlag, Berlin, 1958) Bd. XII, p. 208. 
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General formulas have been derived for the molecular friction coefficients of a dilute gas. The velocity and 
temperature dependencies of these coefficients are examined in detail for several choices of the pair inter- 
action potential. Also we have considered the frictional loss of kinetic energy and, for one special case, the 
dissipation of molecular internal angular momentum. The concepts of free path length and collision fre- 


quency are extended to nonrigid molecular models. 





I. INTRODUCTION 


TOPIC of major importance in the theory of 

dissipative phenomena is the rate at which a 
molecule exchanges energy and momentum with its 
environment. One familiar approach to this problem is 
provided by the theory of Brownian motion where the 
dynamical behavior of a massive particle moving 
through a fluid composed of much lighter solvent 


molecules is assumed to be governed by the Langevin 
equation, 


(d/dt) (mc;)+§ ¢;=G;. (1) 


Here m; and C; are the mass and velocity of the Brown- 
ian particle and G,, a rapidly fluctuating force due to 
collisions between the particle and solvent molecules. 
Over macroscopically small intervals of time the average 
of G; is assumed to vanish so that the velocity of the 
massive particle decays exponentially with a relaxation 
time equal to m;/f;. The introduction into the Langevin 
equation of the dissipative force, —{;C;, is suggested by 
analogy between the motion of the massive particle 
and that of a macroscopic body moving through a 
continuous medium. Therefore, just as in the hydro- 
dynamical case we should expect that the friction 
coefficient ¢; will be independent of velocity for very 
slow motions but gradually increase with the speed of 
the Brownian particle. 

In his classic paper on the statistical mechanical 
theory of transport processes Kirkwood! not only 
developed a molecular interpretation for this friction 
coefficient, but also succeeded in demonstrating that 
an equation analogous to that of Langevin could be 
associated with the average behavior of individual 
molecules in a fluid phase. An important feature of this 
theory is its use of a representative ensemble for the 
given dynamical system so constructed that at a 
particular time ¢ the ith molecule (of the chemical 
species a) in each member of the ensemble lies at the 


* This research was supported in part by the National Aero- 
nautics and Space Administration and in part by a grant from the 
National Science Foundation. 

t Formerly General Electric Fellow, Department of Chemical 
Engineering, University of Minnesota; now National Science 
Foundation Fellow, Faculty of Sciences, University of Brussels, 
Belgium. 

tJ. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 


point Fj and has the velocity Cio. The (specific) en- 
semble distribution function conditioned by this precise 
characterization of the state of the ith molecule will be 
denoted by Diag! (QoCo/r io, Cin;t) where Q) and 
Cy refer to the locations and velocities at the time ¢ 
of the N—1 molecules other than i. During the interval 
from ¢ to +7 the ith molecule belonging to a particular 
member of the ensemble experiences a sequence of 
(dynamically reversible) collisional encounters uniquely 
determined by the state of the member system at time 
t, Thus, the resultant change of momentum, 


[Faltts)ds=[Paltilits), Ql-+s) ls, 


will generally assume a different value for each member 
system of the ensemble. However, the statistical 


superposition of momentum-time histories represented 
by the average force, 


(((Bia)e)= [+++ [AQ CD a"! (QuCa/ ti, C15 1) 


x (1/r) [ Fis(tts)ds (2) 


should conform to our intuitive belief that in the course 
of time molecule i will, on the average, adapt its mo- 
tions to those of its fellows. For example, if the distri- 
bution of neighbor molecules at time ¢ corresponds to 
statistical equilibrium, then we may anticipate that the 
ith molecule ultimately will be “thermalized,” the 
memory of its initial direction of motion being oblit- 
erated and the magnitude of its mean velocity tending 
to zero. Proceeding from arguments of this sort Kirk- 
wood proposed that the equation of motion for the ith 
molecule of the physical system under consideration 
be written in the manner, 

(d/dt) (maCi) —*((Fia)r)=Fia—*{(Fia)r). (3) 
The right-hand member of (3) then closely resembles 
the fluctuating force G; appearing in the Langevin 
equation, since the ensemble average of its integral over 
the interval 7 vanishes. Thus, the analogy between Eqs. 
(1) and (3) will be complete if it can be demonstrated 
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that the average force ‘((F ia),) has the form 
*((Fia)r)= —$a(ci) Ci, (4) 


where {.(c;) is a scalar whose value is independent of 
the averaging interval r. 

During the several years which have elapsed since 
Kirkwood’s original investigation of this problem, 
numerous methods? have been invented for the purpose 
of calculating the friction coefficient {.(c;). However, 
so far as we have been able to determine these tech- 
niques were developed primarily for use in dense gases 
or liquids, and so for those situations where the repre- 
sentative molecule is in a state of continuous collision 
with its neighbors.‘ In the present communication we 
have chosen the opposite extreme of physical conditions 
and derived explicit formulas for the friction coefficient 
in dilute gases where the collisional events are essen- 
tially discrete. Perhaps the most obvious feature of our 
calculation is its remarkable and in fact almost trivial 
simplicity. Because of this simplicity it is possible to 
proceed a step further than for the case of dense fluids 
and examine in complete detail the velocity dependence 
of the friction coefficient and its sensitivity with re- 
spect to the choice of intermolecular forces. It is 
worthy of note that our calculation of the friction co- 
efficient for a dilute gas is really no more than a generali- 
zation of Jean’s persistence of velocity study for rigid 
spheres. 


II. FORMULAS FOR THE FRICTION COEFFICIENT AT 
LOW DENSITIES 
If the intermolecular forces are assumed to be pair- 
additive, then the average force defined by (2) can be 
written as 


*((Fia)+)= = x [[aridepD.s”(r0, Cjo/Ti0, C10; t) 


B=l j=l 


x (1/7) / "R.fi(t+s)ds, (5) 
0 


where Dag® is the conditional distribution function 
specific to two molecules, one of the species a and the 
other of species 6. F.,°' is the force upon the ith mole- 
cule due to its interaction with the jth of species 8. 

To simplify further this expression for ‘((Fia),), we 
now proceed in precisely the same manner as one does 
in constructing the collisional contributions to the 
Boltzmann equation.’ Should molecules i and j fail to 


2 J. G. Kirkwood, F. P. Buff, and M. S. Green, J. Chem. Phys. 
17, 988 (1949). 

’F. C. Collins and Helen Raffel, J. Chem. Phys. 23, 1454 
(1955); F. C. Collins, Advances in Chem. Phys. 1, 135 (1958). 

4 The one exception of which we are aware is the “persistence of 
velocity” calculation for rigid spheres, performed by J. H. Jeans 
[The Dynamical Theory of Gases, (Dover Publications, New York, 
1954), 4th ed., Chap. X]. Jean’s result has been confirmed by Col- 
lins and Raffel’ and is discussed as aspecial case in Sec. IV of the 
present report. : 
(as 4 example, see J. G. Kirkwood, J. Chem. Phys. 15, 72 

947). 


IN DILUTE GASES 1497 
suffer a mutual collisional encounter during the interval 
(t, +7) then the momentum increment 


[Fee6t+5) ds 
0 


will be identically equal to zero. However, in the event 
that molecules i and j experience a mutual collision 
which is begun and completed within this interval, then 


[P.2(+5) ds= A(m.C;) = 2uaskk- (Cjo— C0) ‘ (6) 
0 


where ag= Mamg/(mat+ms) is the reduced mass of the 
pair and k, the unit vector directed from i to 7 at the 
instant of their closest approach to one another. The 
situation will of course be much more complicated if 
during (/, +7) either or both of 7 and 7 happens to be 
involved not only in a mutual collision but also chances 
to interact with other molecules belonging to the system. 
To minimize the possibility of such events and yet to 
permit completion of isolated binary collisions we must 
therefore choose 7 considerably larger than 7, the mean 
duration of a binary event but less than r», the recur- 
rence time for multiple encounters. Such a choice 
would be impossible for dense gases or liquids where the 
interval between and the duration of collisional events 
are comparable in magnitude. On the other hand these 
requirements are easily satisfied in a dilute gas if r is 
taken to be of the order of the mean transit time for a 
free path length. To proceed further we now imagine 
the ith molecule to be the center of a “collision sphere” 
with radius equal to the effective range of the inter- 
molecular forces. In this way the beginning of a colli- 
sion between i and j can be characterized as the moment 
at which the center of j first pierces the collision sphere 
about i. The collision terminates when the center of 7 
crosses this surface in the outward direction. The veloc- 
ity of j relative to i is given by Cjjo=Cjo—Cio and the 
miss distance and azimuthal angle (see Fig. 1) lie in 
the ranges (b, b+db) and (¢, ¢+d¢), respectively. 
Provided that it is not deflected from its path by other 
molecules, 7 can then penetrate the collision sphere of 7 
if and only if its center does at time ¢ lie somewhere 
within the region bounded by (1) the two planes 
parallel to C;i9 and passing through the center of 7 
which are characterized by azimuthal angles ¢ and 
o+dq; (2) the cylinders with axes along C;i9 and of 
radii b and 6+db; (3) the upper surface of the collision 
sphere about 7; and, (4) the plane normal to C;i9 which 
lies at the distance | ¢j;0| 7 above the surface element 
on the sphere. The volume of this region is clearly 
equal to | Cj,» | rbdbdd. 

If r is chosen to be much larger than the duration of 
a representative collision then we may safely conclude 
that the measure of the precollision states previously 
described will far exceed that of collisions which are in 
progress at the time ?¢. (This subject has already re- 
ceived the attention of Kirkwood’ and will be con- 
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Fro. 1. Schematic diagram illustrating a collisional trajectory 
(repulsive) of molecule j relative to the position of 4. 


sidered from a different point of view in a forthcoming 
publication.) However, we must also require 7 to be 
no greater than the mean transit time between succes- 
sive collisions; for otherwise only a portion of the mole- 
cules in the element of volume | Cj,o | rbdbd@ would 
actually succeed in reaching the collision sphere of 
molecule i. These two requirements upon 7 can only be 
satisfied in a dilute gas. 

Finally, if it be assumed that the velocities of the 
molecules are uncorrelated before collision (molecular 
chaos) and that the departure from equilibrium of the 
environmental distribution is negligible,’ then the 
average force on an a species molecule may be expressed 
in the form’ 


((Ba)e)= Do Pas [des f “bid | “ap (lek- can cbf). 
(7) 


Here, 
Ff (cg) =g(mp/2ekT)* exp(—megcg?/2kT) 


is the equilibrium singlet distribution function, T the 
local thermodynamical temperature, and mg the num- 
ber density for 8 species molecules. 

Integration over the azimuthal angles is easily per- 
formed with the result that 


((Fa)e)= Litas { SeseouctaQus" (Cre) f (08), (8) 
B=1 


where 
Qas (Cpe) =4n[ costybdb= 2x | (1— cosx)bdb (9) 
0 0 


6 These assumptions are by no means unique to the present 
investigation and have in fact been incorporated within most 
dense gas theories of the friction coefficient. 

7 For notational convenience all unnecessary subscripts on the 
symbols are here and henceforth suppressed. 


DAHLER 


is the cross section which appears in the Chapman- 
Enskog theory for the diffusion coefficients of a dilute 
gas mixture. The angle of deflection x=x+2y is 
related to the potential of the intermolecular forces 
das(r), by the formula 


X (0; exe) = 7-28 
| (dr/P)[1-2400(0) /asiae+0/°P, (10) 


and fr» is the smallest positive root of the radical appear- 
ing within the integrand of (10).° 

Next, by choosing a coordinate frame with its polar 
axis directed along Ca, one can readily verify that 


((Ba)e)= =| tae fea —$a(Ca) Ca, (11) 


with 


Sap (Ca) 


= — pop J AC sCa* CraCaala *Qas (Cpa) f (ep) 


Ca Cat, 8 
= (wnea/es| [ “deaf daa t-beater*—efea 
0 Cag 


X Cs¢pa°Qap (Cau) f (es) 


‘co Catcg 
+ / deg / (1+-¢ga*Ca*— Cp*Ca*) Cacpa*Qas™ (Cpa)f | 


Cg—Cq 
(12) 


Interchange of the order of integration and substitu- 
tion of the explicit form for f(cg) then leads to the 
result 


Sap (Ca) _ Ngpap(k T/2xmg) ioe 
Xexp(—mpea2/2kT) | "dee’Qaa (g) exp (—migg?/2kT) 


XC (mpcag/kT+1) exp(—mgcag/kT) 
+ (mscag/kT—1) exp(mgcag/kT)]. (13) 


In a very few exceptional cases (see Sec. IV) Q™ is so 
simple a function that the integration of (13) can be 
accomplished in closed form. However, in general the 
evaluation of {4s must be carried out numerically and 
so it proves useful to express this function in terms of 
tabulated integrals. To this end we therefore expand the 


8 Cf. J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, The 
Molecular Theory of Gases and Liquids (John Wiley & Sons, 
New York, 1954), p. 525. 

® Footnote reference 8, p. 51. 
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integrand of (13) in a Taylor series and obtain 


4c ap N pas 


baled = ant 


Xexp(—W, 25° mitt)! 


Case iy eV at) eee * (Tan), 


(14) 


where Wag?= mgCa?/2kT, Tag*= (uap/ms) (RT /€ag), and 
Gag and €ag are parameters with the dimensions of 
length and energy, respectively. 2°* is the reduced 
omega integral” defined by 


2(2mpas/kTas)' 


Tap (S+1)! om 


Qap°*( Tap*) = 


with 


fa ( Tas) ’ 


Qa (Tap) = (RT ap/2Has)* i ‘ 


Xexp(— 7") 7**Qas" (g) dy, 


and 


Tap= (Has/me) fr; = pasg?/2k Tap. 
From (14) it is easily verified that 


tien $ap(Ca) ey Sap (0) 


S1rcag°"Msias : Me 
ns 8 s(t) *(Tog*), 
3(xm,/2kT) (Tes") 


so that 
$ap* (Wag) = Sap (Ca) /Fap (0) 


=exp(—Was?) )oh.Wes, 
s=] 


where 


_ 3s(s+1) 122--20),,g(1-#) #( Tas*) 
* (2s) Wag *(Tag*) 


In Fig. 2 the temperature dependence of {as(0), the 
low velocity limit of the friction coefficient, is shown for 
several choices of the pair interaction potential. 

From (13) one finds that at very large velocities 
fas* is given by 


cee 5 3M [Qugh*( Tag" Wes) 
os Wa) PE Was 05500 *( Tap") 





(19) 





(20) 


where 0°*=Q /roas?. 
Ill. SOME RELATED QUANTITIES 


The methods developed in the previous section for 
the purpose of calculating the systematic collisional 
degradation of momentum can also be used to investi- 
gate other dissipative processes. Especially interesting 


10 Footnote reference 8, p. 526. 
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Fic. 2. Temperature dependence of the zero-velocity friction 
coefficients 


Sap (0) = (8/3) wnpoag? (2epap/m)*Tap*Qap** (Tap*) 


for the 12-6 and several inverse power potentials. The curve for 
the inverse-2 potential is based on an estimated value of A“(2). 


is the collisional rate of change of kinetic energy, which 
analogously to (7) may be expressed in the form 


((d/at)[(ma/2) catT)= Yoe\(Pas)»)= ((Pe)s). (21) 


Here, *((Pas),), the power consumption due to modera- 
tion by 8 species molecules, is given by 


*((Pug)+) 
= (me/2) { dep f “bab [ “dL (Cot (2sn/ma) KK Cpa)? 


— Ca \¢pa f (cs) 


=*((Fag)+)* Cat Sap (Ca) (22) 


and 
Susu) = (das?/ Ima) | SeaendQue (coe) f 4)» (23) 


Thus, we see that ((Pa)-) is composed of a negative 
contribution ((F.)-)*ce, which represents the power 
transmitted from the directed motion of the a species 
molecule to its environment, and a positive term 

gSag(Ca) associated with the molecule’s absorption 
of thermal energy from its neighbors. One might very 
well expect that when the initial state of the representa- 
tive a-specie molecule is highly energetic the first of 
these two contributions would dominate, but that when 
the molecule’s energy is initially less than 37/2 it 
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would on the average tend to extract energy from its 
surroundings. In order to confirm these notions and at 
the same time to exhibit the relationship which exists 
between Sag and the friction coefficient we construct the 
velocity gradient of the force *((Fas)-). 


Ve," ((Fag) T ) = — Vea (fapCa) 


= HapVe, if ACsCpalgaQas" (Ca) f (cs) 


= — 10s [ des f(cs) Vegl CealpaQas™ (Ca) J. 


(24) 


Then by introducing the explicit form for f(cs) into 
this expression and performing an integration by parts 
one finds that 


—Ve,° (SapCa) 
= — (Hag/mskT ) / Ac f (cs) Cg* CzalsaQas (Coa) 


= (msCa/k T) . (FasCa) —((ma+ms) /k T \Sap(Ca) 


so that 
Sap (Ca) = past apCa?/Mat+[kT/(mat+ms) |(3+Ca*Ve,) fas; 
(25) 


and 
*(( Pag) =[3kT/2— mace?/2+kT 6a} (0/8Ca) | 
x [ 2¢a8/(mat+meg) }. 


From this it follows that if the friction coefficients are 
not strongly dependent upon velocity, the kinetic 
energy of the representative molecule will relax to a 
value near 3k7/2 with the characteristic time given by 
T (Ca) = [> 022fas/(mat+ms) ‘ae 

Frequently one would like to speak of the average 
amounts of momentum or energy transferred during a 
single collisional event. In order to facilitate this 
undertaking we shall therefore introduce the function 


(26) 


Zas(ca) = [beef (¢6)Qas" (co0)epy (27) 
which in the case of rigid sphere molecules (to be con- 
sidered in detail in the next section) has the physical 
significance of the average collision rate between an a- 
specie molecule with the prescribed speed cq and the p- 
specie members of its environment. By retaining this 
same interpretation of Zag for an arbitrary choice of the 
pair potential we can then identify —{ag(ca) /maZap(Ca) 
and 2*((Pas)+)/Mala’Zap(Ca) as the average fractional 
increments of velocity and kinetic energy which accrue 
to an a-specie molecule with velocity c. upon each of its 
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collisions with a #-specie neighbor. The quantities 
obtained by adding unity to each of these increments 
are precisely analogous to Jean’s “persistence” and 
do for the case of rigid spheres reduce correctly to his 
result.* For an arbitrary choice of the pair potential the 
“collisional rate” Z,, may be expressed as 


Zas(Ca) = 2ng(msg/2rkT)§cq 


Xexp(—mycet/24T) | “deus (e) 
0 


Xexp(—mgg?/2kT) sinh (mgcag/kT) 


() 22e+1Q) 319) ( Tas) 
=4 —W.,3" 
ng exp( p> (s-+1)! 





Was" (28) 
and 
Zag(O) = 4arngoas?(k T/2mmg) Qa” *( Tag*) . (29) 


By manipulations of the same sort that were used to 
establish the relationship of fag to Sas it can be shown 
that 


Sas (Ca) =as_1+ (RT /mpca) (0/dca) Zap (Ca) (30) 


and so, 
Sap (Ca) (as?/Ma) [Cat (kT /mg) Veg ?Zap (Ca) : (31) 


In terms of Zag a velocity dependent free path 
length may be defined by Aa(Ca) =Ca/ > 9Zas(Ca) and 
the logical generalization of Maxwell’s path length? is 
given by 


ha= 2tte(2hT/at)? 4 [ca f(c4) TZa0(ce) 


= (2kT/xma)3/4 > ngQeg"” (T). (32) ' 
B 


It is of more than passing interest that the Q°. 
integral should happen to appear in these formulas for 
the collision rate and free path length. Thus, one will 
recall that Q@ is the only member of the set of 2 
integrals which plays no role in the Chapman-Enskog 
theory of gas transport phenomena, and that in that 
theory reference is made neither to the collision rate 
nor to the concept of free path length. These observa- 
tions suggest that the approach adopted in the present 
investigation may provide a direct link between the 
early free path methods and the more modern versions 
of the kinetic theory. It is not surprising to discover 
that the velocity dependent free path length for soft 
interaction potentials increases steadily with molecular 
velocity, for at very high velocities only a rigid core 
can produce a significant distortion of the molecular 
trajectories. 

To facilitate the comparison of our results with those 
obtained by other methods and also for future applica- 
tion to transport theory we now introduce the “average 
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friction coefficient,” 


“(ap)—me [dea f(a) tac) 


om Syma Dag (T)— 


M. f' | 
2M;! Me (s—M,)! 


(33) 


corresponding to an equilibrium distribution of the a- 
specie molecules. Here, Ma=ma/(mat+ms) and Mg= 
ms/(Ma+ mg) . 


IV. SAMPLE CALCULATIONS 


In this section we shall apply the formulas previously 
derived to the calculation of friction coefficients for 
several specific choices of the pair interaction potential. 


(a) Rigid Elastic Spheres 


In this case Qag =oag", where cag represents the 
range of the impulsive interaction. Consequently 
Q* and the reduced integrals 2:*)* are all equal to 
unity. The integration of (13) can then be accomplished 
in a straightforward manner to yield 


$*(W) = <{L(4W?) "+3 J exp(—W?) 


w 
—[(4W)"-W->"-W] J exp(—a*)dx}, (34) 


Lar {¢*(W)/W} =3(x)#/8. (35) 


Aside from notational differences (34) is identical to 
the result obtained by Collins and Raffel.* The per- 
sistence calculated from this formula and the velocity 
dependent free path length are of course the same as 
those given by Jeans.‘ The average friction coefficient 
is found to be 


* Sag) = 1oag Npas( 2kT/mHap)* 
M. 7 


1 M. 
bit 
x( i, M,) 


1+M, 


a result which agrees with that reported in footnote 
reference (3). 


(b) Inverse Power Law 
For the potential ¢as(r) =€as(cas/r)* the cross sec- 
tion and reduced integrals are given by 


Qas (g) = 2m (2€ap5/ Mas) **oas°A (5) g-* 


and 
Qap*( Tap*) 
=2(6/Tag*)?T (s+-2—2/5) A (8)/(s+1)!, (38) 


where the quantities A“(6) are numerical constants 


(37) 
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with values all near unity." It can then be shown that 
fap [3(247/mg)**/4T (3—2/8) Joa [dg 
0 


X { (mscag/kT+1) expl—mg(cat+g)?/2kT ] 
+ (mpcag/kT—1) exp[—mp(ca—g)?/2kT]} (39) 


and 


Layee {5*(W)/W?} =3(4)*/4T(A+2), (40) 


where \=1—2/6. For the three choices of 5= © (rigid 
spheres), 5=2, and 6=4, the integration of (39) 
proves trivial. Thus, with 6=2 


Ww 
pany = a] X exp(—w)-(F- 2) ["exr(— ya 
(41a) 


lim {We*(W)} =3(x)4/4, (41b) 


Wap 
Zap (Ca) =Zag(0) Wasf exp(— x?) dx. (42) 


For the choice 6=4 one finds that {.4s*=1 and so the 
velocity and temperature independent friction coeffi- 
cient for “Maxwell molecules” is given by 


Sap= bapZag= 4arngd ap’ (2pastas)*A“? (4). (43) 


If 5=2/(1—A) is set equal to some integer other than 
2 or 4, then we must employ the power series represen- 
tation for f4s* given by (18) where the coefficients are 


_ 3sA+st!) .., 

(2s+1)!T'(A+2) 
Values of these coefficients through s=7 are given in 
Table I for the two choices of 6=6 and 6= 12. The fric- 
tion coefficients for various inverse power potentials 
are summarized in Table II and shown graphically in 
Fig. 3. As predicted by (40), ¢* tends asymptotically to 
zero for <4 and to infinity for 6>4. 





(44) 


(c) More Realistic Interactions 


For more realistic choices of the pair potential than 
those considered above a thorough examination of the 
velocity and temperature dependence of the friction 
coefficient would require the numerical evaluation of 
the integral appearing on the right-hand side of (13). 
In principle one could circumvent this calculation by 
employing the series representation for ¢ given by (18). 
However, the principal disadvantage of this procedure 
is that a sufficient number of the omega integrals have 
been evaluated only for the Lennard-Jones 12—6 


11M. A. Eliason, D. E. Stogryn, and J. O. Hirschfelder, Proc. 
Natl. Acad. Sci. U.S. 42, 546 (1956). Also, see footnote reference 
8, p. 548. 
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TaBLeE I. The coefficients hy = 31 (J+-1) !2*-*0.0*/(2+-1) 104-D* for the inverse power potentials with 6=6 and 6=12, the Lennard- 
Jones 12-6 potential, and the exponential-6 potential with a=12. [Calculations based upon the omega ( and Z) integrals tabulated in 


footnote references 12-14. ] 








ing he hs X10 hyX108 


hs X10 heX 10 hyX 108 





Exponential-6 potential 


1.6352 
1.5630 
1.6364 
1.7045 
1.9346 
2.0984 
2.1145 
2.1068 


0.77929 - 
0.77944 
0.85513 
0.90575 
1.05592 
1.14984 
1.15339 
1.15671 





12-6 potential 





1.6618 
1.6107 
1.6938 
1.7631 
2.0045 
2.1921 
2.2358 


counreooo 


_ 


0.80368 
0.81698 
0.89925 
0.94756 
1.11029 
1.22653 
1.25174 





Inverse-6 





1.93141 





Inverse-12 





2.22203 


5.89175 1.23877 2.01540 








potential,” 


(r) =4e[ (a/r)"— (a/r)®], 


and for the exponential-6 potential,!*™ 


(45) 


€ 


-—- Ca 


{(6/a) expla(1—o/r) ]—(a/r)*}. (46) 
Even for these special cases the number of omega inte- 
grals available is only great enough to permit the ac- 
curate calculation of ¢*(W) up to about W=2. In 
Table I are collected a few values of the first seven 
coefficients, h,, for these two potentials. The behavior 
at low velocities of the friction coefficient for the 
exponential-6 potential is presented in Table II and 
illustrated in Fig. 3. It appears very likely that the 
general characteristics of the friction coefficient for this 
potential will be shared by all interactions which com- 
bine an attractive long range with a repulsive short 
range contribution. 


(d) Molecules with Internal Degrees of Freedom 
(Rough Spheres) 


Aithough it is not our intention to include within 
this paper a detailed study of friction coefficients for 
molecules with internal degrees of freedom, we shall 

2 Footnote reference 8, p. 1126. 


18 E. A. Mason, J. Chem. Phys. 27, 782 (1957). 
4 Footnote reference 8, p. 1164. 


consider briefly the especially simple case of perfectly 
rough spheres. In addition to its mass m; and transla- 
tional velocity ¢;, a rough sphere molecule is char- 
acterized by an inertial moment, /;, diameter o;, 
and rotational velocity w;. The collision increments of 
linear and angular velocity are given by® 


ACa=[2pas/Ma(vas+1) ](vagV+kk-V) (47a) 
and 

A@a=[Haptavap/Ta(ves +1) JKXV, (47b) 
where (vapitas)!= (Kata) !+ (xgmg)—, Ki=41,/mio?, 
Qag™ =m (catos)?/4, and 

V=Cpat (ok X wstoakX we)/2. (48) 


Besides the frictional force, *((Fag)-), and transla- 
tional energy dissipation, *((Pag),)tr, we are now also 
concerned with the frictional torque 


*((Gag)+) 


‘a — [des [doy if kK Cpe006°A (aie) 
{+ Cae<0} 


Xf(Cs, «p) (49) 


%S,. Chapman, T. G. Cowling, The Mathematical Theory of 
Non-Uniform Gases (Cambridge University Press, New York, 
1939), p. 200. 
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and the rotational energy dissipation 
by ( ( P. a8) t rot 


=— [dey [deg / dkkCp 


{K+ Cga<0} 


*ap"A(Tawa’/2)f(Cp, wp). (50) 


By means of a combination of the techniques employed 
in Secs. II and III these functions can be expressed as 


@((Fas)1)= — {1+ [ap/(vap+1) ]}Fap** (Ca) Ca 
— Fpuaptal Yap/ (Yap+1) JQap” waX Ca 
*( (Gas) +) = —[oag*¥ap/2 (vast1) }{ @attapZap** (Ca) 
— ea Vel Cavap®*” (Ca) }} 
@(( Pag) )tr=*((Fas)r)*Ca 
+{1+[rap/(vapt+1) PF} Sag®* (ca) 
+[2vap/(vag+1) PRT MoM pZap**? (Ca) Kg 
— ML vap/ (Yap+1) }*((Gas)+)* Wa 


(51) 


(52) 


(53) 
and 


@(( Pag) )rot= {1— Mgkal ¥ap/ (Yap +1) }*((Gag)r)* @a 
+ kal vap/(Vag+1) P Sas *” (Ca) 
+MaM pkT kaks~[2va8/(vap+1) PZas** (ca), (54) 


where quantities labeled with superscripts s.s. refer 
to the smooth sphere coefficients calculated in Sec. IV(a). 
Those terms of (51)-(54) involving Zag and Qas™ 


TABLE II. Reduced friction coefficient ¢*(W) for several inverse 
power potentials and for the exponential-6 potential with a=12. 





Exponential-6 potential 


i” 0.5 0.7 1.0 2.0 





1.003 
0.998 
1.012 
1.027 
1.026 


1.005 
0.997 
1.023 
1.051 
1.050 


0.862+ (0.03) 
0.931+ (0.04) 
1.057+ (0.04) 
1.150+ (0.04) 
1.150+ (0.04) 











Inverse-6 





1.016 1.118 1.158+ (0.03) 





Inverse-12 





1.033 1.295+- (0.04) 





Rigid sphere 





1.049 
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£;T"=0.3 
€; T’=1.0 
h; T*=2.0 Exponential-6 e~ 


i: Potential 
i; T°= 10.0 be 


j; T*= 100.0 
wtiod 


























Oo. 


Frc. 3. Velocity dependence of the reduced friction coefficient 
for various inverse power potentials (5) and for the exponential-6 
potential at several reduced temperatures. The broken portions 
of the curves indicate more unreliable results obtained by extra- 
polation. 


arise from the transference of energy or momentum 
between the rotational and translational degrees of 
freedom. 

From (51) we see that the frictional force upon the 
rough molecule is greater by an amount 1+-ra8/ (vas+1) 
than that on a smooth sphere with the same size and 
velocity. Furthermore, when the molecule is rotating it 
experiences an additional force directed normal to the 
plane of @. and C,. According to (52) the velocity 
dependent rotational relaxation time for a—§ colli- 
sions is equal to Maka(Yast1) /2papvapZap**” (Ca). The 
corresponding average relaxation time can be written 
as 


MakaTap (Vast 1) /2pas¥ap; 


. where 


rap=Mal [Mea f (Ca) Zas'**? (Ce) 


is the mean interval between the collisions an a molecule 
suffers with 8-specie members of its environment. 


V. CONCLUDING REMARKS 


The formulas which we have presented in this com- 
munication reduce the task of calculating the various 
molecular friction coefficients for a dilute gas to the 
evaluation of certain definite integrals, which bear a 
close relationship to those commonly encountered in 
the theory of gas transport phenomena. Although an 
exhaustive study of the friction coefficient for realistic 
intermolecular forces has not been attempted, the low 
velocity behavior has been charted for the exponential- 
6 and 12—6 potentials. Furthermore, the results ob- 
tained for rigid spheres and for the inverse second power 
potential provide limits within which the coefficient 
for virtually any reasonable choice of the pair interac-- 
tion must be bounded. 
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A critical step in the prevent development was our 
assumption that the averaging interval 7 could be so 
chosen that: (i) isolated binary encounters are com- 
pleted during the period (¢, +7) ; (ii) a particular mole- 
cule seldom if ever participates in more than one colli- 
sion during this interval; (iii) “complete binary en- 
counters” far overshadow in importance those in 
progress at the beginning and at the end of the averaging 
period. Our second assumption was that of “molecular 
chaos,” i.e., that there exists no significant correlation 
between the dynamical states of two molecules prior to 
their collision with one another. Because of these 
restrictions our results can be valid only in the limit of 
very low gas densities. That Kirkwood envisioned a 
similar choice for 7 in the case of dilute gases is strongly 
suggested by his statement," “. . .using binary collision 
analysis we find that ¢; does indeed have a plateau 
value (a value independent of r) for values of r long 
relative to the representative duration of a molecular 
collision.” Thus, it is somewhat surprising to find that, 
although the averaging intervals in the two develop- 
ments are apparently identical, our formula for the 
friction coefficient differs markedly from that of Kirk- 
wood. To locate the origin of this dilemma we must 
remember that Kirkwood’s derivation of the formula 


£2 (co) = (3kT 7) ff [ | "Fe(t+s) 


-F,(t+s’)f %™(C, Q/ca, fa) ds’dsdCdQ, (55) 


placed reliance upon the phenomenological theory of 
Brownian motion in order to estimate and subsequently 
neglect various terms which involved velocity and force 
correlations.” Therefore, we should expect this formula 
to be valid only if the averaging interval is comparable 
in magnitude to that used in the theory of Brownian 
motion, i.e., much longer than the mean time which 
elapses between the successive collisional encounters 
suffered by a particular molecule.* In liquids there is 
no possibility of resolving the time between collisions 
from the duration of a single encounter and so this 

6 Footnote reference 1, p. 199. 

7 Footnote reference 1, p. 189. See F. C. Collins [Advances in 


Chem. Phys. 1, 135 (1958) ] for a more detailed exposition of this 
approximation. 


18 For a discussion of this point see p. 23 of S. Chandrasekhar, 
Revs. Modern Phys. 15, 1 (1943). 
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Brownian motion interval’ would indeed seem to be 
the only meaningful choice for r. However, in a dilute 
gas this resolution can be effected and + chosen equal to 
the “free path transit time” in just the manner il- 
lustrated by our development. The distinction between 
these two different averaging intervals implies that our 
approach is more closely applied in spirit to the persis- 
tence calculations of Jeans than to the calculation of 
fluid friction coefficients according to Kirkwood’s 
formula (55). In fact it appears that (55) can be 
applied to dilute gases only if we are willing (and able) 
to follow the dynamical trajectory of a representative 
molecule as it progresses through the long chain of 
collisional events which would ensue if + were chosen 
to be much larger than it has in the present investiga- 
tion. 

As a final step we shall simply disregard these matters 
of consistency and calculate the friction coefficient 
defined by (55) with the “free path transit time” 
choice for the averaging interval. Thus, it follows that 


Fc) = GAT" [ace ["sao is dec f(cs) 


x [as [ds Pas(t+s) *Fas(t+s’), (56) 


where 


f ds i “ds' Fag(t-+5) + Fag(t+s") 
0 0 


= me f ase. [ca(t+s) —ca(t) 


= Mal 3Ma(Aca)*]. (57) 


The coefficient ¢.* is therefore related to the energy 
dissipation functions Sg and to our coefficients fas by 
the formulas 


ti (ca) = (ma/3RT) J Sac) 


= Ps {Cas (Ca) + (2pa8/3mak T) (3 (maCa’) 


~4(3KT) Ttoa(e) + (tan/3mg) Ca(8/ACa)tap(Cu)}. (58) 
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Equations for testing Onsager’s reciprocal relations for isothermal diffusion depend on the frame of refer- 
ence chosen for the flows. This subject is considered for certain frames of reference, as is the problem of 
measuring diffusion coefficients when there is a change of volume on mixing. Frames of reference discussed 
are those moving with the local center of mass, the local center of volume, the local velocity of the solvent 
(or of any single component), and that fixed on the diffusion cell. Multicomponent systems, both of strong 
electrolytes and nonelectrolytes, are considered. An expression is derived which relates the flow of a com- 
ponent in the cell-fixed frame of reference to the flows in any other frame of reference when there is a change 
of volume on mixing. This relation is used to show that a flow relative to the cell becomes identical to that 
in the volume-fixed frame as the initial differences in concentration within the diffusion cell are made suffi- 
ciently small. Throughout this article a special effort has been made to present derivations and final equa- 
tions in a form well adapted for use in experimental work. 





I. INTRODUCTION 


N experimental studies of multicomponent isothermal 
diffusion it is customary to describe the transport 

of matter by means of flow equations which are exten- 
sions of Fick’s first law. These equations express the 
flow or current J; of component i as a sum of concen- 
tration gradients each multiplied by a diffusion co- 
efficient D;; of one type. In theoretical work the corre- 
sponding phenomenological equations are usually 
written as sums of forces (negative gradients of chemical 
potentials) each multiplied by a diffusion coefficient 
0; of another type. We will refer to the D;; as practical 
diffusion coefficients and to the Q;; as fundamental 
diffusion coefficients. Although either type of flow equa- 
tions has the same form for any choice of reference 
frame within a certain class,'~*> the values of both the 


* This article resulted from discussions with Professor Kirk- 
wood which began when he visited the University of Wisconsin 
during the summer of 1956. It contains equations used for some 
recent tests (footnote references 26, 29, and 30) of the Onsager 
reciprocal relations for isothermal diffusion. Because this manu- 
script was not completed until after Professor Kirkwood’s death, 
its final draft has not had the benefit of his helpful suggestions. 
The remaining authors regret that oy have not been in a position 
to develop fully certain topics which he hoped could be included, 
particularly an extension of the theory so that it would contain 
terms in the pressure gradient generally associated with nonsteady 
state diffusion (see footnote reference 15). 

Support for this study was provided in part by the National 
Science Foundation and by the U. S. Public Health Service. 

t Present address: Department of Biochemistry, School of 
Medicine, Stanford University, Palo Alto, California. 

t Present address: Department of Physical and Inorganic 
Chemistry, The University of Adelaide, Adelaide, South Australia. 

§ Department of Chemistry, Clark University, Worcester, 
Massachusetts. 

1 Any reference frame for which the flows are connected by a 
simple linear relation is a member of this class (see, for example, 
Secs. 2 and 4 of footnote reference 5). Although the problem of 
frames of reference for the flows arises in both theoretical and 
experimental investigations, it frequently has not received ade- 
quate attention, especially in experimental work. Different aspects 
of this problem have been considered by a number of previous 


practical and the fundamental diffusion coefficients 
depend on the frame of reference selected. Onsager’s 
reciprocal relations*® hold between certain of the 
Q,;, and the testing of these relations by using data for 
the D,;, together with certain thermodynamic data, is 
currently an important application of experimental 
results from studies of diffusion in multicomponent 
systems. Correct tests of the Onsager relations require 
proper specification of the reference frames, and in this 
paper we derive equations which are convenient to use 
in one route of testing these reciprocal relations. 

It is shown in Sec. II of this article that the existence 
of reciprocal relations between the 2,; for the mass- 
fixed frame (when chemical potential gradients of all 
components are included in the flow equations) re- 
quires that there be reciprocal relations between the 
Q,; for the solvent-fixed frame (when the chemical 
potential gradient of the solvent is eliminated from the 
flow equations). Explicit equations are obtained for 
computing the 2;; from the D,; for the solvent-fixed 
frame and then for evaluating these D;; from those for 
the volume-fixed frame. The volume-fixed frame is 
important to the experimentalist because the Dj; for 
this frame may be determined directly from experi- 
workers. Representative references, in addition to footnote 
references 2-5, include: (a) L. G. Longsworth, Ann. N. Y. Acad. 
Sci. 46, 211 (1945); (b) G. S. Hartley and J. Crank, Trans. 
Faraday Soc. 45, 801 (1949) ; (c) S. R. de Groot, Thermodynamics 
of Irreversible Processes (Interscience Publishers, Inc., New York, 
1951); (d) R. B. Bird, C. F. Curtiss, and J. O. Hirschfelder, Chem. 
Eng. Prog. Symposium Ser., No. 16, 51, 69 (1955); (e) O. Lamm, 
Acta Chem. Scand. 11, 362 (1957). 

2. Prigogine, Bull. classe sci. Acad. roy. Belg. 34, 930 (1948). 

3G. J. Hooyman, H. Holtan, Jr., P. Mazur, and S. R. de Groot, 
Physica 19, 1095 (1953). 

4G. J. Hooyman and S. R. de Groot, Physica 21, 73 (1955). 

5G. J. Hooyman, Physica 22, 751 (1956). 

®L. Onsager, Phys. Rev. 37, 405 (1931). 

7L. Onsager, Phys. Rev. 38, 2265 (1931). 


8 L. Onsager and R. M. Fuoss, J. Phys. Chem. 36, 2689 (1932). 
9 L. Onsager, Ann. N. Y. Acad. Sci. 46, 241 (1945). 
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mental measurements of diffusion; for the solvent- 
fixed or mass-fixed frames some auxiliary data, such as 
partial specific volumes, are required for determination 
of practical diffusion coefficients. Reciprocal relations 
are discussed both for solutions of nonelectrolytes and 
of strong electrolytes. 

In Sec. III we consider the problem of how to measure 
practical diffusion coefficients correctly when the 
partial specific volumes are dependent on -concentra- 
tion and the solutions therefore exhibit a change of 
volume on mixing. For this case a reference frame 
fixed on the diffusion cell is not a member of the class! 
for which simple flow equations may be written. Equa- 
tions for the J; relative to the cell must contain a 
term to describe the hydrodynamic, or bulk, flow of 
liquid in addition to the usual terms which describe 
the relative motion of the components. An expression 
for this bulk flow term is derived. 


Definition of Terms 


We consider diffusion in an isothermal liquid system 
containing g+1 components numbered 0, +++, g; the 
solvent is denoted arbitrarily by 0. For simplicity it is 
assumed that no chemical reactions occur between the 
components, and, except in the subsection devoted 
specifically to strong electrolytes, the components are 
considered to be nonelectrolytes. The equations are 
restricted to one-dimensional diffusion in the x direc- 
tion, and external fields (such as the earth’s gravita- 
tional field) are neglected. In this isothermal system 
we do not consider any flow of heat which may be 
produced by the flows of matter (Dufour effect). 

Throughout this paper J; will denote the (local) 
flow of component 7 expressed as g/sec crossing an 
area of one cm? normal to x, and c; will denote the 
(local) concentration of this component in g/cm*. The 
flow (J;)r, of component i measured relative to some 
frame of reference R, is related to the flow (J;)s, of this 
component relative to another frame of reference S, by 
the equation 


(Ji)r=(Ji)stemsr. (1) 


Here usp is the velocity of frame S relative to frame R 
at the position and time considered.” 

The four kinds of reference frames to be considered 
in this paper will be denoted by the subscripts M, 0, 
V, and C. Accordingly M denotes a mass-fixed frame of 


10 The velocity “gr may be described in terms of the velocity, 
ugc, of frame S relative to the diffusion cell and the velocity, 
urc, of frame R relative to the cell by 


(1a) 


The velocity of a given frame of reference relative to the cell will, 
in general, vary both with position and time. For example, a 
reference frame (or coordinate system) fixed relative to the local 
center of mass in one part of the cell will in general be moving 
with respect to a reference frame fixed relative to the local center 
of mass in another part of the cell. However, the same unit of 
length is used everywhere in the system to measure distances for 
every frame of reference considered. 


uUsr=Usc—URec- 
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reference, i.e., one moving with the local center of mass. 
At each time and each level in the cell-this frame has a 
velocity such that no net flow of mass occurs across a 
plane attached perpendicular to, and moving with, 
the x coordinate of this frame. The several flows 
(J;)m measured relative to this frame of reference are 
therefore subject to the relation 


L(Jdu=0. (2) 


The subscript 0 denotes a solvent-fixed frame" moving 
locally so that the net flow of solvent relative to it is 


zero, 
( Jo)o=0. (3) 


Similarly the letter V represents a volume-fixed frame 
moving locally so that no net flow of volume occurs 
relative to this frame at the time and level in question, 
i.e., 


Sa Jdr=0, 


i=0 


(4) 


wherein 6; is the partial specific volume of component 4 
expressed as cm*/g. Finally,” C is used to denote a 
coordinate system fixed on the cell in which diffusion 
occurs. 

The meanings of the first three frames of reference 
may be further clarified from the standpoint of experi- 
ment by writing their velocities relative to the cell in 
terms of flows relative to the cell. To obtain these 
expressions we require the equation for the solution 
density, p, in g/cm’, 

p= >» fy 
i—0 


(S) 
and also the relation 
Sye:=1. (6) 
=0 
Then, by replacing R by C and S by M in Eq. (1), 
summing over all components, and applying Eqs. (2) 


and (5), an expression is obtained for the velocity of 
the mass-fixed frame relative to the cell, 


sro (4/9) S3(F de. 
=0 


(7) 
The velocity of the solvent-fixed frame relative to the 


1 Although we let 0 denote solvent throughout this paper, all 
the flow equations are still applicable if instead 0 denotes one of 
the solutes. 

12 The number-fixed reference frame, N, 


[defined by 2 (J) x/Me=0] 


is not considered here because it does not seem particularly useful 
in studies of liquids. This frame is encountered in studies of gases; 
it should be noted that for ideal gases the volume-fixed and num- 
ber-fixed frames are identical. 
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cell is derived by writing Eq. (1) for component 0 and 
for frames C and 0, and then applying Eq. (3), 


toc = ( Jo) c/co. 


(8) 


To obtain the velocity of the volume-fixed frame rela- 
tive to the cell, Eq. (1) is written for frames C and V, 
multiplied by 5;, and summed over all components; 
application of Eqs. (4) and (6) leads to the desired 
expression 


sro= DD Idee (9) 
io 


In regions where all the concentration gradients are 
zero, these three velocities become identical and equal 
to the bulk velocity of the liquid relative to the cell. 
Where concentration gradients are present, so that the 
several components are moving relative to each other, 
the velocities of these three frames of reference relative 
to the cell are in general different. Then some con- 
vention must be adopted in order to define a hydro- 
dynamic, or bulk, velocity in these nonuniform parts of 
the system (see Sec. III); Onsager and Fuoss® and 
Onsager’ defined uyc, Eq. (9), to be the bulk velocity. 


II. DIFFUSION COEFFICIENTS AND TESTS OF THE 
ONSAGER RECIPROCAL RELATIONS 


Here we consider one route of testing the Onsager 
reciprocal relations for isothermal diffusion, and we 
derive equations which are convenient for making the 
necessary conversions of diffusion coefficients. The case 
of electrolytic solutions is considered at the end of this 
section. It is hoped that the material in this section and 
in Sec. ITI will stimulate improved tests of the Onsager 
relations and will help to clarify the relation of reference 
frames to experimental investigations of diffusion. 


Mass-Fixed Frame of Reference 


We begin with a set of fundamental flow equations 
written for the mass-fixed frame, M, 


(a= Zu) wX,j (i=0, +++,q). (10) 


For an exact description of nonsteady-state diffusion, 
including inertial effects,“*:> a general expression must 
be used for each force, X;. Included in this expression 
should be a term describing the force associated with 
the acceleration of component 7; for consistency, terms 
in the associated pressure gradient should be retained 


%8This may be shown by substituting into Eqs. (7)-(9) the 
relation (Ji) c=ci(ui) c, where (ui) ¢ denotes the local velocity 
of component 7 relative to the cell. Because (#:)¢ must be the 
same for every component when all the concentration gradients 
are zero, the equations are readily simplified by using Eqs. (5) 
and (6) and lead to usyc=toc=uyc= (mi) c. 

“ (a) R. J. Bearman and J. G. Kirkwood, J. Chem. Phys. 28, 
136 (1958); (b) R. J. Bearman, ibid. 31, 751 (1959). 
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in many of the subsequent equations.” Although such 
terms may be important in some experimental cases, 
they become negligible for the small concentration 
gradients usually encountered in experiments designed 
to measure diffusion coefficients. We will neglect such 
terms in the remainder of this article and write X; in 
the familiar form 


X;=—0p;/0x. (11) 


The derivative du;/dx (the chemical potential gradient 
for the one-dimensional case considered here) is taken 
with time constant; temperature and pressure are 
assumed to be constant. Throughout this article yu; 
denotes the chemical potential per gram of component j. 
Equation (10) now becomes 


(Jdu=— Xu) a(uy/22) (6=0, +++, 9). (12) 


16 Professor Kirkwood expressed considerable interest in this 
— gradient and suggested that in some experiments with 
arge concentration gradients (perhaps in certain cases of diffusion 
through membranes) it may be of practical importance. He wanted 
to expand Secs. IT and III to include terms in the pressure gradient 
and in the acceleration term (1/c;)[0(J;)c/dt] in each force. 
Because the remaining authors are not in a position to complete 
this extension as he visualized it, we omit these terms in this 
article and emphasize that the development given here should be 
applied only to the conventional type of experiment in which 
these additional terms are exceedingly small. It seems worthwhile, 
however, to indicate that by using for X; the relation [see Eq. 
(5.13) of footnote reference 14(a) or Eq. (12) of footnote reference 


14(b)], 
X j= —{ (8u;/dx) r+ (1/c5) [8( Js) c/At}} (11a) 


instead of Eq. (11), and by following the derivation outlined in 

s. (10)-(22), reciprocal relations between the (;;) a in Eqs. 
(10) still lead to reciprocal relations between the (Q;)o for the 
solvent-fixed frame. Equations (14)-(17) remain unchanged 
except that the X; defined by Eq. (11a) appear in Eq. (15) in- 
stead of —du;/dx (the subscript T on Ou;/dx in Eq. (11a) 
indicates that these new derivatives are taken at constant tem- 
perature but not at constant pressure). To eliminate Xo from this 
revised Eq. (15) the generalized form of Eq. (18) (with the 
pressure term retained), 


Bes(aus/02) r=0P/dx, (11b) 
is used to eliminate (du0/x) 7, and the derivative of Eq. (7) with 
respect to time 


8 (usec) fam 2a(J3) o/at (1c) 


is used to eliminate (1/co) [8(Jo) c/dt]. These substitutions lead 
to a form of Eq. (19) in which —dpu;/dx is replaced by X; from 
Eq. (11a) and there appears the addition term 


— [ (Gio) o/co] { (8P/dx) +[0(oumc) /dt]}. 
According to the equation of motion, 


(8P/dx) +[8(pusc) /dt] = —d[p(umc)*]/dx, (11d) 


the term in braces may be replaced by —9d[p(uarc)?]/dx. How- 
ever, this term may be neglected because a term of order (#arc)® 
corresponds to force terms of order higher than the first power; 
such terms have already been neglected in writing the linear 
henomenological relations, Eqs. (10). Therefore it is found that 
s. (20)—(22) remain unchanged. Equation (11d) may also be 
used to show that the pressure gradient from inertial effects 
is very small in the usual experiments for measuring diffusion 
coefficients. 
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As a result of considerations by Onsager of microscopic 
reversibility,®’ the (g+1)? fundamental diffusion 
coefficients in Eqs. (12) may be specified so that they 
are subject to the g(qg+1) reciprocal relations," 


(Q55) w= (Q;i) uw. (13) 


Solvent-Fixed Frame of Reference 


We now show that if flow equations for the solvent- 
fixed frame contain terms only in the chemical potential 
gradients of the solutes, the fundamental diffusion 
coefficients in these equations are subject to reciprocal 
relations as a consequence of Eq. (13). Flows relative 
to the solvent-fixed frame, 0, may be expressed in terms 
of those for the mass-fixed frame by starting with Eq. 
(1) written for frames 0 and M, (J;)o=(Ji) m+c temo. 
Then the velocity “yo in this relation is replaced by 
umo=— (Jo) /co [obtained by setting i=0 and apply- 
ing Eq. (3) ]. Thus one obtains 


(Ji)o=(Ji) m— (€i/€0) (Jo) mw. 


Use of Eq. (12) to express (J;) and (Jo) in terms 
of the chemical potential gradients leads to the flow 
equations 


(14) 


(Jdo=— Zo (Gs)o(/2), (i=0,+++,q) (15) 


wherein the new fundamental diffusion coefficients are 
related to those in Eq. (12) by 


(245) 0= (Giz) w— (€i/co) (oj) (16) 


It should be noted that in general these coefficients are 
not subject to reciprocal relations, i.e., 


(9:5) 0% (B;.)o. (17) 


16 Because terms for all components are included in Eqs. (12), 
neither the forces nor the flows are independent. Consequently 
Eqs. (12) do not uniquely define the (Q;;) 4 without auxiliary 
relations, and whether the (Q;;) 4 satisfy Eq. (13) depends on 
the choice of auxiliary relations. Suppose that to describe diffusion 
in a given system one uses for the (Qi;) 4 a set of permissible 
numerical values which satisfy the reciprocal relations, Eq. (13). 
If to each Eq. (12) is then added [see Eq. (18) ] the sum 


@ 
oi= —K; 2c; (du;/dx) =0, 
i=0 


where each K; is a constant, a new set of fundamental diffusion 
coefficients, (Qj) a= (23) m+Kic;, is obtained; these new co- 
efficients are not subject to reciprocal relations (except perhaps 
for special values of the K;). This does not imply that the Onsager 
reciprocal relations are entirely arbitrary. For a ternary system 
Eqs. (13) provide three restrictions on the (Q:;) 4. One restriction 
on the set of (Qj) for this system is required by Onsager’s 
considerations of microscopic reversibility; the other two are 
simply convenient definitions, such as may be achieved by ad- 
justing the K;. In this paper we need not consider the auxiliary 
relations required to define completely the (0;;) 4 in Eqs. (12); it 
is sufficient that such relations may be specified in a way so that 
Eqs. (13) are satisfied (see footnote references 4 and 18). 
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Next, the chemical potential gradient of component 0 
is eliminated from Eq. (15) by means of the Gibbs- 
Duhem equation written for constant temperature and 
pressure, 


Yes Ouj/ dx) =0. (18) 
j=0 


Solution of Eq. (18) for Au0/dx and substitution into 
Eq. (15) leads to the set of flow equations, 


(Jdo=— LGua(Qu,/x) (imi, +++, 9), 


(19) 


where 
(24;)o= (8:5) o— (¢;/co) (Bi) o, 
or, after substituting Eq. (16), 
(Qi) 0= (Qs) w— (4/0) (Qj) m— (€5/c0) (Qin) 
+ (c1¢;/c0*) (Q00) mw. (21) 


Application of Eq. (13) to Eq. (21) leads to the 
reciprocal relations!”:® 


(24j)o= (Qjs)o 


between these g*? fundamental diffusion coefficients. 
No information is lost by omitting a flow equation 
corresponding to i=0 from Eqs. (19), because (Jo)»=0 
from Eq. (3) and all (%;)o=0 from Eq. (21). 

Equations (19) are converted to flow equations 
containing practical diffusion coefficients for the solvent 
frame of reference by expressing the chemical potential 
gradients in terms of concentration gradients. Because 
there are g independent concentrations in a single-phase 
system of g+1 components at constant temperature 
and pressure, the chemical potential gradient of any 
solute, 7, may be written 


(20) 


(22) 


aysy/O2= 35 (Apj/Aex) (Oer/02)  (J=1, +++, 9). (23) 
k=1 


The derivatives (Ou;/dc.) and (dc,/dx) are taken at 
constant temperature and pressure; for (du;/dc,) all 


17 Reciprocal relations also hold between the new fundamental 
diffusion coefficients in Eqs. (19) when each (J;)o is expressed as 
moles/cm?/sec, and each y; as the chemical potential per mole. 

18 This is in agreement with Eq. (4.12.7) of Onsager and Fuoss 
(footnote reference 8), and Eq. (19) of Hooyman (footnote 
reference 5). Note that for the (Q%;)o to satisfy Eq. (22) it is not 
necessary for the (Qj) 4 to be defined so that they satisfy Eq. 
(13); it is sufficient that they may be defined so that Eq. (13) is 
satisfied. This may be shown by starting with the (9%;) ¢ defined so 
that they satisfy Eq. (13) and then adding o; (footnote 16) to 
each Eq. (12), using values of K; such that the ((j;) 4 do not 
exhibit reciprocal relations. After repeating the derivation with 
these ((i;) w one finds that in the equation corresponding to * 
(21) the coefficients of K; and Ko are zero, again giving Eq. (22 
as a consequence of (9i;) w= (Q;i) aw. 
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concentrations are held constant except c, and ¢».! 
Substitution of Eq. (23) into Eq. (19) leads to flow 
equations containing the practical diffusion coefficients, 
(D.x)o, for this frame of reference, 


(JJu=— X(Da)o(@ei/22), (i=1, +++, 9), (24) 


where” 


(Da)o= X(Gis)o(@us/8e). (25) 


Equations for computing values of the (Q2;;)9 from 
known values of (Dx) oare obtained by solving Eqs. (25) 
with the use of determinants. The result for the general 
case may be written formally as 


(Qij)o= | Ou/Ac | x/| Ou/dc | , (26) 


where | du/dc| represents the determinant of the 
matrix of (Ou;/Ocx.), and | du/dc | x. denotes the sum of its 
appropriate minors multiplied by the corresponding 
(Dix)o. For the case of g=2 (the only case sufficiently 
simple for routine experimental investigation at the 
present time) one obtains: 


(Qu)o=[ (Dir) 0(Op2/8c2) — (Diz) 0(Op2/de1) 1/ S 
(M2)o=[ (Diz) 0(Ou1/8e1) — (Dir) 0(Ou1/dc2) 1/.S 
(Q21) o=[ (Dar) 0( Ope/Ic2) — (Daz) o( Op2/de1) |/ S 
(22) 0=[ (Dez) 0(Opi/8e1) — (Dar) 0(Ou1/Ac2) / S, 
in which 1 


S= (Op1/9c1) (Op2/Ac2) — (Opi /Ac2) (Ou2/Aer) . 


(26a) 
(26b) 
(26c) 
(26d) 


(26e) 


Volume-Fixed Frame of Reference 


Relations will now be derived for computing practical 
diffusion coefficients for the solvent-fixed frame from 
those which may be determined by experiment for the 
volume-fixed frame. An expression for the velocity, uov, 
of the solvent-fixed frame relative to the volume-fixed 
frame is obtained by writing Eq. (1) for frames V 


1 It will be recalled that for nonelectrolytes the chemical po- 
tential per g, 4;, of component j can be expressed in terms of the 
concentration, cj, and molecular weight, M;, of that component 
and an activity coefficient, y;, (which may be a function of all 
solute concentrations) 


aj=uj°+(RT/M;) Iny;c;. (23a) 


Here R is the gas constant per mole and 7 is the absolute tem- 
perature. This activity coefficient, y;, is identical with the activit 
coefficient associated with the molarity scale of concentration; it 
is customary to let each y; approach unity as all the solute con- 
centrations approach zero. For a given solvent each reference 
chemical potential, u;°, is a function only of temperature and 
pressure. By differentiation of Eq. (23a) we see that 

Ou;/8e.= (RT/M;)/(8 Iny;/dc) (jk) (23b) 
and 


Op;/8c;= (RT/Mjc;) [1+ (8 Iny;/d Ine;) }. 
% See Eq. (18) of footnote reference 5. 


(23c) 
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and 0, multiplying this equation by 0;, summing over 
all components, and applying Eq. (4), 


(27) 


wt SHAT. 
= 


The sum is written from j7=1 to q because (Jo)o=0. 
Substitution of Eq. (27) into Eq. (1), written for 
frames V and 0, yields this relation between flows 
relative to these two frames of reference, 


(Ji)v= (FJe— ccd 3;( Ji)o- 


j=l 


Substitution of Eq. (24) into Eq. (28) then gives the 
set of flow equations 


(28) 


(J)v=— (Da) (@ei/92) (é=1, +++, 9), (29) 


in which the q* practical diffusion coefficients are 
related to the (Dx) 9 by” 


e a ee i=1, +++, 
(Da)y= (Da) edv(Dwdo {224}. 0) 


Values of the four (Dx)y for a ternary system may be 
obtained by procedures*-* developed recently for 
analyzing optical data for free diffusion (see Sec. III). 
Onsager’ proposed a set of (q+1)* practical diffusion 
coefficients for the volume-fixed frame of reference; for 
ternary systems equations have been derived” for 
calculating his nine coefficients from values of the 
four (Dix). 

To calculate the (Dx)o from measured values of the 
(Dax)y it is convenient to have an inverted form of 
Eq. (30). This is obtained by multiplying Eq. (30) 
by #;, summing from i=1 to gq, utilizing Eq. (6), and 
then using Eq. (30) once more to give 


(Dx)o 


j=1, +s, 
=(Da)r+(cVam) S0(Day (274). G30 


Equations (26) and (31) may be used to test 
Onsager’s reciprocal relations for isothermal diffusion 
at a given composition of a system containing three or 
more components. The data required are values of the 
(Dix) v, 0;, ¢i, and Op;/Ac,. Values of the (Djx)o are first 


21 Our Eq. (30) may be shown to be consistent with Eqs. (30) 
and (31) of footnote reference 5 by substituting appropriate 
weight factors into the latter equations. 

2 R. L. Baldwin, P. J. Dunlop, and L. J. Gosting, J. Am. Chem. 
Soc. 77, 5235 (1955). 

% P, J. Dunlop and L. J. Gosting, J. Am. Chem. Soc. 77, 5238 
(1955). 

“H. Fujita and L. J. Gosting, J. Am. Chem. Soc. 78, 1099 
(1956). 

% P. J. Dunlop, J. Phys. Chem. 61, 994 (1957). 

% H. Fujita and L. J. Gosting, J. Phys. Chem. (to be published). 

27M. Dole, J. Chem. Phys. 25, 1082 (1956). 

% F, E. Weir and M. Dole, J. Am. Chem. Soc. 80, 302 (1958). 
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calculated from Eqs. (31); then the (Qi)o are ob- 
tained by using Eqs. (26) [or (26a)-(26e) ]. If these 
coefficients are found to satisfy Eq. (22), Onsager’s 
relations are confirmed. This procedure has been ap- 
plied recently”. to data for several compositions of 
the system NaCl-KCI-H,0 by defining the electrolyte 
components as indicated in the next subsection; 
within experimental error (Q2)o was found to equal 
(Q1)o. One advantage of this procedure for testing 
Onsager’s reciprocal relations is that the (Dz)o and 
(Q.;)0 are clearly defined diffusion coefficients in flow 
equations of simple form; their numerical values may 
be useful in other types of investigations. 


Another route of testing the Onsager reciprocal rela- 
tions has been developed by Miller.**-* He defined a 
set of fundamental diffusion coefficients for the volume- 
fixed frame in such a way that they exhibit reciprocal 
relations; this required the use of composite forces 
(linear combinations of the chemical potential gra- 
dients) instead of a single chemical potential gradient 
as in Eq. (11). 


Reciprocal Relations for Solutions of Strong 
Electrolytes 


Here we begin with a set of equations connecting 
forces and flows for ionic species. We use the reciprocal 
relations between coefficients in those equations to 
show that reciprocal relations exist between funda- 
mental diffusion coefficients in certain flow equations 
for electrically neutral components.*-* It is assumed 
that no external electric field is applied, so that the net 
electric current is zero. For simplicity the following 
derivation is restricted to systems containing an un- 
ionized solvent (denoted by zero) and a total of s 
ionic species in solution; conclusions regarding the 
reciprocal relations are not altered if other un-ionized 
components are present in addition to the solvent. 
Furthermore, the only neutral components made of 
ions (salts) considered here will be those composed of 
only two kinds of ions. A total of (s—1) such salts 
should be considered when describing diffusion in these 
systems because the ionic concentrations are in general 
restricted only by the condition of electroneutrality. 
For electrolytic solutions, unlike solutions of nonelec- 
trolytes free from chemical reactions, there may be 
some arbitrariness in the choice of the salt components 


2 P. J. Dunlop and L. J. Gosting, J. Phys. Chem. 63, 86 (1959). 

* P. J. Dunlop, J. Phys. Chem. 63, 612 (1959). 

3. D—D. G. Miller, J. Phys. Chem. 62, 767 (1958). 

® DP. G. Miller, J. Phys. Chem. 63, 570 (1959). 

% D. G. Miller, Chem. Revs. 60, 15 (1960). 

% For ternary solutions of electrolytes, a conversion of equations 
which describe diffusion in terms of ionic species to equations in 
terms of neutral components has been made by Miller, who con- 
sidered these transformations for the equation giving the entropy 
production (see Appendix I of footnote reference 32). 

% A different description of diffusion of electrolytes (including 
consideration of electric currents) has been given by B. R. Sund- 
heim, J. Chem. Phys. 27, 791 (1957). 
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as a consequence of dissociation.* For example, in a 
system containing the ionic species Nat, K+, Cl-, and 
Br~ in addition to the un-ionized solvent, any three of 
the four neutral solute components NaCl, NaBr, KCl, 
and KBr may be used to describe diffusion in the 
system. However, some choices may be less convenient 
than others if they lead to negative amounts of a salt. 
It is also possible to consider a neutral component 
composed of two ionic species of like charge, e.g., one 
mole of K+ ions and minus one mole of Nat ions; 
terms corresponding to such components are included 
for generality in the first steps of the following deriva- 
tion, but they are subsequently eliminated by defining 
the concentrations of such components to be zero 
[i.e., by choosing other components for the required 
(s—1) salts ]. 

We begin with a set of equations” expressing each 


% There is no problem for s=2 and for s=3; the neutral solutes 
are considered to be, respectively, a single salt and two salts with 
a common ion. For s=4 two cases may be encountered. If three of 
the four ionic species have electric charges of the same sign, the 
neutral solutes are considered to be three salts with a common ion. 
If two positive and two negative ionic species are present some 
arbitrariness exists as indicated in the text, where a solution is 
considered containing ionic species Na+, K*, Cl-, and Br~. The 
arbitrariness is generally greater for larger values of s, except when 
all of the salts have a common ionic species. 

37 Equations expressing forces in terms of flows, instead of flows 
in terms of forces, are encountered frequently in the literature, 
and they seem more convenient for the present derivation. 
Equation (5.13) of footnote reference 14(a) is of this type. Our 
Eqs. (32) and (33) are identical with equations which have been 
given by Onsager and Fuoss [see footnote reference 8, Eqs. 
(4.12.8), (4.12.9), (4.14.1), and (4.15.4), and pp. 2762 and 2763]. 

By a derivation somewhat similar to that used to obtain 
Eq. (19) from (12), Eq. (32) may be obtained from the following 
expression containing ps of all ionic species and of the solvent 
relative to the mass-fixed frame, 


— 0fi;/dx= E (Rij) w(Ji) ae 
ind 


(t=0,++*,s). (32a) 


To express the (J;) in terms of flows for the solvent-fixed frame, 
first Eq. (1) is written for frames M and 0. Then terms in this 
relation are summed over all components and Eq. (2) applied to 


obtain «oy. Substitution of this expression back into Eq. (1) for 
frames M and 0 gives the relation 


(J;) w= Bl8— (c4/p) 1 (Jado. 
k=0 


Here 6; is the Kronecker delta (5j4=1 if j=k and 5;,=0 if jk). 
Substitution of Eq. (32b) into (32a) gives 


— afi/ax— %(Ru)o( Jeo 


in which 


(32b) 


(é=0, +++, 5), (32c) 


(Ru)o= (Ra) w~ (1/0) es(Res) a. (32d) 


Because (Jo)o=0 [Eq. (3)], Eqs. (32c) for the ionic species 
are seen to be identical with Eqs. (32). If a restriction p S 
by Onsager [see Eq. (7b) of footnote reference 9] may be applied 
to the (Rij) 4 in the form 
Bes(Ris) w= 0, (32e) 
ino 
it follows from Eq. (32d) that (Rix) w= (Rix)o. Then the sub- 
scripts 0 and M could be omitted from the Ry and reciprocal rela- 
tions for the (Riz) would correspond directly to Eq. (33). 


To avoid any uncertainty the subscripts 0 are retained on the Rix 
in the text. 
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ionic force in terms of ionic flows for the solvent-fixed 
frame, 


—ani/ae= (Rao Ji) (i=1,+++,5), (32) 


in which the coefficients are subject to the reciprocal 
relations 


(Rixe)o= (Rei)o- (33) 


Here fi; denotes the electrochemical potential per gram 
of ionic species i (i.e., its chemical potential per gram 
plus the product of its charge per gram times the local 
electrostatic potential) . 

By use of the principal of conservation of mass, each 
ionic flow may be expressed in terms of the flows of 
neutral components, 


apt 2t( Sua)o 
(Jn)o= Mid ai 


Here symbols M;, M;, %, and 2; denote the ionic weights 
and electrochemical valences (with sign) of ionic 
species k and /, and (Ji:)o is the flow in g/cm?/sec of 
neutral component k/. Each component &/ is composed 
of ionic species k and / in relative amounts such that kl 
is electrically neutral. For generality the sum in Eq. 
(34) is taken from 1 through s, though in practice 
only the (Jx:)o corresponding to the chosen (s—1) 
neutral components may be nonzero. Obviously the 
flow of component kk ( a hypothetical neutral “com- 
ponent” formed from one mole of ionic species k and 
minus one mole of the same ionic species) is zero. 
Furthermore, the flows of possible neutral components 
composed of two different ionic species with the same 
sign of charge are defined to be zero. For use later 
it should be noted that (Jet) o= (Ju)o. 

An expression for the chemical potential per gram, 
ij, Of neutral component 47 is obtained by first writing 
its chemical potential per mole as a sum of the electro- 


(k=1, +++,5). (34) 





(Rigt)o= 


2iM,[2;M i( Rix)o—2sMj( Ry) 0 ]+2M i2iM;( Rj) 0—2;M ( Rio] 
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chemical potentials per mole of ionic species i and j, 
each multiplied by the number of moles of that species 
in the component. In terms of chemical potentials and 


electrochemical potentials per gram that expression 
becomes 


(2M iti— 2M jj) i=1, +++, 8 
bi= 4 . (35) 

(2;M ;—2,:M)j) gwi, oo, 
Differentiation of Eq. (35) with respect to x and 


substitution of Eqs. (32) for the electrochemical po- 
tential gradients gives 








eres _5 [2M s( Rix)o—2:M;( Ry) 0] 
Op i;/dx p> (GMfcadl) 


Use of Eq. (34) to replace the ionic flows by flows of 
neutral solute components yields the relations 


— Op i;/dx 
y : Genrer 0] 
(2;M ;—2:M;) (2Mi—2.M1) 


(Jk)o. (36) 





\(Jude (37) 


k=l l=1 


The trivial terms corresponding to k=/ may be omitted 
by writing the double sum as 


»» I (Jude pai }(Jut)o]- 


Because the terms in the second of these double sums 
are identical to those in the first, except that the values 
of k and / are interchanged, we may use the knowledge 
that ( Je:)o=(Ju)o and that ui;=;;, to write Eq. (37) 
in the desired form: 


— (Opis/Ox) icy 


i YE (Reyns)o( Judo Gus see,j—1 


k=l l=? =2,+**,5 


), G8) 


where 





(2;M ;—2;Mj) (2:Mi—2xM1) 


As a consequence of Eq. (33) it can be readily shown 
that these coefficients are subject to the reciprocal 
relations 


(Rijer)o= ( Reris)o. (40) 


Equations (38) are still unnecessarily complex; they 
represent $s(s—1) relations each containing the flows of 
3s(s—1) neutral solute components. They may be 
simplified by retaining only those terms corresponding 
to the (s—1) salts which are selected as independent 
solute components: the flows of other possible neutral 
solute components are set equal to zero and the equa- 
tions for the corresponding forces are omitted. This in 


(39) 





no way disturbs the reciprocal relations, Eqs. (40), 
for the remaining coefficients. 

These expressions, for independent forces in terms of 
independent flows, for the (s—1) salt components may 
be solved easily by determinants to obtain equations 
for the flows in terms of the forces. The resulting (s—1) 
relations become identical with Eqs. 19 if the salt com- 
ponents are renumbered 1, «++, s—1. Furthermore, the 
coefficients of the force terms (the fundamental diffu- 
sion coefficients) in these equations may readily be 
shown to exhibit reciprocal relations as a consequence 
of Eqs. (40). Therefore Eqs. (19) and (22) may be 
applied to solutions of electrolytes if the flows and 
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chemical potentials are properly identified with neutral 
salt components as indicated in this subsection. 


III. FLOWS RELATIVE TO THE CELL WHEN THE 
VOLUME CHANGES ON MIXING 

If the partial specific volumes of the components 
depend on concentration, a volume change will gen- 
erally occur during diffusion. The resulting hydro- 
dynamic, or bulk, flow has no effect on flow equations 
for reference frames M, 0, and V [e.g., Eqs. (12), (15), 
(19), (24), and (29) ], or on corresponding flow equa- 
tions for other frames in the same class.' A term de- 
scribing this bulk flow must, however, be included in 
correct expressions for the flows (J;)c relative to the 
cell-fixed frame, the one generally associated with ex- 
perimental studies. Consider, for example, a diffusion 
cell that is closed at the bottom and open at the top, 
and in which two homogeneous solutions of different 
composition are placed initially, one above the other, 
with a sharp boundary between them. During diffusion 
the liquid at every level in and above the region of the 
diffusing boundary is subjected to a hydrodynamic flow 
created by the volume changes occurring below that 
level. This hydrodynamic flow is in general a function 
of height in the cell and of time. Above the boundary 
region the concentration gradients are zero during free 
diffusion; here the velocities of reference frames M, 
0, and V (and of other frames in this class)! are iden- 
tical and equal to the hydrodynamic velocity, which 
may be observed experimentally as the velocity of the 
air-liquid meniscus at the top of the solution column. 
Therefore it is evident that a sum of products of diffu- 
sion coefficients times concentration gradients (or 
chemical potential gradients), which was adequate to 
describe flows for the reference frames considered in 
Sec. II, is not adequate to describe flows relative to the 
cell; without the additional term describing bulk flow 
such an expression would erroneously predict that 
(J:)c=0 in this region where all the concentration 
gradients are zero. Within the region of the diffusing 
boundary the velocities uc, woc, and uyc are generally 
not equal, which indicates that the term “bulk ve- 
locity” may be defined in a somewhat arbitrary way; 
a common definition is** uyc. 

In this section we derive equations for (J;)c¢ and 
use them in considering how to measure practical 
diffusion coefficients correctly when the partial specific 
volumes depend on composition. First the velocity, 
urc, of an arbitrary frame of reference R is expressed in 
terms of the partial specific volumes, their variation with 
distance, and the flows in this frame of reference. 
(Reference frame R will be identified subsequently with 
frames 0 and V, respectively.) The desired equations 
for (J;)¢ are then obtained by substituting this expres- 
sion for urc into Eq. (1) written in the form 


(Ji)c=(Ji)etemrc (i=0, +++, q). 


Some relations for describing diffusion in binary 
systems when there is a volume change on mixing have 


(41) 
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been presented by Prager* and Crank*®; their con- 
siderations emphasized Fick’s second law. In the follow- 
ing derivation the equations are applicable to multi- 
component systems, and the term describing bulk flow 
appears directly as part of the flow equations which are 
generalizations of Fick’s first law. 


Velocity of an Arbitrary Frame of Reference R 
Relative to the Cell. 


By differentiating Eq. (41) with respect to x at 
constant time, multiplying by 5;, and summing over all 
components, one obtains 


2 09) 2 d ] + (22) Se 


es Oc; 
+ une Soo ) . 


(42) 
The third term on the right is zero because 


Y¥.(8e4/Ax) = — Yes(a6,/x).=0, 


i=0 


(43) 


where the first equality is obtained by differentiation 
of Eq. (6) with respect to x, and the second equality 
is a consequence (when temperature and pressure are 
constant) of the relation” for partial specific volumes 
analogous to the Gibbs-Duhem equation. That the 
term on the left of Eq. (42) is also zero may be shown 
by substitution of the continuity equation which, when 
written for the cell coordinate system, has the form 


(dc ;/dt) 2= —[0(Ji)c/dx]:. (44) 


The resulting sum, — }°5;(dc;/dt),, can be shown to be 
zero by a route analogous to the derivation of Eq. (43). 
Thus Eq. (42) reduces, after application of Eq. (6) 
and changing the subscripts from i to j, to 

(dunc/dx).=— Sofa(Jin/ax. (45) 

j=0 
An expression for “xc may be obtained by inte- 
grating Eq. (45) by parts. Because some boundary 
conditions must be assumed in order to obtain a 
usable relation, we consider here the familiar case of 
free diffusion in a rectangular cell which is closed at the 
bottom and open at the top; then, if the positive 
direction of x is downward, as x—>-++ © we have urc—0 
and every J;— 0. Integration subject to these boundary 

conditions leads to the result 


ueo=— Di, Js)at [2 J,)a( 06/02) ede. (46) 
j=0 +o j—O 


Similar expressions corresponding to other boundary 
conditions are readily obtained if desired. One can see 


%S. Prager, J. Chem. Phys. 21, 1344 (1953). 

® J. Crank, The Mathematics of Diffusion (Oxford University 
Press, New York, 1956), p. 236 ff. 

See, for example, K. Denbigh, The Principles of Chemical 
Equilibrium (Cambridge University Press, New York, 1955), 
Eq. (2.114). 
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from Eqs. (46) and (4) that uyc=0 if the 6; are 
constants; this has been pointed out previously.*.* 


Equations for Flows Relative to the Cell 


A general relation for (J;)c in terms of flows relative 
to the arbitrary frame of reference R is obtained by 
using Eq. (46) to eliminate urc from Eq. (41). In 
writing this result it is possible to express the deriva- 
tives (00;/dx), in terms of concentration gradients of 
the solutes because at constant temperature and 
pressure, the 5; are functions only of the g solute con- 
centrations 


(Jde=(Fdam ene 
j=0 


+6] (Js) 2Y(08)/8C:)emp(2ex/@4)de. (47) 
+0 j—0 =1 


Here the subscript ¢m<: on (00;/dc;) indicates that all 
concentrations except c; and co are held constant during 
the differentiation. Before Eq. (47) may be used in 
connection with experimental studies, flows relative to 
frame R must be replaced by terms containing con- 
centration gradients and practical diffusion coefficients; 
this will be done here only for frames 0 and V, although 
it may be done also for other frames in this class.! 

To consider the solvent-fixed frame, Eqs. (3) and 
(24) are introduced into Eq. (47) after changing the 
subscripts R to 0. This leads to the relation 


(J)o== LL (Da)o—esQ0(Duo](@er/02) 


-ef & p> > (60,/ac1) (Dix) 0(0ci,/Ax) (Be1/dx) dx, 


j=l k=l l=1 
(48) 


where for brevity the subscript cm: has been omitted 
on (00;/0c:). One can see from Eq. (30) that the term 
in brackets equals (Dix) v. 

An expression for (J;)c¢ which contains diffusion 
coefficients for the volume-fixed frame of reference is 
obtained by applying Eqs. (30) and (31)-(48), 


(Jie= — 2 (Da) v(da/a2) 


—cif YY (0,/a0) LD») 
+00, l=1 


j=l kml l= 


+ (¢4/¢obo) >28m(Dma) v1(Acx/Ax) (Acr/ax)dx. (49) 


This equation could have been obtained directly from 
Eqs. (41) and (46) by letting R denote the volume- 
fixed frame and applying Eqs. (4), (29), and (43). 

To simplify discussion of these equations and their 
characteristics we write them for binary systems in 
the form 
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(Ji)e=— (1—cb1) (D) 0(0e,/dx) 


a i ” (aby/ac;)(D)o(der/ax)%dx (50) 
+c 
and 


(S1) 
Here (D)o=(Du)o denotes the diffusion coefficient of 
the solute for the solvent-fixed frame, and (D)y= 
(Du) v denotes the mutual diffusion coefficient (which 
is the same for both components)**! for the volume- 
fixed frame. 

The integrals in Eqs. (48) and (49) [or (50) and 
(51) ] are identical, as can be seen by referring to Eq. 
(31). That the negative of the integral in Eq. (49) 
equals the bulk velocity uyc may be shown by applying 
Eqs. (4), (29), and (43) to Eq. (46); the last term in 
Eqs. (48)-(51) is therefore the bulk flow c,uyc of 
component 7. The integrals in these equations obviously 
are zero if the partial specific volumes of the solutes are 
constant, in agreement with some previous*® considera- 
tions of the mean volume velocity or bulk velocity. 
However, the terms containing these integrals also may 
be neglected if the partial specific volumes depend on 
the concentrations, provided that each Ac, (the con- 
centration difference of solute k between the two 
solutions used to form the initial boundary) is made 
sufficiently small. One can readily see this from Eqs. 
(50) and (51) for the case of binary systems, for which 
0c,/dx is to a first approximation proportional to Ac 
for a given position and time. Because the first terms of 
Eqs. (50) and (51) are of order Aci, the integral terms, 
which are of order (Ac,)?, may be neglected for small 
Ac;. Therefore if either (a) 6, is constant, or (b) Ac; is 
sufficiently small, Eq. (51) reduces to the classical 
form of Fick’s first law, which has been basic to de- 
velopment of procedures for obtaining practical diffu- 
sion coefficients from studies of diffusion. Equations 
(50) and (51) show that such experimental procedures 
yield directly values of (D)y [rather than, for example, 
(D)o]. If each solute in a multicomponent system is 
subject to restriction (a) or (b), it may be shown 
similarly that Eqs. (49) reduce to extensions”: of 
Fick’s first law which (for free diffusion in ternary 


‘systems) have been used to derive procedures”~* for 


obtaining practical diffusion coefficients. Equations 
(48) and (49) show that such procedures yield directly 
values of (Dx) vy [not (D.x)o]. For experiments in which 
the d; depend on concentration and the Ac; are not small, 
Eqs. (48)-(51) may be used as starting equations 
from which to develop new procedures for the correct 
determination of practical diffusion coefficients when 


there is an appreciable change of volume on mixing. 


41R, P. Wendt and L. J. Gosting, J. Phys. Chem. 63, 1287 
(1959). 
42 See p. 219 ff. of footnote reference 39. 
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The microwave spectrum of ordinary propane and five isotopic species have been measured and analyzed. 
The rotational constants of C;Hs are 29 207.36, 8446.07, and 7458.98 Mc, and the dipole moment is 0.083 
0.001D. In its equilibrium configuration the molecule has C2, symmetry, with both CHs; groups staggered 
with respect to the CH group. The complete structure has been determined by the substitution method. 
Important parameters are: r(CC)=1.526+0.002 A, XCCC=112.4°+0.2°; in the CHe group, r(CH)= 
1.096+-0.002 A, x HCH= 106.1°+0.2°; in the CH; groups, r(CH)= 1.091+-0.010 A, XHCH= 107.7°+1.0°. 
The influence of zero-point effects on the structure determination is discussed; these are found to be par- 
ticularly bad for the CH; group, probably because of its large vibrational amplitude. 





INTRODUCTION 


LTHOUGH saturated hydrocarbons are commonly 
considered to be “nonpolar,” there is clearly a 
possibility of finite permanent dipole moments in all 
but the most symmetric molecules. Recently, the 
microwave spectrum of isobutane’? has been observed, 
and its dipole moment was determined to be 0.132 D. 
This suggested that other saturated hydrocarbons might 
be amenable to study. It has now been found that the 
dipole moment of propane is large enough for micro- 
wave absorption to be detected. The spectrum of 
ordinary propane has been measured and analyzed. 
Five isotopic species have also been studied, and the 
structure of the propane molecule has been completely 
determined. 


EXPERIMENTAL 


The propane spectrum was observed with an 80 kc 
Stark-modulation spectrograph.’ Field strengths up 
to 8000 v/cm were used. All measurements were made 
at —70°C, 

Research grade propane from two different 
sources was used in the measurements. Samples of 
C"H;CH2CH; and CH;C"H:CH; in approximately 
50% abundance were very kindly provided by Dr. 
D. P. Stevenson of Shell Development Company. 
The deuterated samples were prepared by Dr. Max 
Hellman of the National Bureau of Standards. 


NATURE OF THE SPECTRUM 


A search for the spectrum of ordinary propane re- 
vealed only six lines in the 20-34 kmc region. Each of 
these was quite sharp and showed a very slow Stark 
effect. The lines fitted quite naturally into a rigid- 
rotor series of the type Joy—Ji,s-1 with J ranging from 


* A part of this research was conducted while the author held 
a National Science Foundation Senior Postdoctoral Fellowship 
at the Department of Chemistry, University College London. 

1D. R. Lide and D. E. Mann, J. Chem. Phys. 29, 914 (1958). 
( osey Maryott and G. Birnbaum, J. Chem. Phys. 24, 1022 

1956). 

3D. R. Lide, D. E. Mann, and R. M. Fristrom, J. Chem. Phys. 
26, 734 (1957). 


1 to 6. If absorption coefficient were the only criterion, 
many additional lines of greater intensity would be 
expected in the same region. However, the very low 
dipole moment of propane leads to a rather unusual 
situation. Calculations show that the ability to achieve 
sufficient Stark modulation, rather than the intrinsic 
intensity of the transitions, sets the limit of detecta- 
bility. The Joy—Jis-1. transitions are particularly 
favorable, since the Stark coefficients tend to be large 
and, more important, the component with the largest 
Stark shift (M=J) is the most intense one. Even in 
these transitions it was necessary to depend on one, or 
at best two components for modulation (in the J=3 
line the M=2 component was partially resolved). 
One other transition in the accessible frequency range, 
Oow—1n, was predicted to have a feasible Stark shift, 
and this line was detected at 36 666 Mc. No transitions 
of the type AJ =+1, AK=—1 could be detected with 
the maximum Stark field available, even when accurate 
predictions of frequency could be made. Calculations 
on the most favorable of these transitions showed that 
the Stark shifts were indeed too small for adequate 
modulation. 

The same considerations apply to the isotopic species 
of propane. The same transitions were observed here, 
with the exception of 19:11 which was too weak to be 
measured. The observed frequencies of ail species are 
listed in Table I. 


Although the frequencies follow a rigid-rotor formula 
sufficiently closely to leave no doubt about the assign- 
ment, small centrifugal distortion contributions are 
present. It was found that a precise fit could be ob- 
tained by including a term of the form k J?(J+1)? in 
the frequency of the Jor—J;,7-1 transitions. When this 
term was included, the average deviation between 
observed and calculated frequencies was about 0.03 
Mc for the isotopic species and rather less for ordinary 
propane. The rotational constants determined in this 
way are given in Table I. 

Some objection might be raised to the introduction 
of a J?(J+1)? centrifugal distortion term without the 
inclusion of a term in J(J+1). If only a J(J+1) 
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TaBLe I, Observed frequencies and rotational constants (in Mc) for propane and its isotopic species. 





Transition CH;CH2CHs C#H;CH2CHs 


CH,C“H;CH; 


CH:DCH:CH; 


CH;CHDCH; sym 


asy 





la-lio 21 748.37 
2a 2 22 769.74 
30312 24 365.47 
4u—4is 26 609.24 
S054 29 592.51 

Ors 33 414.72 
Oo 11 36 666.33 


a 29 207.36 
b 8446.07 
c 7458.98 
k —0.00228 


22 788.80 
24 315.01 
26 456.74 
29 298.58 
32 933.58 
36 373.78 


29 092.05 
8228.77 
7281.73 

—0,00155 


22 299.03 
23 961.76 
26 306.35 
29 432.48 
33 446.47 
36 083.69 


20 616.12 
22 137.98 
24 283.11 
27 141.90 
30 811.32 
34 014.10 


26 828.97 
8123.10 
7185.14 

—0.00319 


22 938.16 
24 324.96 
26 262.62 
28 822.23 
32 083.91 
35 989.76 


29 017.79 
7838.32 
6971.96 

—0.00188 


19 670.78 
21 445.48 
23 971.76 
27 370.09 
31 759.70 
33 112.93 


25 829.94 
8358.76 
7283.00 

—0.00225 





The uncertainty in the AJ =0 lines is about 0.03 Mc for ordinary propane and 0.06 Mc for the isotopic species. Because of incomplete modulation, the uncertainty 
in the Ooo—11 lines is about twice as large. The rotational constants a, b, c are believed to be accurate to 0.05 Mc for ordinary propane and 0.10 Mc for the isotopic 


species, 


term is used, the fit is poorer and the coefficient turns 
out abnormally large. The use of both a J(J+1) 
and J?(J-+1)? term would obviously permit a better 
fit than is possible with either term alone, but the 
improvement would be meaningless because of the 
limited amount of data. Therefore, it seemed preferable 
to use a single adjustable parameter and to choose a 
functional form which gave the best representation 
of the data. The constant & should thus be regarded as 
an empirical term which lumps together the effect of 
several distortion constants. 

The manner of handling centrifugal distortion is 
important only in its possible effect on the rotational 
constants of propane. If a J(J+1) term is present, its 
coefficient (Dyx in the usual notation) is unlikely to 
exceed 0.05 Mc. Such a term would alter the rotational 
constants by a maximum of 0.20 Mc. While this change 
is larger than the experimental uncertainty, its magni- 
tude should be roughly the same for all isotopic species, 
so that the isotope shifts, which are important in the 
structure determination, should not be significantly 
affected. 


STARK EFFECT AND DIPOLE MOMENT 


Although the Stark shifts in propane are very small, 
it was possible to make reasonably good measurements 
on the M=J components of several lines. Maximum 
shifts of 2 to 3 Mc were obtained. The observed Stark 
coefficients are compared with calculated values in 
Table II; the agreement is quite satisfactory. From this 
calculation the dipole moment is determined to be 


u=0.083+0.001D. 


INTERNAL ROTATION 


The failure to observe a fine structure on the lines 
in the propane spectrum allows a lower limit of about 
2700 cal/mole to be placed on the barrier to internal 
rotation of a methyl group. This is consistent with the 
value of 3200 cal/mole obtained by thermodynamic 


means.‘ It is probable that resolvable splittings occur 
in the first excited torsional states of propane, and 
these would permit a precise determination of the 
barrier height. However, no lines could be detected 
which might be reasonably assigned as vibrational 
satellites. The intensities of the torsional satellites are 
expected to be down by about a factor of 10 from the 
ground state (if splittings are resolved), and this 
unfortunately places them just at the threshold of 
detectability. 


EQUILIBRIUM CONFIGURATION OF PROPANE 


While there is little doubt about the general con- 
figuration of the propane molecule, the arrangement of 
the methyl groups is not entirely obvious. In principle 
there are several possible configurations which would 
lead to different point groups for the complete mole- 
cule. The correct choice can be made quite unam- 
biguously from the microwave spectrum of the 
CH:DCH,CH; species. If the point group is Cy, there 
will be two distinct substitution points for the D atom, 
one in the CCC plane and the other out of plane. The 
spectrum will thus show two rigid-rotor species with 
statistical weights 1:2. If the point group is C2 (methyl 
groups rotated by equal amounts from the C2, posi- 
tion), there will be three distinct species with equal 
weights. On the other hand the methyl groups might 
be staggered with respect to each other, giving a C, 


TABLE II. Stark effect of ordinary propane. 





Av/g? [Mc(kv/cm)~?] 


Transition M Observed 


Calculated* 





la—lio 1 
2n—2n 2 
30312 3 


0.040 +0.003 
0.0485+0.0010 
0.0459-0.0015 


0.0425 
0.0479 
0.0464 





® Calculated with 4=0.0830D. 


4G. B. Kistiakowsky and W. W. Rice, J. Chem. Phys. 8, 610 
(1940). 
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structure. Here one would expect four species with 
weights 1:2:2:1. More species would result if the 
symmetry were even lower. 

The observed spectrum of CH:DCH:CH; proves 
that the correct point group is Cx. The two rigid- 
rotor species which are observed will be designated as 
sym (D atom in CCC plane) and asy (out of plane). 
There are, of course, two arrangements which would 
result in a Cy, structure. From an examination of the 
actual moments of inertia of the sym and asy species, it 
is readily seen that the correct equilibrium configuration 
is one in which the in-plane H atom on each methyl 
group is staggered with respect to the methylene CH, 
triangle (i.e., the out-of-plane H atoms of one CH; 
group are eclipsed with respect to the corresponding 
atoms of the other CH; group) .® 

This result has some bearing on the problem of 
barriers to internal rotation. If there were no interac- 
tions between the two CH; groups in propane, one 
would indeed expect, by analogy with ethane and its 
derivatives, the C2, configuration which has been found 
here. A strong repulsion between H atoms on different 
CH; groups would tend to force a rotation of the CH; 
groups and thus promote a C; structure. If this methyl- 
methyl repulsion were completely dominant, it would 
presumably lead to a C, structure. Since no tendency 
for the CH; groups to rotate from the C2, position is 
found, one can conclude that methyl-methyl interac- 
tions are of minor importance in propane, and that the 


barrier to internal rotation results principally from 
interactions between bonds which are only once re- 
moved. This conclusion is supported by work on iso- 
butane and other C3, molecules', where the methyl- 
methyl interaction term is found by direct measure- 
ment to contribute only a small amount to the barrier. 


STRUCTURE 


The principal moments of inertia of all isotopic 
species of propane are collected in Table III. Before 
discussing the calculation of the structure from these 
moments, it is worthwhile to inquire into the validity 
of the rigid-rotor approximation for propane. In the 
last column of Table III is tabulated the quantity 


TaBLE III. Principal moments of inertia (in amu A?). 








Species Ie Ip Ie = IatIo—Ie 





CH;CH2CH; 
C8H;CH2CH; 
CH;C*H2CH; 
CH;CHDCH; 
CH2DCH2CH; (sym) 
CH:DCH2CH; (asy) 


17.3083 
17.3769 
17.6386 
19.5715 
17.4214 
18.8427 


59.8540 
61.4346 
59.8466 
60.4792 
64.4948 
62.2337 


67.7748 
69.4246 
68.1016 
69.4125 
72.5092 
70.3578 


9.3875 
9.3869 
9.3836 
10.6382 
9.4070 
10.7186 








® Experimental uncertainty in Jg+J»—I/¢ is about 0.0010. 


5 We cannot exclude the possibility of a small potential hump 
in the planar position. However, a significant potential maximum 
would probably show up in the spectrum in other ways. 
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I,+1,—I., which should be invariant to an isotopic 
substitution in the CCC plane. The observed change 
in this quantity is small (though experimentally 
significant) for substitution on either C atom, but is 
appreciably larger (0.020 amu A?) for substitution on 
the sym (in-plane) H atom. This rather large change is 
probably associated with the torsional oscillation of 
the methyl groups, which leads to unusually large 
vibrational amplitudes for the methyl H atoms. One 
can make a rough estimate of this effect in the following 
way. The sum J,+J,—I, can be regarded as an ap- 
proximate measure of ).m,(z2), where z is the coodi- 
nate perpendicular to the CCC plane, and the average 
is taken over the vibrational motion. If we consider 
only the torsional mode and take this as a harmonic 
oscillation with a frequency of 250 cm, we find that 
mz?) is about 0.03 amu A? for the in-plane H atom. 
When deuterium is substituted at this position, m (z*) 
will increase by about 0.02 amu A? (after taking into 
account the reduced amplitude). While this calculation 
is very crude, it does show that the observed change in 
Ia+Ip—I, has the expected sign and order of mag- 
nitude. This effect should be much smaller in the case 
of carbon substitution because of the smaller vibra- 
tional amplitudes. Indeed, the-observed change in J,+ 
I,—I. is here negative, as is usually found in planar 
molecules. 

The structure of the propane molecule is described 
by nine independent parameters, after taking advantage 
of the known C2, symmetry. A total of 18 moments of 
inertia are available for the various isotopic species, 
but only 13 of these are independent if the rigid-rotor 
conditions are invoked. One might attempt to fit the 
13 moments to the nine parameters by a least-squares 
procedure. However, experience has shown that such a 
calculation is likely to give a rather poorly defined 
solution. Moreover, there are numerous ways in 
which the rigid-rotor conditions can be introduced, 
and each combination will give a different solution 
because of zero-point effects. A more satisfactory way of 
carrying out the structure calculation has been pro- 
posed by Kraitchman® and analyzed in detail by Co- 
stain.’ This “substitution” method uses the isotope 
shifts in the moments to determine the structural 
parameters, while making no attempt to fit the actual 
values of the moments. Although the precise interpre- 
tation of the substitution parameters is not yet clear, 
the method has the great advantage of being straight- 
forward and less subject to arbitrary choices in handling 
the data. Consequently, the substitution method has 
been used for propane. 

It was pointed out by Kraitchman® that isotopic 
substitution of a single atom in a rigid molecule yields 
directly the Cartesian coordinates of that atom in the 
principal axis system of the original molecule. The 
results can be written as follows for the completely 


6 J. Kraitchman, Am. J. Phys. 21, 17 (1953). 
7C. C. Costain, J. Chem. Phys. 29, 864 (1958). 





STRUCTURE OF PROPANE 


general case 
=p AP, {1+[AP,/(2—I,) }} {1+[4P./(U2—1,) J}, 
(1) 


(2) 


Here AI,, Al,, AJ, are isotope shifts in the respective 
moments; J;, J,, J, are moments of the original mole- 
cule; and 4~=MAm/(M-+-Am). The expressions for y* 
and 2? and for AP, and AP, are obtained by cyclic 
permutation of x, y, z in Eqs. (1) and (2). 

In discussing the propane structure, we shall identify 
the coordinates x, y, 2 in Eq. (1) with the principal 
axes a, b, c, respectively. The y axis is thus the twofold 
symmetry axis and the xy plane contains the three 
carbon atoms. H, refers to the methyl hydrogen atom 
which lies in the xy plane and H, to one of the out-of- 
plane methyl hydrogens. The “original” molecule is 
ordinary propane, C®;Hg. 

A straightforward application of Eq. (1) gives the 
coordinates which are listed in Table IV. The inter- 


where 
AP,=}(—Al,+Al,+Al,). 


TABLE IV. Substitution coordinates for propane.* 








Atom 





CG ‘ : 0 


C; 
H(CHz) 
H,(CHs) 
H.(CHs) 


0 
0.8757 
0 
0.8809 








® Where an atom is known to be in a plane of symmetry, the out of plane 
coordinate has been assumed zero. 


atomic distances and angles obtained from this set of 
coordinates are given in the “J,, J,, J,” column of 
Table V. Now in this calculation all experimental 
isotope shifts were used, even those which should be 
zero in the rigid-rotor approximation. However, if 
the rigid-rotor invariants are assumed to apply, most 
of the atoms can be located without using the full data. 
For an atom in the xy plane we need only two experi- 
mental A/’s plus the relation AJ,+A/,—AJ,=0, and 
similarly for an atom in the yz plane. Thus the sym- 
metry elements of propane introduce an ambiguity 
into the structure calculation, but in this case a rather 
useful ambiguity, since it provides a check on the 
consistency of the substitution method. 

In Table V the interatomic distances and angles 
computed from the various pairs of moments are com- 
pared with the structure (J;, J,, J.) obtained by direct 
application of Eq. (1). The agreement of the four 
solutions is very good for the carbon-carbon and 
methylene parameters, where the bond distances vary 
over a range of less than 0.003 A. A much larger varia- 
tion occurs with the methyl group; values of the CH, 
distance cover a range of almost 0.02 A and the CCH, 
angle varies by 1.5°. The greater spread of the methyl 
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TABLE V. Propane structures calculated from various 
combinations of moments. 





Iz, Ty, 1, Iz, Ty I,, I, I,, 1; 





1.5277 A 
112.24° 


1.5263 
112.36° 


1.5252 
112.50° 


1.5256 
112.48° 


1.0952 
106. 16° 


1.0971 
105.90° 


1.0943 1.0963 
106.32° 106.04° 
CH; group: 

r(CH,) 1.0863 


: 1.0970 
<CCH,  111.90° 


111.36° 


1.0799 
112.81° 


1.0930 
111.28° 








parameters is, of course, a consequence of the large 
zero-point effects in the CH2DCH:2CH; species, which 
have already been discussed. This uncertainty is 
probably quite general and may well place a funda- 
mental limitation on the precision with which CH; 
structures in this type of molecule can be determined 
by existing methods. Indeed, it has already been pointed 
out that the large differences in CH; structures reported 
for various molecules are open to suspicion.’ 

It is difficult to find arguments for preferring any one 
of the structures in Table V to the other sets. In order 
to select a “best” structure for propane, we have 
averaged the four values and extended the limits of 
error to include all individual values. The final recom- 
mended structure is given in Table VI. It should be 
emphasized that the uncertainties quoted here refer 
to the self-consistency of the structure as determined 
by the substitution method. No direct measure can be 
obtained for the uncertainty in the parameters which 
involve the H, atom; however, it is probably comparable 
to that found for the analogous H, parameters. The 
strictly experimental uncertainties are in all cases 
much smaller than the limits of error given in Table 
VI. 

The moments of ordinary propane which are cal- 
culated from the coordinates in Table IV are 17.205, 
59.542, and 67.397 amu A?. The percentage differences 


TABLE VI. Best structure for propane. 








r(CC) =1.526+0.002 A 
CCC =112.4°+0.2° 


CHz group: 


r(CH) =1.096+0.002 
HCH =106.1°+0.2° 


CH; group: 


r(CH,) =1.089+0.009 
r(CHa) =1.094 
{H.CHa= 107.3° 
{H.CH,= 108. 1° 
CCH, =111.8°+1.0° 
CCH. =110.6° 


Av. r(CH)=1.091+0.010 
Av. XHCH= 107.7°+1.0° 





8 V. W. Laurie, J. Chem. Phys. 28, 704 (1958). 
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between observed and calculated moments are 0.60, 
0.52, and 0.56% for I., Ip, and J,, respectively. There- 
fore, if we expand the distances in Table VI by a factor 
of 1.003, the absolute values of the moments of all 
species can be reproduced to a fairly high accuracy 
(about 0.03 amu A*). However, this procedure is quite 
arbitrary, and it seems preferable to retain the actual 
substitution distances until the nature of the vibration- 
rotation interactions is better understood. 


DISCUSSION 


The CC distance in propane is essentially identical 
with that found in isobutane (1.525 A) by the substi- 
tution method. However, recent electron diffraction 
measurements” on the normal hydrocarbons from 
CyHi to C;His have given CC distances in the range 
1.531-1.534 A, with a stated uncertainty of 0.002 A 
(although a different determination" on C,H yielded 
1.539+0.003 A). The difference between the micro- 
wave and electron diffraction results appears to be well 
outside the stated limits of error of either method; 
this point is discussed in the succeeding paper.’ The 
CCC angles in the higher normal paraffins fall in the 
range 111.9°-112.9°, in satisfactory agreement with the 
propane angle of 112.4°. 

The structure of the methylene group in propane is 
very well determined. The CH distance is close to the 
accepted value for methane” (1.094 A). It is interesting 

*D. R. Lide, J. Chem. Phys. 33, 1519 (1960). 

% R, A. Bonham, L. S. Bartell, and D. A. Kohl, J. Am. Chem. 
Soc. 81, 4765 (1959). 

1K. Kuchitsu, Bull. Chem. Soc. Japan 32, 748 (1959). 


2 G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1945), p. 439. 
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to note that the HCH angle is 3.4° smaller than the 
tetrahedral value, while the CCC angle is 2.9° larger 
than tetrahedral; this behavior may be explained on 
the basis of changes in the hybridization of the carbon 
orbitals."* 

The CH; group in propane is not so well defined as 
the rest of the molecule. The apparent difference in 
the H, and H, parameters could easily be due to the 
large zero-point effects. Since there is no real evidence 
for asymmetry in the CH; group, we have given in 
Table VI average values for the CH distance and HCH 
angle. In spite of the larger uncertainties here, there 
seems little doubt that the HCH angle is smaller than 
tetrahedral. 

The near-symmetry of the CH; group can be demon- 
strated by computing the two distinct H-H distances, 
which are found to be 1.762 and 1.765 A. The orienta- 
tion of the symmetry axis of the CH; group is of some 
interest. Using the coordinates in Table IV, one finds 
that the line joining the center of the H; triangle to 
atom C; makes an angle of 1.4° with the C:—C, bond 
(the axis is tilted such that the out-of-plane atoms of 
one CH; group are brought closer to the corresponding 
atoms of the other CH; group). Furthermore, the CC 
bond lies only 0.7° from the perpendicular to the plane 
defined by the three H atoms. Since we have seen that 
zero-point effects cause an uncertainty of about 1° 
in the angles defining the CH; group, these figures are 
not very significant. However, it does appear that we 
can safely rule out a deviation of more than 2° or 3° 


between the methyl axis and the CC bond. 


1%3C, A. Coulson, Valence (Oxford University Press, London, 
1953), pp. 194-196. 
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The microwave spectra of 5 isotopic species of isobutane have been measured and analyzed. The iso- 
butane molecule is shown to belong to point group C3». The structural parameters determined by the sub- 
stitution method are r(CC)= 1.525 A, CCC=111.15°, r(CH)=1.108 A (tertiary), r(CH)=1.09—1.10 A 
(methyl), < HCH= 107.5°—109.5°. The structure is compared with that of other hydrocarbons, and it is 
suggested that a small systematic difference exists between CC distances determined by microwave and 
electron diffraction methods. Accurate Stark measurements show that the dipole moment of (CHs)sCD is 


6.5%+0.9% higher than that of (CHs)sCH. 





HE microwave spectrum of the common isotopic 

species of isobutane has been previously reported 
from this laboratory.' Since this species is a symmetric 
rotor, only one moment of inertia could be experi- 
mentally determined, so that little information was 
obtained on the structure of the molecule. Measure- 
ments have now been carried out on 5 additional iso- 
topic species, and the resulting moments of inertia 
permit an essentially complete structure determina- 
tion. 

The ‘spectra were observed on a Stark-modulation 
spectrometer with a minimum detectable absorption 
coefficient of about 10~* cm. All measurements were 
made at —70°C. The C species were studied in samples 
enriched to about 50%. 

Only the J=1->2 transitions were measured in the 
isotopic species; the J=Q—>1 line has been observed 
for the common species,' but is too weak for accurate 
measurement in the isotopic samples. The (CH;);C“H 
and (CHs;)3;CD species are symmetric rotors and there- 
fore show a single J=1—2 line, similar to that of the 
common species.? The other isotopic species are asym- 
metric rotors, but are near the oblate symmetric 
limit. The J=1—>2 pattern consists of three lines (type- 
¢ selection rule), which are readily identified by their 
characteristic Stark effects. 

The observed frequencies and rotational constants 
for all species are listed in Tables I and II. In calculat- 
ing the rotational constants it has been assumed for all 
species that D;=0.011 Mc, the value found in the 
common species.! Dyx has been assumed zero. The 
experimental uncertainties given for the rotational 
constants do not include the effect of possible isotopic 
changes in the centrifugal distortion coefficients; 
however, errors from this source should have a negligible 
influence on the structure determination. 


EQUILIBRIUM CONFIGURATION 
It has already been shown! that (CH;);CH has a 
threefold symmetry axis; i.e., the molecule belongs 
1D. R. Lide and D. E. Mann, J. Chem. Phys. 29, 914 (1958). 


?Under normal modulation conditions only the K=1-1 
transition is observed. 


either to point group C; or C3,. The exact point group 
depends on the equilibrium position of the methyl 
groups, which may be determined by a study of the 
(CH:D) (CHs)2CH species. If the point group is C3, 
there are 3 distinct substitution points on the methyl 
group, and the spectrum of (CH,D)(CHs;)2CH will 
show 3 distinct rigid-rotor species. For a C3, model 


- there are only 2 distinct rotational species, a sym one 


with D atom located in a symmetry plane and an asy 
one with the D atom out of plane. The spectrum of the 
asy species will be twice as intense as that of the sym 
species because of the two equivalent out-of-plane 
positions, 

The observed spectrum of (CH,D) (CHs)2CH shows 
unambiguously that the correct point group is Cy. 
Furthermore, we can conclude from the actual moments 
of inertia of the sym and asy species that each methyl 
group is oriented such that one CH bond is staggered 
with respect to the two CC bonds opposite it. Thus the 
repulsion between H atoms on different methyl groups 
is not strong enough to force the methyl groups out of 
the C3, configuration.’ This conclusion is consistent 
with the study of torsional satellites in isobutane,! 
where it was found that terms in the internal potential 
function which represent interactions among the 
methyl groups were relatively small. 


STRUCTURE 


In discussing the structure of isobutane the carbon 
atom which is located on the threefold symmetry axis 
will be designated as C2, and one of the off-axis carbons 
as C;. The tertiary hydrogen atom, H;,, is attached to 
C2; one of the methyl hydrogens, H,, lies in a sym- 
metry plane of the molecule, while the other two, 
designated jointly by Hg, lie at equal distances on each 
side of the symmetry plane. We define a coordinate 
system xyz with origin at the center of mass of the 
common species, (CHs);CH. The z axis coincides with 


8 This is contrary to the conclusion of Wilmshurst and Bern- 
stein, Can. J. Chem. 35, 969 (1957), who assigned the vibrational 
spectrum of isobutane on the basis of a C3 model. A part of their 
assignment now requires revision. 
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TABLE I. Frequencies and constants for symmetric-rotor species (in Mc). 








(CH3)sCH* 


(CH;);C8H (CHs3)sCD 





31 157.46+0.03 
7789.45+0.01 


v(J=1-32) 
b 


31 095.18+0.10 


30 162.95+0.05 
7773 .88+0.03 


7540.82+0.01 








® From footnote reference 1. 


TABLE ITI. Frequencies and constants for asymmetric-rotor species (in Mc). 








(CH;) (CHs)2CH 


sym asy 
(CH2D) (CHs)2CH CH2D(CH;):CH 





vy (19-21) 30 426.24+0.10 

v (110220) 30 682.00+0.10 

v (111221) 30 910.58+0.10 
a 7788 .28+0.05 
b 7546.10+-0.05 
c 4431 +45 


29 765.6 +1 

30 031.28+0.10 

30 266.06+0.20 
7629.15+0.2 
7378.95+0.4 
4466 +140 


29 560.45+0.05 

30 147.92+0.05 

30 607.11+0.05 
7782.70+0.03 
7259.37+0.03 
4319 +7 








the threefold symmetry axis and has the sense C.—H,, 
and the xz plane is defined by the atoms Ci, Co, H:. 

The moments of inertia of the various isobutane 
species are collected in Table III. These moments have 
been used to calculate a structure by the “substitu- 
tion” method, as described by Kraitchman‘ and 
Costain.® In this method the coordinates of each atom 
(in the xyz frame) are determined from the isotope 
shifts in the moments of the species which is substituted 
at that point. The expressions for the coordinates have 
been given by Kraitchman.* 

The coordinates obtained in this way are listed in 
Table IV. Actually, the structure is not completely 
fixed, since in a symmetric rotor molecule one can ob- 
tain (with a single substitution) only the distance of 
the atom from the symmetry axis, (x*+-*)!, and not 
x and y separately. The y coordinates of all atoms 
except H, are zero by definition, but some further 
assumption is necessary in order to locate H,. We have 
assumed that the three H atoms of a CH; group form 
an equilateral triangle,® a condition which is very nearly 
satisfied in the propane molecule.’ 

The interatomic distances and angles may be readily 
calculated from these coordinates, and they are listed 
in Table V. The possible errors resulting from strictly 
experimental uncertainties in the moments of inertia 
are included in Table V. However, it is probable that 
nonrigidity effects introduce somewhat larger uncer- 
tainties. In a similar study of propane’ the structure 
calculation was overdetermined, and it was possible 
to estimate the magnitude of these nonrigidity effects. 
The CC distance was found to be uncertain by about 
+0.002 A and the CCC angle by +0.2°. The methyl 
group was not as well determined, with an uncertainty 


4J. Kraitchman, Am. J. Phys. 21, 17 (1953). 

5C. C. Costain, J. Chem. Phys. 29, 864 (1958). 

6 If we make the equally reasonable assumption that the CH, 
and CH, distances are identical, the HCH, and H.CH,; angles 
become 109.8° and 107.8°, respectively. 

7D. R. Lide, J. Chem. Phys. 33, 1514 (1960). 


of +0.01 A in the CH distance and +1° in the HCH 
angle. Although the geometry of the two molecules is 
quite different, it is reasonable to expect uncertainties 
of at least this magnitude in the isobutane structure. 
The tertiary CH distance in isobutane should be as 
well determined as the CC distance. 

It is usually found that moments of inertia calculated 
from substitution coordinates are somewhat less than 
the observed J°. The coordinates in Table IV yield 
I,=64.521 and J,=111.283 for (CHs)3CH. The calcul- 
lated J, is thus about 0.6% less than the observed, while 
the calculated J, is 0.7 to 1.1% smaller. This is rather 
similar to the situation with propane, where all three 
calculated moments were in the range 0.5-0.6% less 
than the observed. 


DISCUSSION OF STRUCTURE 


The isobutane structure provides interesting compari- 
sons with other simple hydrocarbons, The comparison 
with propane’ is at present the most reliable one, since 
the two structures were obtained by the same method. 
The CC distances in propane and isobutane (1.526 A 
and 1.525 A, respectively) are identical within the 
estimated precision of 0.002 A. The most accurate spec- 
troscopic structure for ethane comes from the infrared 
study of Allen and Plyler. However, the result given 
by them is not a true substitution structure, since only 
two isotopic species, C,H, and C2Dg, were available. The 
isotope shift in J, fixes the quantity 2’+}y* for the H 
atoms, where z is measured along the threefold sym- 
metry axis and y is perpendicular to this axis. The value 
of this quantity (1.8657 A*) may be regarded as a valid 
substitution parameter. Now it has been pointed out 
that the moments calculated from the substitution 
parameters of propane and isobutane are all about 
0.6% smaller than the observed ground-state moments. 
If we assume that the same ratio applies to ethane, then 


8 H.C. Allen and E, K. Plyler, J. Chem. Phys. 31, 1062 (1959). 
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we predict that the calculated J,*= J,°+ 1.006= 25.255 
amu A? for C2H,. This J,* and the value of z*+-4y* fix 
the substitution CC distance at 1.526 A, in excellent 
agreement with the values for propane and isobutane. 

There is no theoretical justification for the above 
assumption, and the agreement may be fortuitous. 
However, if we tentatively accept the results of this 
calculation as the best available estimate for the sub- 
stitution structure of ethane, then we may conclude 
that the substitution CC distance is quite constant 
at 1.526+0.002 A in the simple paraffin hydrocarbons. 
On the other hand, recent electron diffraction measure- 
ments’ on the normal paraffins from CyHy to C:His 
have yielded CC distances in the range 1.531-1.534 A, 
and an electron diffraction value of 1.536 A has been 
reported” for ethane itself. There is a strong suggestion, 
then, of a systematic difference of 0.005-0.010 A be- 
tween CC distances determined by isotopic substitu- 
tion and diffraction methods. It is not surprising, of 
course, that a difference should exist, in view of the 
different nature of the averaging over vibrational 
motions. It will be interesting to see whether a similar 
effect is found with other interatomic distances. 


TABLE III. Moments of inertia (in amu A?). 








Species Ta Tp 





(CH3)sCH 

(CH3)3sC4¥H 

(CH3)sCD 

(CH) (CHs)2CH 
(CH2D) (CHs)2CH (sym) 
(CH2D) (CH;)2CH (asy) 


64.8994 
65.0294 
67 .0392 
64.9092 66.9924 
66.2631 68.5099 
64.9557 69.6384 








® Calculated from Jg—IJp+/.¢ of asymmetric-rotor species. 


The CCC angle of 111.15° in isobutane may be com- 
pared with 112.4° in propane. The difference is quite 
real, and there is no obvious explanation. 

The tertiary CH distance in isobutane, 1.108 A, 
compares with 1.096 A in the CH, group of propane. 
Both of these distances are well determined, and there 
is little doubt of the experimental significance of the 
0.012 A difference. A tendency toward long carbon- 
halogen bonds in tertiary butyl halides has also been 
noticed.! The methyl group in isobutane is not well 
determined, and we can conclude only that it has a 
fairly normal structure, with CH distance in the range 
1.09-1.10 A and HCH angle of 107.5-109.5°. No infor- 
mation has been obtained on the orientation of the CH; 
axis with respect to the CC bond. 


DIPOLE MOMENT OF (CH;);CD 


The dipole moment of the common isotopic species 
of isobutane has been previously determined! from the 


®R. A. Bonham, L. S. Bartell, and D. A. Kohl, J. Am. Chem. 
Soc. 81, 4765 (1959). 

10 A, Almenningen and O. Bastiansen, Acta Chem. Scand. 9, 
815 (1955). 


TABLE IV. Coordinates of atoms in (CH;)3;CH. 








x y 2 





—0.1018 
0.3630 
0 1.4706 


0 
(0.8863) 


1.4529 A 
0 


1.4850 


—1.2015 
(1.9853) 


0.2500 








* Calculated on the assumption that the H atoms of a CHs group form an 
equilateral triangle. The experimentally determined quantity is (x?+y?)*= 
2.1742 A. 


Stark effect of the J=1-2, K=1-1, M=1-1 transi- 
tion. A dipole-moment measurement has now been 
carried out on (CH;);CD. The measurement took the 
form of a direct comparison between the Stark shifts 
of the same transition in the two isotopic species. The 
first-order Stark effect of this transition is given by 


Avs. = + (1/3) u8, 


where yu is the dipole moment and & the electric field 
strength. For measurements made on the two species 
at the same field strength we have 


bp/b= (Av,— Av_)p+ (Av,—Av_)z, 


where subscripts H and D refer to (CH;);CH and 
(CH3)sCD, respectively. In this form the measure- 
ment is not influenced by the second-order Stark effect 
and is not, of course, dependent on an absolute calibra- 
tion of the field strength. 

Measurements were carried out by admitting 
(CH;)s;CH and (CH;)3sCD alternately to the same 
waveguide cell and observing the frequency of the 
positive and negative Stark components at a given 
applied voltage. Zero-based square-wave modulation 
was used, and the applied voltage was measured with 
a peak-reading voltmeter. The accuracy of the meas- 
urement of up/un depends only on the precision of the 
frequency measurements and the accuracy with which 
the applied voltage could be reset to a given value over 
short time intervals. 

The results of a series of measurements at several 
voltages are given in Table VI. The ratio up/uy is 
found to be 1.0650.009, and using the previous value! 
of 0.132 D for ux, we have up—uny=0.0086+0.0012 D. 


TABLE V. Structure of isobutane. 











Parameter Value 


Expt. uncert.* 





1.525A 
111.15° 
1.108 
1.100 
109.4° 
(1.092) 
(108. 5°)» 
(107.9°)> 


+0.001 A 
+0.10° 
+0.001 
+0.003 
+0.3° 








® Does not include nonrigidity effects; see text. 
> Based on assumption that H atoms form equilateral triangle. 
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TaBLE VI. Stark effect of (CHs)sCH and (CHs);CD. 





(CH3);CH 


Stark voltage* Avs Av. 


(CH3)sCD 


Av, Av 











® Stark electrode spacing was 0.412 cm. 


Small changes in dipole moment have been reported 
for a few other deuterated molecules, but the present 
result on isobutane appears to be the most accurate 
measurement’ which has been made so far. The inter- 
pretation of these isotopic changes has been discussed 
by Bell and Coop" and by Halevi.” For a diatomic 
molecule we have as a first approximation 


up—ua= (du/0r) (Fp—7u), 


where 7 is the average internuclear distance in a particu- 
lar state and du/dr is evaluated at the equilibrium 
distance. Here u is understood to mean the absolute 
magnitude of the dipole-moment vector. This expres- 
sion should be applicable to isobutane, since (in this 
approximation) the C—H stretching mode is expected 


to make the chief contribution to the dipole-moment 
change. Since the observed value of up—uyy is positive, 
and there is little doubt that 7p>—7q is negative, we 
conclude that du/dr is negative. 

It is more difficult to make quantitative deductions 
from the change of dipole moment. Infrared intensity 


( u Cy P. Bell and I. E. Coop, Trans. Faraday Soc. 34, 1209 
1938). 
2 FE, A. Halevi, Trans. Faraday Soc. 54, 1441 (1958). 


measurements on methane lead to a value of about 
0.7 debye/A (sign undetermined) for Oycn/dr in 
that molecule.” If this bond moment derivative can be 
transferred to isobutane as a total dipole derivative, 
we obtain 7p—77=0.01, A. This value appears rather 
high; for example, spectroscopic data on the diatomic 
CH and CD molecules lead to a difference” of 0.004- 
0.005 A. However, this calculation is very crude," 
and the agreement is probably as good as can be ex- 
pected. It would be interesting to have infrared inten- 
sity measurements on isobutane itself to compare with 
the dipole-moment results. 
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4 Higher terms in the dipole-moment expansion, particularly 


the second derivative of » with respect to the bending coordinate, 
may make a significant contribution to up—py. 
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The triplet excited states of porphin are classified as either singly or doubly excited electron configurations. 
The latter are discussed in detail in terms of a circular box model with electron interaction plus a perturba- 
tion due to the actual molecular shape. The energy and intensity of the triplet-triplet transitions from the 
lowest triplet to these doubly excited states are predicted to consist of: (1) transitions to a pair of states 
of energy ~25 000 cm=; (2) transitions to a group of four states of energy ~20 000 cm“; and a transition 
to a state of energy ~18 000 cm=. The first two groups are predicted to share equally an intensity half 
that of the porphin Soret band, while the last transition is weakly forbidden. The predictions compare 
reasonably well with experiment. In addition, a metastable molecular quintet is predicted, with a transition 
energy to the lowest triplet st: te slightly smaller than any observed triplet-triplet transition. 





I. INTRODUCTION 


ECENTLY, Linschitz e¢ al.,! using improved flash 
excitation techniques, have measured absorption 
spectra initiating from the metastable excited state of 
porphyrin molecules. These spectra were attributed to 
triplet-triplet transitions. Similar spectra have been 
taken by other workers.? This paper proposes a theory 
for these transitions for symmetrical porphyrins (e.g., 
Mg porphin or Zn tetraphenyl porphin), based on an 
extension of ideas developed in a previous paper.* 
Section II of this paper discusses the model to be used 
in our treatment but presents only the qualitative 
results. Section III gives the detailed mathematical 
treatment, exposes all its assumptions, and shows the 
limits to the validity of statements made in Sec. II. 


Section IV compares the predicted spectrum with 
experiment. 


II, PROPOSED MODEL 


Singlet-Singlet Model 


The discussions in the author’s previous paper* have 
shown that naive molecular orbital (MO) theory is 
inadequate to explain the singlet-singlet spectra of 
porphins. Successful predictions required that naive 
MO theory be modified by ideas initially proposed by 
Simpson‘ and further developed by Platt.5 In this 
section we shall summarize these ideas in a form that is 
general enough to extend to the interpretation of the 
triplet-triplet spectra. 

Naive MO calculations on porphin yield two top filled 
orbitals a2, and a, of different energy. The ground 


1H. Linschitz and K. Sarkanen, J. Am. Chem. Soc. 80, 4826 
(1958); H. Linschitz and L. Pekkarinen, J. Am. Chem. Soc. 82, 
2407 (1960). 

?R. Livingston and E. Fujimori, J. Am. Chem. Soc. 80, 5610 
(1958); S. Claesson, L. Lundquist, and B. Holmstrém, Nature 
183, 661 (1959). 

3M. Gouterman, J. Chem. Phys. 30, 1139 (1959). 

4W. T. Simpson, J. Chem. Phys. 17, 1218 (1949). 

5J. R. Platt, Radiation Biology, A. Hollaender, editor (Mc- 
Graw-Hill Book Company, Inc., New York, 1956), Vol. III, 


Chap. 2. 
we R. Seely, J. Chem. Phys. 27, 125 (1957). 


state is the electron configuration (d2u)*(@i.)*, i.e., 
two electrons in each. (The notation leaves out any 
electrons in orbitals of lower energy.) The lowest empty 
orbitals are a degenerate pair e,. Thus the lowest excited 
states would arise from the electron configurations 
(dou) *@iuég aNd (@in)*@ouey. The chief fault of the naive 
theory is its neglect of the electron interaction energy, 
e/r.;, where r;; is the distance between electrons 7 and j. 

A simple way to patch up the naive theory is to 
identify the porphin orbitals with those of a circular 
box free electron model, for in the latter the effects of 
electronic interaction are easier to appreciate. A circular 
box is described by a radial coordinate r and an angular 
coordinate 6. Orbitals are written f(r) exp(=+ in@). It 
has been shown’ that the orbital pair (d2y-biai,) /V2 
can be identified with the degenerate pair of circular 
box orbitals f(r) exp(-i40), while the lowest empty 
e, orbitals can be identified with f(r) exp(+i50). The 
first pair is said to have z components of angular 
momentum )\,=+4 and angular momentum A=4; 
the second pair, Az=-+5 and A=5. 

To see the effects of electron interaction in a circular 
box, we first construct the molecular states. These 
may be characterized by a value of total angular 
momentum along the z axis A,, which is given by the 
sum of the A, for each electron. In the porphin ground 
state in the circular box model, the orbital pair with 
A=4 are filled with four electrons; this configuration 
is denoted (4) and has A,=0. The first excited con- 
figurations arise by exciting a \=4 electron to an orbital 
with A=5, denoted (4)%5. This configuration gives rise 
to degenerate pairs of states with A,=+1 and with 
A,= +9. The singlet states of different | A, | will differ 
by energy stemming from electron interaction, the pair 
of lower | A,| being at higher energy (Hund’s rule). 
A selection rule says that AA,=-+1. Thus the higher 
energy pair is allowed, the lower energy pair forbidden. 
The allowed pair is identified with the intense Soret 
bands of porphin in the near ultraviolet and the for- 
bidden pair with the weak visible bands. 

The relation of the circular box model to the naive 
MO model is the following. If the orbitals a2, and ai, 
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Fic. 1. Electron configurations for the circular box model of 
ae agg The solid circles show electrons; the empty circles show 
oles. In the first panel the symmetries of the MO’s are indicated. 


should differ in energy by an amount small compared 
to the energy splitting the states of different | A, |, 
then it may be shown* that the circular box states are 
the better description of porphin; these are, in fact, 
50-50 mixtures of the two lowest excited naive MO 
states. If a2, and a, differ by an energy large compared 
to that splitting the circular box states, then the naive 
MO states are a better description. Previous work* has 
shown that the circular box model predicts unsuccess- 


fully the observed singlet-singlet spectra of porphin. 
For this reason and because of its great convenience, we 
shall use it as a basis for the following discussion of the 
triplet-triplet spectra. 


Triplet-Triplet Model 


The electron configuration (4)*5 gives rise to both 
singlet and triplet states. The triplets will be separated 
from the singlets by energy stemming from electron 
interaction and will lie at lower energy (Hund’s rule). 
Triplet-triplet transitions from this configuration can 
occur in two ways: transitions to higher singly excited 
configurations or transitions to a doubly excited con- 
figuration. (See Fig. 1.) 

We shall not attempt a quantitative estimation of the 
energies of the higher singly excited states. Such an 
estimate could not be accurate because of a problem 
mentioned in the foregoing; namely, the circular box 
model, which assumes the ad», and a, orbitals have 
nearly the same energy, is successful in predicting 
singlet-singlet spectra, yet naive MO theory predicts a 
large energy difference. The resolution of this disagree- 
ment awaits the application to porphin of a consistent 
treatment of nitrogen atoms in aromatic rings. Until 
then, MO theory cannot be relied on for orbital energy 
differences. 

Theory can, however, give some interesting qualita- 
tive results on these singly excited configurations. These 
results follow simply from Fig. 19 of work cited in foot- 


note 3, which shows the orbitals predicted by MO 
theory, labeled with circular box quantum numbers. If 
consideration is confined to the orbitals labeled top 
filled and lowest empty, there is one set of possible hole 
transitions (d2., @iu—¢,) and one set of possible elec- 
tron transitions (e,—by,). (These are indicated in Fig. 
1; we have omitted transitions of even parity.) Al- 
though the transitions are allowed in porphin, the 
quantum numbers given in Fig. 19 show that, in the 
circular box, they are forbidden. Thus we may expect 
that transitions to higher singly excited configurations 
will be relatively weak, if they occur in the region of 
interest. 

A further question about singly excited triplet states 
is of interest, namely how do they return to the un- 
excited condition; that is, how do they relax. Direct 
phosphorescence emission of higher excited triplets to 
the ground state is, in general, unlikely.’ It is es- 
pecially so here, as the process is forbidden by sym- 
metry. Relaxation should therefore occur via either a 
fluorescence or a radiationless transition back to the 
lowest excited triplet. However both fluorescence and 
radiationless transitions are fast, and so singly excited 
states would not appear to be particularly long-lived. 

For the doubly excited configuration, attention will be 
limited to (4)?(5)?. (See Fig. 1.) This is reasonable 
since (4)*(5) is the lowest singly excited configuration 
and no other is observed down to A~350 mu.® 

To determine the states that arise from this configura- 
tion we shall treat the circular box quantum numbers 
A, as good. (Even if A, is not rigorously defined, the 
method will still generate the proper number of states.) 
Then it can be shown that the following A, values and 
multiplicities arise from (4)?(5)?: for A,=0 there are 2 
singlets, 3 triplets, and 1 quintet; for A,=-+2 there is 
one singlet for each state; for A,=+8 there is one 
singlet and one triplet for each state and likewise for 
A,=+10; for Az=+18 there is one singlet for each 
state. Thus the configuration (4)?(5)? gives rise to 
seven triplet states, three with A,=0 and one for each 
the A, values +8 and +10. The average energy for the 
states arising from these configurations should be 
roughly twice as far above the ground state as the 
average energy of the states (4)*(5). The state energies 
will be split by electron interaction terms, which will be 
evaluated in detail in Sec. III. 

The major correction to the circular box model is due 
to the actual shape of the porphin skeleton. In Sec. III 
this correction is treated as a one-electron perturbation. 
It will be shown that such a perturbation will have little 
effect on the triplets arising from the configuration 
(4)2(5)*. It will, however, strongly affect the triplets 
arising from (4)*%5. These turn out to be accidentally 
degenerate in the circular box model; the effect of the 
actual porphin shape is to lift this degeneracy. The 


7M. Kasha, Discussions Faraday Soc. 9, 14 (1950). , 
8C. Rimington, S. F. Mason, and O. Kennard, Spectrochim. 
Acta 12, 65 (1958). 





ABSORPTION SPECTRA OF PORPHYRINS 


Taste I. Excited states and energies of porphin (circular box model). 











Approximate 
Approximate diagonal energy* 
diagonal energy* cm™! 


Orbitals 


Configuration occupied Diagonal energy 





(4)* 
(4) 


(4)*(S)? 


Wo 


Wi 
W, 2Kay 


Wi 
Wi +2Kis 


Wt+ Kaz +2Ka5+ Ks 


Wet Kaz+ Kus+ Kaz 
W2+3Kaq+ Ka+ Keg 


W2 + Kot Kag+ Ksz 
W. =. + Kut Kag+3Ksy 
Wet K4yq+2Kis + Kss 
W: 

W2 +2Ky+2Ka5 

Wet Kaz +2Kg5+ Ksz 
Wet Kaqg+2Kus + Kss 


W2+2Kaqz+ Ku+ Kog+2Kszy 
W2 +3Ky+3Kaz 


0 


A 
A +2K 


A 
A+2Kius 


24 +2K 
24+ Kes 
24+ Kye+2K 


2A+ Kes 
2A+ Ky+2K 


24+2Kis 


24 —2K 
24+2Kiss 
24 


+2K 
24+2Kiss 
2A+ Ky+3K 
24+3Ke+ K 


0 


14 700 
17 700 


14 700 
25 100 





Mixing terms 


Energy 


Approximate 
energy 


Approximate 
energy cm! 


Definitions 





(W,| H |W.) Kaz—Ksz 0 0 


(Y | H |) v3 (Ky — Kaz) 


V3 (Kis —K) 6400 


W =F +6Ju—2Kaq 
W == Eo + Acet3 Ju +3 Jus — Kag —Kus— Kay 
W2= Ey t+2de+ Ju t4Jis+ Jss—Kag—2Kis —2K45—K yy 











® The energy of the ground configuration was subtracted out. 


resultant states will be 50-50 mixtures of the two lowest 
triplets of different | A, | . The selection rule AA,= +1 
is, accordingly, weakened. Nonetheless, it will be shown 
that the total intensity of the triplet-triplet transitions 
to the doubly excited states is just half that of the total 
singlet-singlet transition intensity; the intensity will 
divide evenly between transitions to states with A,=0 
and to those with A,=+8 and +10. 

It is of interest to ask how these doubly excited 
triplet states relax. It would be expected that as hap- 
pens in other cases, these states will relax by radiation- 
less transition to the lowest doubly excited state of the 
same multiplicity. As with the higher singly excited 
configurations, the doubly excited ones are not ex- 
pected to phosphoresce to the ground state, but fluores- 
cence back to the lowest triplet could occur. Conversion 
between the doubly excited configurations and the 
singly excited ones is another possibility, since they 
can mix with one another by electron interaction terms. 
In addition, one may conceivably have spin inter- 
combination to the quintet state. 

Ill. DETAILED "ae CONFIGURATION 

Circular Box Model 


We shall proceed on the basis of the following assump- 
tions. We shall assume that the electrons in the orbitals 


with A=4 or A=5, (i.e., the top four electrons) move in 
a one-electron effective potential set up by the nuclei 
and the remaining electrons. In addition, these four 
electrons will be assumed to interact with one another 
by electron interaction ¢/r,;;, but we shall neglect 
interconfiguration interaction,’ i.e., electron interaction 
terms connecting states arising from different electron 
configurations. We shall treat the circular box quantum 
numbers as rigorous, so there is no interaction between 
states with different A,. Our wave function will be taken 
as Slater determinants that are eigen functions of total 
spin S. Later in this section, some further assumptions 
will be required to evaluate the energy terms obtained 
by this treatment. 

The following definitions will be needed. We define 
Ey as the ground state energy, except for the electron 
interaction terms of the top four electrons. We define 
e, and ¢; as the MO energy of the orbitals with A=4 and 
A=5 in the one-electron potential. We shall set 


Ac=e5— 4. (1) 


We shall also need the usual Coulomb and exchange 


9 W. Moffitt, J. Chem. Phys. 22, 320, 1820 (1954). 
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integrals 


(i) Jag [ (1) ¥s*(2)Wa(1)¥a(2)dridve 


T\2 








a) 


12 


(ii) Kas= (2) 
where 1 and 2 refer to the position coordinates of elec- 
trons 1 and 2, ¥. and yg are two orbitals, and the star 
indicates complex conjugate. It can then be shown that 
our problem will involve three distinct Coulomb 
integrals and four distinct exchange integrals, namely 
Ju, Js, Jos, K gz, Kus, Kgs, Ks, where the numbers 
refer to the A, values of the orbitals (4=—4). 

Table I shows the states arising from the configura- 
tions (4)*, (4)5, and (4)?(5)*. The A, and S values are 
enough to determine all states in Table I uniquely, 
except those states with lower case letters in parentheses 
after their spin value. These states are particular linear 
combinations of Slater determinants with different 
spin assignments to the orbitals 4455. To indicate these 
combinations we shall, for simplicity, let a symbol such 
as Bawa refer to a Slater determinant constructed out of 
orbitals 494¢5°5«, Then the combinations chosen are 


a=}[Baaa+aBaa—aaba— aac | 
Vs=}[Baaa—afaa+acha—caop | 
V=}[Baaa— abaa— aaBa+t aac | 
V/=}[oBaB—afBa—Baap+BoBa] 
U={[a088+fBae] 
—4[aBa8+afBa+faob+fapa]}/V3. (3) 


The state VY, turns out to be an energy eigen function, 
but there are interaction terms between YW and Y, and 
between VW; and V,. These are also listed in the Table I. 

The energy values listed in Table I depend on Ae, 3J 
integrals, and 4K integrals which need to be evaluated. 
However, the spirit of this treament is not such as would 
require elaborate procedures, such as the Pariser and 
Parr method,” to evaluate the electron interaction 
integrals. We shall instead make some additional 
assumptions which allow for empirical estimation of 
their values. In the circular box model, the orbitals of 
interest have the forms 


vis=f(r) exp(146) 
vis=f(r) exp(=£158). (4) 


It then follows that Wa*~. are identical for all the or- 
tibals. Thus 


/?/( 1) 2 2 Iv 
Jun Jan Jax [OO y, (5) 


ri2 


10 R, Pariser and R. G. Parr, J. Chem. Phys. 24, 250 (1956). 
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For the K values we obtain 


Kz ¢ fk exp — 8i(0,—62) |dv 


Kg= e fe exp[i (0,— 62) do 


K,s= 3 fe exp[ — 91 (0:—62) ]dv 


‘We may express ry =[r2+-122—2ryr2(0:—62) |. We 
plot this in Fig. 2 for r;=2ay (ay is the Bohr radius) 
and r2=6ay and different values of (0:—62). Since this 
is an even function of (@:—62), the imaginary parts of 
the K integrals vanish. Thus the function f?(1) f(r2)?/rie 
is weighted by cos(@:—62), cos8(@:;—02), cos9(@,—62), 
and cos10(@;—62) in Kas, Kz, K 4x, and Kx, respectiv- 
ely. One may use Fig. 2 as a basis for presuming the first 
to be considerably larger than the others, for in this 
case the negative values of the cosine dependence occur 
at the smallest values of 1/ry. 

We can now begin to evaluate some of the integrals 
in Table I. First we note that in all transition energies 
the term Ey and all J integrals will cancel out. We define 


A=Aet+ K .y—Kus— K gs. (7) 

















(8, -) 


Fic. 2. The function ¢e[r°+1r2?—2ryrz cos(#i—%) T+ (ev) 
plotted against (@:—6), shown as solid line for r,=2ay, r2™6aq. 
The dotted line shows cos (6;—6:). 





ABSORPTION SPECTRA OF PORPHYRINS 


For Cu Etioporphyrin II," the Soret band occurs at 
25 100 cm= and the visible band at 17 750 cm™; 
the phosphorescence” occurs at 14 700 cm™. If we 
identify these three bands with transition from the 
gound state to the states of the configuration (4)*(5) 
with A,=+1, S=0; Az=+9, S=0 and S=1 states, 
respectively, then we find 
A= 14 700 cm“ 
Ky=5200 cm 
Kg5= 1500 cm“. (8) 


We find, as anticipated, that Ky is considerably larger 
than K,x. 

To construct the energy levels for the doubly excited 
configurations we still need K,z and K 5. For lack of a 
better procedure and since we have shown they are all 
small compared to K45, we shall set 


K z= Kyg=Kys=K. (9) 
The last column of Table I shows the values of the state 
energies (with the ground taken as zero energy) in 


50,000 


2 
SS al + (4)°(5) 


Of) 48 s10) 


(4)°(5)* 





—2-} (a)*(5)" 


7 (4)°5 





Pg 


$=0 Ss 


diay | | 


1 S=2 
Fic. 3. Porphin energy levels for circular box model of the 
electron configurations (ys (4)3(5), and (4)#(5)*. S is the spin. 


The numbers on the levels are A, values. The levels of 0(f) and 
0(g) show energy before and after inclusion of (W; | H | ¥,). 


it G. Erdman and A. H. Corwin, J. Am. Chem. Soc. 68, 1885 


aes Becker and M. Kasha, J. Am. Chem. Soc. 77, 3669 
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TABLE II. Representations in Diy group of r—>7* states of various 
angular dependences. 





Representation 


in Din Angular dependence 





cos 06==1, cos 40, cos 80: -- 

sin 49, sin 80, sin 120--- 

cos 26, cos 68, cos 100--- 

sin 26, sin 60, sin 100--- 
{exp(+70), exp(-73@), exp(=756) --- 





terms of A, Ky, and K. Using the empirical values of 
Eq. 8, the energies are plotted in Fig. 3. 


Nomenclature 


For the remaining discussion in this paper, as well as 
for future reference in experimental work, a systematic 
nomenclature for these porphin states should be useful. 
Previously,’ the ground state has been referred to as 
14; the states derived from (4)85 with A,=-+1 and 
+9, have been called 'B°, *B° and 19°, °0°, respectively. 
Names are now needed for the doubly excited triplet 
and quintet configurations. The following names are 
consistent with the general nomenclature for aromatic 
molecules developed by Platt and with a slight revi- 
sion in preparation": for the states with A,=0, *A and 
5A; for the states with A,=+8 and +10, *K and °M, 
respectively. We shall, in conformity with general 
spectroscopic notation, indicate the different *A states 
as 1*A, 2 4A, 3 A, in order of increasing energy. We 
have introduced the dot above the letter name as a 
symbol indicating the state is doubly excited. 


Lifting Accidental Degeneracies 


Figure 3 shows degeneracies between the states 2 *A 
and 3 *A; states *K and *M; and between states *B° 
and *Q°. Table I shows that the degeneracy of the 
first two pairs is spurious and derives from the approxi- 
mation of Eq. (9) that sets the three small K integrals 
as equal. These degeneracies are probably split by 
500 to 1000 cm™. Thus there is,only one rigorous 
accidental degeneracy in the circular box model, that 
between *B° and 40°. 

Table II enables us to consider the effect of the actual 
Ds symmetry of the porphin skeleton on the states of 
the circular box. It shows that one might expect the 
states *K and *M to split into states of symmetry 
Aig, Ax and By, and Bs, respectively. Further, the 
states *B° and *Q° may mix. 

We shall treat the effect of Ds, symmetry as a one- 
electron perturbation.?*"” Thus, if 4o is the one-electron 
circular box potential of the nuclei and the buried elec- 


J. R. Platt, J. Opt. Soc. Am. 43, 252 (1953). 
144M. Kasha and J. R. Platt (private communication). 





MARTIN GOUTERMAN 


TABLE III. Allowed transitions. 








Initial Final 


Configuration Configuration 





(40404058 

vi 4ed5 04° 
446g eqs 4a564 058 
52494248 
ToFP4ese ToFe4e5« 
5248495 
4n4sfo5e {a-si-5: 
5248425 

42485 a50 
42584 a5e 
Fa4sga5a 353° 
42 P4a« 


4248450 








trons, we had supposed that 
hobss= ess 
hobss= ess. (10) 


We now let A—h=ho+p, where p is a one-electron 
perturbation, which changes the potential from D,, 
to Dy. The effect of this is twofold. It modifies Ae; 
however, as this was chosen empirically, it does not 
affect our results. In addition, it introduces a term 
connecting the orbitals y, and Wz. If we set (as men- 
tioned in Sec. IT) 


Wss= (Geutian,) /V2, (11) 


it follows that 
(Wr | P| Ws) =3{ (@eu| A | Gu) — (Gin | | Qiu)}. (12) 


This term arises from the fact that the a2, and diy 
orbitals are not degenerate in Dy porphin, and it is 
equal to half their energy difference. Treating the 
reduction to Dy symmetry as a one-electron perturba- 
tion means that all splittings must stem from this term. 

It may be shown that the one-electron perturbation 
term of Eq. (12) acts by introducing this term as a 
matrix element connecting two wave functions that 
differ by a single orbital, which in the one is ¥ and in 
the other ¥,. Table I shows that for the states arising 
from (4)2(5)? such an element will only enter between 
the *A states and the states *K. However, as these 
states differ in energy in the circular box model, the 
effect of such perturbation elements is small. Since 
there are no first order elements that split the *K and 
3M states, these near degeneracies should not be signi- 
ficantly affected. 

A rather different result occurs for the triplets arising 
from (4)%5. For it follows from what was said above 
that the *B° state will have an interaction element 
with *0° of (¥z|~| ys). This interaction appeared in 
the previous treatment of metal porphins* and was 
found to vary over values of less than 100 cm™ to 


about 2000 cm—!. The result will be that the lowest 
triplets are 50-50 mixtures of states with A,=+1 and 
A.=+9. We shall refer to the higher energy pair as *B, 
the lower energy pair as *Q. (It is to be borne in mind 
that in this case, since the states are 50-50 mixtures, 
they no longer have nodal properties.) ® 

A further approximation would consider the effect 
of the Dy symmetry on the Jag and Kag integrals. 
However, this correction means, in essence, abandoning 
the circular box model completely, since the purpose of 
the model was to handle electron interaction in a simple 
way. 

Intensities 

The 50-50 mixing of the lowest triplets with different 
| A. | values would lead to the idea that little can be 
said about intensity. Actually, the model gives some 
interesting predictions which we shall now explore. 

Intensity in a circular box is more conveniently esti- 
mated from the one electron operators r,=r exp(+18) 


than from the usual dipole operators (x, y, 2). If we use 
the orbitals of Eq. (4), it follows that: 


0 
(Ws | re |¥s) =(Vaz| ra | Ys) = 
p 


(Ws | re | Vs) =(W zl re | Ws) =0, 


p= | rf?(r) dv. 
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Fic. 4. The observed singlet-singlet and triplet-triplet spectra 
of Zn tetraphenylporphin (footnote 1). Supe are the pre- 
dicted transitions shown as shaded bars of a size proportional to 
the predicted intensity. 


15 The fact that the observed lowest excited triplets are not four- 
fold degenerate as shown in Fig. 3 means, of course, that the pro- 
cedure used to evaluate Ks and K4z is somewhat oversimplified. 
A more accurate treatment must take this into account. 
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Thus, only the transitions 45 and 4-5 are allowed. 
Such transition can be shown to have dipole strengths 
of p?/2. 

Table III shows all the allowed transitions from the 
ground configuration. There are four of them, and the 
sum of their dipole strengths is therefore 2p?. This 
quantity represents the total intensity for all singlet- 
singlet transitions from the configuration (4)* to 4°5. 
For a circular box this intensity appears entirely in the 
transitions to the singlets with A,=+1. Table III also 
shows the transitions possible from the triplets of 
(4)85 (z component of spin S,=1) to the configuration 
(4)?(5)*. Only two transitions are possible from each; 
thus the total dipole strength is p?. If the lowest triplet 
were *B°, all this intensity appears in transitions to the 
states n 9A. However, a curious feature is that this 
intensity divides equally between transitions to the 
states 2#A and 3 A (W, and V.). Transitions to 1 *A 
(Ws) are forbidden. (This result follows from Eqs. (3) 
and the rules for exchanging rows and columns of Slater 
determinants.) If the lowest triplet were *Q°, the in- 
tensity of p? would be equally divided between transi- 
tions to *K and *M. The fact that the lowest triplet, 
30, is a 50-50 mixture of *B° and *Q° means that the 
intensity will be shared equally by transitions to 

2A, 3A, *K, and *M. 


IV. COMPARISON WITH EXPERIMENT 


Combining the energy and intensity predictions of 
Sec. ITI, we find the following triplet-triplet spectra are 
predicted: 


23A, 33A—%0: 
*K, M—0: 
13*A—*0; 


This compares to a transition intensity of 2p? for the 
whole singlet-singlet system. 

The molecule used to estimate the values of Ae, Kus, 
and K was Cu etioporphyrin IT." Figure 4 reproduces 
the triplet-triplet spectra of Zn tetraphenylprophin.' 
Previous work of the author shows that Ae for Zn tetra- 
phenylporphin should be about 900 cm~ smaller than 
for Cu etioporphyrin. The calculated transition energies 
should be lowered by this amount. This corresponds to 
transitions at 24 200; 19 000; and 16 800 cm™ or 410, 
525, 595 mu. In Fig. 4 the first two groups, which are 
allowed, are indicated by shaded bars, each with an 


25,100 cm™', intensity p?/2 
19,900 cm-', intensity p?/2 
17,700 cm“ intensity 0. 


The energies were not calculated for the Zn compound as 
there is no reliable data reported for the wavelength of its phos- 
phorescence. 
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integrated absorption intensity one quarter that of the 
Soret bands. The forbidden transition is indicated by a 
line. 

Theobserved spectrum correlates reasonably well with 
the predictions. The strong peak at \X~400 muy relates 
to the highest energy allowed pair; that at X~480 my 
to the second allowed pair; one of the shoulders to the 
red could be 1 *A —*Q. The other peaks to the red would 
then correspond to the higher singly excited states. 


V. CONCLUSIONS 


The theoretical discussion began by pointing out that 
the upper state of the triplet-triplet spectra could be 
built either from singly excited configurations or a 
doubly excited one. The detailed theory on the doubly 
excited configuration predicted two allowed groups of 
states in the region 400-500 my. The two groups are 
predicted to have equal intensity, and the total intensity 
should be half that of the singlet-singlet spectrum. In 
addition, a weakly forbidden band further to the red is 
predicted. The predictions correspond reasonably well 
to certain observed peaks. The remaining peaks, es- 
pecially those to the red of, say, 700 mp would then be 
assigned to transitions to higher singly excited con- 
figurations. 

Several tests of the theory are possible. First one 
might attempt to resolve the strong bands into the 
predicted components. A more indirect test will be 
possible after spectra of several different metal por- 
phins are available. The hope would be that the ob- 
served spectral variations could be derived from the 
theory by perturbation techniques. 

The molecular quintet state predicted in the paper 
may produce some interesting phenomena. Table I 
gives it an energy 11 700 cm™ higher than the lowest 
triplet states. If Ae is corrected by 900 cm™ as before, 
this is reduced to 10 800 cm~, a transition of A=925 
mu, which is shown as a dotted line in Fig. 4. It lies 
slightly to the red of the peaks we have interpreted as 
higher singly excited states. It is interesting to speculate 
whether the quintet can be populated and observed as a 
long-lived phosphorescence. 
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The value of the spin-orbit coupling constant, ¢, for Re*+ in ReF, is discussed in this paper. Moffitt e¢ al. 
have tentatively assigned a value 3500 cm to ¢ for the series of compounds from ReF to PtF.. However, a 
detailed analysis of the OsF, and IrF, spectra indicates that ¢ has values near 3200 and 3700 cm™ for 
these two compounds. Since ¢ increase in the sequence Re, Os, Ir, it is probably smaller than 3000 cm™ in 


ReFs. If one assumes that there is a Jahn-Teller distortion of the fluorine octahedron, the optical absorption 
data on ReF, can be reconciled with this smaller value of ¢. 





OFFITT, Goodman, Fred, and Weinstock! have 
recently published data on the absorption spectra 
of ReF,, OsF,, IrF,, and PtF,. Their theoretical 
analysis is based on the assumption that the odd 
electrons responsible for the absorption move in a ligand 
field of octahedral symmetry. They give the value 
32 000 cm™ for the ligand-field splitting of the % and e 
orbitals, and the value 3500 cm for the spin-orbit 
coupling constant ¢. 

The point of this note is to suggest that, at least for 
Refs, the value 3500 cm for ¢ may be a substantial 
overestimate. It is derived in the following way: 

The ligand field of octahedral symmetry plus the 
spin-orbit coupling partially remove the degeneracy 
associated with the five possible orbital states and two 
possible spin states of a single d electron which moves in 


a spherically symmetric field. The new energy levels 
are given by 


a{V—3¢—-[(V+35)?+6¢" }} 
f 


3{V—35+[(V+35)?+657 F}. 
By taking V=30 000 cm, ¢=3200 cm™ one obtains 
energy levels at 5279 and 32 558 cm™. The observed 
levels are at approximately 5280 and 32 400 cm™, 
the precise locations being somewhat uncertain because 
of the resolved vibrational fine structure. 

Even this reduced value of 3200 cm™ for ¢ is probably 
too large. It is reasonable to expect that the spin-orbit 
coupling constant for the metal ion will be larger in 
OsF, than in ReFs, and still larger in IrFs. In OsF, the 
lowest orbital level is split by the spin-orbit interaction 
into three levels whose total separation (in a zero- 
order approximation) is 3¢/2. Since the observed 
splitting is 4400 cm it follows that ¢ for OsFs is 
about 3000 cm~. A complete calculation,? inclusive of 
configuration interaction, indicates that { may be as 
high as 3200 cm~. A similar calculation for IrFs in- 
dicates that ¢ is about 3700 cm in this compound. It 
follows that ¢ for ReFs is probably below 3000 cm=. 

1W. Moffitt, G. Goodman, M. Fred, and B. Weinstock, Mol. 
Phys. 2, 109 (1959). 

2 J. C. Eisenstein (to be published). 


In the absence of other effects such a low value for ¢ 
in ReF, would be incompatible with the observed 
absorption spectrum. However, there is an alternative 
way to account for the spectrum which does not require 
use of an unreasonably large ¢. Due to the opera- 
tion of the Jahn-Teller effect, the two-fold orbital 
degeneracy of the ground state of ReFs may be re- 
moved by a spontaneous distortion of the fluorine 
octahedron. This distortion, in hydrated salts of 3d 
compounds, is believed to have predominantly axial 
symmetry about a threefold axis of the octahedron of 
water molecules which surround the metal ion. Let us 
assume that the ReF, molecule is similarly distorted. 
We can take the perturbing field V’ due to the dis- 
tortion to be proportional to Y,°(6, #), where the 
angles refer to the trigonal axes, 


V’=42(5)4Gr Y.°(8, ¢). 


The numerical factors are introduced for convenience. 

The energy levels of ReFs corresponding to various 
values of V, ¢, and G can be calculated. The results of 
such calculations for selected values of the parameters 
are given in Table I, where the results are expressed 
in terms of the radial integral 


4=G["r| R(r) | "dr. 
0 


R(r) is the radial wave function. 

It is apparent from Table I that the values of the 
spin-orbit coupling constant and the strength of the 
trigonal field required to fit the experimental spectrum 
are not independent of one another. 

It is possible that a fourth-order term is also present 
in the perturbing field. Qualitatively, its effect would 
be the same as that of the second-order term. A similar 
remark applies to a tetragonal distortion. 

The calculations have been based on the assumption 
of a static Jahn-Teller distortion, because definite 
results can then be obtained for the positions of the 
energy levels. It is somewhat more likely that the dis- 
tortion, if it exists, is due to the dynamical Jahn- 
Teller effect and arises from the interaction of elec- 
tronic and vibrational motion. Since both the static and 
the dynamical Jahn-Teller effects result in lowering 
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the ground state, the general conclusion of this paper 
regarding ¢ in ReF is not affected by the details of the 
interaction. 

If a distortion of the complex actually exists, it should 
have two effects on the low-frequency spectrum. In 
the first place, one might expect to find an absorption 
peak at the energy E;. According to Gaunt,’ there are 
no peaks below 5000 cm™ which cannot be ascribed 
to vibrational transitions. However, in view of the 
uncertainty concerning { and the nature of the distor- 
tion one does not know exactly where to look for the 
peak at E,. It may very well be indistinguishable from 
a peak in the vibrational spectrum. There is also a 
possibility that the transition probability from the 
ground state to the state whose energy is & is too 
low for an absorption peak to appear in the observed 
spectrum. Secondly, one would expect the vibrational 
frequencies to be somewhat different from those in 
similar molecules where the Jahn-Teller effect is 
not present. According to Claassen,‘ the vibrational 
frequencies of the molecules from WF, to PtFs do 


3J. Gaunt, Trans. Faraday Soc. 50, 209 (1954). 
4H. H. Claassen, J. Chem. Phys. 30, 968 (1959). 
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Taste I. Ligand field, trigonal field, and energy levels of ReFs as 
a function of spin-orbit coupling constant. All numbers are energies 
in cm=, 





Ei E3 Ey 
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1419 
1276 
1098 
883 
629 
333 


32 287 
32 295 
32 305 
32 318 
32 334 
32 353 
32 375 


32 513 
32 505 
32 495 
32 482 
32 466 
32 447 
32 425 





not form regular sequences, but it is not clear that 
the departures from regularity indicate a distortion 
of the ReF, molecule. 

It would seem that more data are required before the 
existence of the fields of low symmetry is proved or 
disproved. Magnetic susceptibility and electron-spin 
resonance experiments on ReF, would be helpful in 
clarifying the situation. 

I am indebted to Miss Irene Stegun and Miss Ruth 
Zucker, who did the numerical calculations for me. 
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Fluorescent emission due to holmium can be readily observed in a calcium tungstate host lattice under 
3660 A excitation. There are at least eight excited states of holmium which fluoresce in the visible range due 
to transitions to the 5/3 ground state. These emission peaks show concentration quenching effects which ap- 
pear to be due to the development of exchange coupling. 

A number of emission peaks due to holmium represent transitions which do not correspond to known 
absorption bands. These peaks are particularly prominent in the emission spectra at high concentrations of 


holmium. 





INTRODUCTION 


HE absorption spectrum of trivalent holmium has 

been examined in detail by Prandtl and Scheiner,! 
Gobrecht,? and Severin. However, little has been 
said concerning the fluorescent emission of this ion. In 
1957 Dieke and Hall‘ pointed out that the fluorescence 
of Ho* in samples examined to that date was too weak 
to be studied. Since this time, Keller'.* has reported on 
the emission spectrum of strontium sulfide samples 
containing 0.04% of holmium. However, considering 
the weak emission characteristic of holmium as com- 
pared to others of the rare earths and the results re- 
ported herein, it is questionable as to which part of the 
previously reported spectra was due to holmium and 


which part was due to other sources. The only agree- 
ment of the previous with the present work is the 
presence of an emission group at about 5500 A. 


MATERIALS 


Crystals having the scheelite structure and the 
compositions Ca;-2,Na,Ho,WO,, where x=0.5, 107, 
10°, 10-*, and 10~, were prepared employing a 
Na2W,0, flux as previously described.’ Samples of 
CaWO, to which no rare earths were added showed no 
detectable line emission due to impurities when pre- 
pared under these conditions. Examination of crystals 
of this series by R. Poppalardo of these Laboratories 
has shown only optical absorptions corresponding to 
those for holmium! to be present. The holmium oxide 
employed was obtained from the Michigan Chemical 
Company as a 99.94% pure grade. 


MEASUREMENTS 


Measurements were made at room temperature em- 
ploying a Gaertner high-dispersion spectrometer 
adapted with an AMINCO photomultiplier micro- 
photometer using a 1P22 tube. Ten-micron slit widths 


1W. Prandtl and K. Scheiner, Z. anorg. Chem. 220, 170 (1934). 

2H. Gobrecht, Ann. Physik (5) 28, 637 (1937). 

3H. Severin, Z. Physik 125, 455 (1947). 

4G. H. Dieke and L. A. Hall, J. Chem. Phys. 27, 465 (1957). 

5S. Keller, J. Chem. Phys. 29, 180 (i958). 

6S. P. Keller and G. D. Pettit, J. Chem. Phys. 29, 434 (1959). 
(sa. Van Uitert and R. R. Soden, J. Appl. Phys. 31, 328 


were employed at the entrance and exit to the spec- 
trometer. The system was calibrated against a tungsten 
lamp to give relative values of brightness of the emitting 
surface in units of power per unit wavelength range. 

Emission was excited by illuminating a sample 1 in. 
long by } in. wide by } in. deep with a 3660 A rich H4 
spotlight through a Corning 5860 filter. All of the in- 
tensity measurements are relative to 100 for the 5450. 
A peak of a comparable sample of Nao sT bo sWO,, in 
keeping with previous intensity measurements.*-” 

Owing to the low level of brightness of the emission 
from trivalent holmium, it was found to be necessary 
to use long-wave excitation rather than short-wave 
excitation to avoid interference from the broad-band 
lattice emission of calcium tungstate. Under 2537 A 
excitation, the spectrum observed consists principally 
of the broad-band emission of calcium tungstate modi- 
fied by absorption bands due to holmium at wave- 
lengths shorter than 5000 A and by the stronger emis- 
sion line groups of holmium wavelengths greater than 
5000 A. 


DISCUSSION 


The photomultiplier response to the emission of 
Cap .9gNao .o1H09 01 WO, vs wavelength is shown in Fig. 1. 
The absorption bands found for the aqueous solution of 
holmium chloride in the visible region by Prandtl and 
Scheiner are indicated as blocked out areas below the 
curve in this figure. The majority of emission peaks 
observed correspond to known absorption states; in 
fact, emission lines are observed corresponding to each 
of the absorption states in the visible region. Since the 
lowest energy absorption band (corresponding to the 
57, state) lies about 5100 cm™ above the °J, ground 
state, all of the foregoing absorption transitions are 
considered to originate in the ground state’; hence, it 
is reasonable to expect that the corresponding emission 
peaks represent transitions from excited states to the 
ground state. A number of the emission peaks shown in 


( 8L. G. Van Uitert and R. R. Soden, J. Chem. Phys. 32, 1161 
960). 
( ono” Van Uitert and R. R. Soden, J. Chem. Phys. 32, 1687 
1960). 
(1960) G. Van Uitert and R. R. Soden, J. Chem. Phys. 33, 567 
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EMISSION SPECTRUM OF TRIVALENT HOLMIUM 


Fig. 1 do not correspond to absorption bands of hol- 


mium; most prominent among these is the one at 
5830 A. 


The relative strengths of the emission lines vary 
markedly with composition for holmium concentrations 
greater than one percent. Figure 2 shows the de- 
pendencies of intensity upon concentration for a num- 
ber of these peaks. The curves are similar to those 
obtained for the emission from the higher energy 
excited states of terbium: and europium,® the visible 
emission of dysprosium" and the room temperature 
emission from the excited states of erbium.” 


Caw, : Hg 9} 


RELATIVE EMISSION 


ABSORBTION 
ao Banos Co 


WAVE LENGTH IN A 


Fic. 1. Intensity of emission plotted on a logarithmic scale vs 
wavelength for CaWO, containing one formula per cent of hol- 
mium, excited by 3660 A radiation. 


The holmium spectra behave like those of erbium in 
that enhancement of emission from one state by energy 
transfer from a higher state appears to be limited to 
relatively small energy separations. The peaks corre- 
sponding to the close lying absorption bands between 
4600 and 4900 A and between 5350 and 5500 A show 
this behavior by the progressively increased concen- 
trations of holmium at which they obtain their maxima 
in brightness while giving no comparable indication of 
energy transfer between the two major groups. Such a 
behavior would be suggested by the group at the 
shorter wavelengths having their maxima in brightness 
at considerably lower holmium contents than the other, 
as occurs in the cases of europium and terbium.*.® 


1 L, G. Van Uitert, J. Electrochemical Soc. (to be published). 
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Fic. 2. Intensity of emission plotted on a logarithmic scale vs 
wavelength for members of the series Ca;-2,NazHo,WQ,. 


The emission peaks at 4930 and 5830 A and others 
which do not correspond to absorption bands do not 
show as rapid a decrease in brightness at the higher 
concentrations of holmium as the others. In 
Nao .sH0p sWO,, they are dominant features of the 
emission spectrum, as shown in Fig. 3. A similar 
emergence of a second set of emission peaks at high 
concentrations was observed in the case of erbium.” 
However, in the latter case the peaks that were largely 
quenched by concentration effects at room temperature 
increased markedly in brightness and became the 
dominant emission pattern when the temperature was 
reduced to 77°K. This indicates that vibronic interac- 
tions play an important role in quenching emission 
from excited states of erbium. In contrast holmium is 
similar to europium, terbium, and dysprosium in that 
the emission of concentration quenched states shows 
little tendency to brighten at low temperatures. Here 
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Fic. 3. Intensity of emission plotted on a logarithmic scale vs 
wavelength for Nao sHoo sWO, excited by 3660 A radiation. 
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the quenching effect is probably largely due to exchange 
coupling. 

The origin of the peaks which do not correspond to 
known absorption bands of holmium is not clear. If 
they are due to transitions terminating in the higher 
levels of the ground multiplet, one could expect to find 
similar dependencies of emission upon holmium con- 
centration for transitions to the 57, ground state. Such 
consistency of behavior among the several members of 
a multiplet is notable in the cases of europium, terbium, 
and dysprosium. However, the emission peak at 5830 
A (for example) does not show a concentration de- 
pendence similar to any of the others. It is also possible 
that these lines are due to transitions terminating at 
levels other than those constituting the ground multi- 


THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 33, 


L. G. VAN UITERT AND R. R. SODEN 


plet. If this is the case, the differences in the dependence 
of quenching effects upon composition may reflect 
differences in the influence of exchange coupling upon 
the oscillation strengths for transitions from a common 
level to terminal states in different multiplets. There is 
also a possibility that these peaks correspond to very 
narrow absorption bands that have escaped detection. 
In this case the higher concentrations at which they 
obtain their maxima in brightness could be due to 
energy transfer from higher levels. 
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The infrared spectra of the lithium halides have been re- 
examined. The vibrational constants of the diatomic molecules are 
LiCl w—641+3 4.2+0.3 
LiBr w.=563.2+0.2 3.5340.15 wy =0.02+0.03 
Lil w=498.2+0.2 3.394%0.15 wey=0.08+0.03. 
The first five coefficients of the Dunham expansion of the potential 
energy have been obtained for lithium bromide and iodide. 


WeX = 
WX = 
WX 


Rittner’s ionic model has been found to give a good representa- 
tion of the potential energy. The ionic-model treatment of the 
lithium halides has been extended to take account of the higher 
multipole polarizabilities of the halide ions. The introduction of 
quadrupole and higher polarizabilities destroys the agreement 
between observed and calculated spectroscopic constants which 
is found when only dipole polarizabilities are used. 





I. VIBRATIONAL CONSTANTS OF THE DIATOMIC 
LITHIUM HALIDES 


HE infrared spectra of the lithium halides, with the 
exception of lithium fluoride, have been reported 
earlier.1 We shall give here the results of a study of 
these spectra under higher resolution, together with 
results for the fluoride. A detailed study of the infrared 


spectrum of lithium fluoride has been presented by 
Vidale.? 


The desirability of further study of the lithium halide 
spectra stems mainly from the work of Kusch and his 
associates Miller, Eisenstadt, and Rothberg*“ on the 


* Alfred P. Sloan Fellow. 

t Present address: Department of Chemistry, Juniata College, 
Huntingdon, Pennsylvania. 

t On leave from Arthur D. Little, Inc., Cambridge 40, Massa- 
chusetts. 

1 W. Klemperer and S. A. Rice, J. Chem. Phys. 26, 618 (1957). 

2G. Vidale, J. Phys. Chem. 64, 314 (1960). 

?R. C. Miller and P. Kusch, J. Chem. Phys. 25, 860 (1956) ; 27. 
981 (1957). 


‘M. Eisenstadt, G. M. Rothberg, and P. Kusch, J. Chem. Phys. 
29, 797 (1958). 


velocity distribution in molecular beams of alkali 
halides effusing from Knudsen cells, and from the mass- 
spectrometric analysis of such beams by Friedman 
and others.5~’ These studies proved that alkali halide 
vapors in thermodynamic equilibrium with the corre- 
sponding condensed phases consist of both monomeric 
and polymeric species. The degree of polymerization is 
highest in the lithium halides. In our earlier work,'* in 
which prism optics were used, only one absorption band 
was observed for each compound, and was attributed 
to the diatomic monomer. The present work, in which a 
grating spectrometer was used, confirms our earlier 
assignments and yields several vibrational constants 
for each diatomic species. Together with the rotational 
constants of Honig, Mandel, Stitch, and Townes® the 


5. Friedman, J. Chem. Phys. 23, 477 (1955). 
oi —— and W. A. Chupka, J. Chem. Phys. 29, 653 


(19 

rR F. Porter and R. C. Schoonmaker, J. Chem. Phys. 29, 
1070 (1958). 

8S. A. Rice and W. a af ee Chem. Phys. 27, 573 erat 

*A. Honig, M. Mandel, . Stitch, and C. H. Townes, 
Phys. Rev. 96, 629 (1954). 
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vibrational constants permit the construction of the 
potential energy curve of the lithium halides over a 
considerable region of displacement about the inter- 
nuclear distance. 

Absorption bands due to the polymeric lithium 
halides have also been observed in the course of the 
present work. They will be discussed in a subsequent 
paper. 


Theory 


To the accuracy required here, the rotation-vibra- 
tion energy of a diatomic molecule in a !2 electronic 
state is given in terms of the usual spectroscopic 
constants by 


E,,s =w.(0+4) — Were (V+9)*+0Ye (v-+})* 
+[B.—ae(0+4) +7e(0+3) 7) (J+1) 
—D,[J(J+1) P+H.[J(J+1)}. (1) 


In the transitions with which we are concerned, the vi- 
brational quantum number increases by unity (v—> 
v+1), with an accompanying change in rotational 
quantum number J—+J+1. The exact appearance of 
the spectrum and hence the features most useful for 
analysis will depend on the resolving power of the 
instrument used. In the present work we are unable to 
resolve the individual rotational lines but can readily 
observe the band heads which are formed when 


AC Eost.s41— Ev,s //AJ=0. (2) 


At the temperatures involved in the experiments there 
is an appreciable population in several vibrational 
levels, so that a series of band heads is observed. 
From the frequencies of the band heads, the vibra- 
tional constants defined by Eq. (1) can be obtained 
through an iterative procedure, made possible by the 
fact that as a rule successive vibrational constants 
differ from each other by two orders of magnitude. 
For LiBr and Lil the rotational constants B,, a, and 7 
are known from the microwave spectra of the mole- 
cules. The higher rotational constants may be approxi- 
mated by 


D,=D.—8(v+}), (3) 
D.= (4B3/w) , (4) 


B= — (4B.°/wP) [Sere t+ Bw ere+ (1/24) (amve)*/B.*], (5) 
and 


where 


A_L=H.= (16B35/w,*) [2— (aw,/6B.*) ]. (6) 


Thus three vibrational constants, w., w.%, and wy. may 
be determined. 


Experimental 


The instrument used to obtain the spectrograms is a 
small grating spectrometer which has been described 


1 1 4 
600 cyt 590 580 


i l 
620 610 





Fic. 1. The infrared absorption spectrum of gaseous lithium 
bromide. 


earlier.” Two gratings were used, both in first order: 
a Bausch & Lomb 72-line/mm grating above 750 cm™, 
and an N. P. L. Merton Process 40-line/mm grating 
below that frequency. Higher-order radiation was 
eliminated by Eastman Kodak infrared filters and 
selective crystal light choppers. The slit widths used 
were approximately 1.5 cm. These large slit widths 
were necessary because of the decrease in aperture of the 
optical system when the 5-ft-long furnace was used as 
sample cell. Since the resolving power of the optical 
system was similar to that of a double-passed prism 
instrument with a 4-in. sample cell, the frequency cali- 
bration was based on prism standards." 

Commercial samples of the lithium halides were used. 
They were dried under vacuum at 200°C for 12 hours or 
more and then placed in the cell, where they were fur- 
ther vacuum-dried at approximately 500°C. The rela- 
tively high vapor pressure of these compounds, with 
the exception of the fluoride, permits the use of a steel 
tube as the sample cell. In the case of lithium fluoride 
it is necessary to work above the melting point of steel; 
the sample was therefore placed in a molybdenum 
combustion boat and introduced directly into the 
zirconium dioxide furnace core. In all instances argon 
was used as a buffer gas to prevent condensation of the 
vapors on the cold cell windows. 


Results 


The spectrum of lithium bromide shown in Fig. 1 
is typical of the observed spectra. For each halide 
several band heads are prominent. The frequencies of 
the band heads are taken as those of the half-intensity 
points, and are listed in Table I. This procedure is 
correct under the condition that the true profile of the 


10 T. C. James, W. G. Norris, and W. Klemperer, J. Chem. 
Phys. 32, 728 (1960). 

1 A. R. Downie, M. C. M m, T. Purcell, and B. Crawford, 
Jr., J. Opt. Soc. Am. 43, 941 (1953). 
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TABLE I. Observed band head location band and head in cm=. 





Substance 


0-1 1-2 


2-3 





LiF 973.7+0.1 
LiCl 689.2+0.4 
LiBr 604.59+0.15 


Lil 534.28+0.16 





956.340.1 
679.7+0.4 
597.15+0.15 
527.8220.12 


939.8+0.1 
670.4+0.3 
589.72:+0.17 


582.52+0.17 
521.782-0.12 


516.20+0.20 





band head, as it would be observed under high resolu- 
tion, is rectangular. The frequencies observed are those 
corresponding to the molecules Li? Xemica!, since our 
resolving power is not sufficient to separate the chlorine 
and bromine isotopes. 

Table II lists the vibrational constants for the lithium 
halides. The displacement of the band head from the 
band origin is appreciable, being approximately 50 
cm™, For lithium bromide and lithium iodide this 
displacement can be readily calculated from the rota- 
tional constants of Honig, Mandel, Stitch, and Townes.® 
Thus the calculations introduce virtually no error into 
the vibrational constants. For lithium chloride rota- 
tional constants have to be estimated. The internuclear 
distance and therefore the rotational constant of LiCl 
may be reasonably well estimated from ionic radii® 
as re=2.02+0.02 A giving B.=0.707 cm~. The rota- 
tion-vibration coupling constant is estimated on the 
assumption that the Dunham constant a;=2.70, the 
value extrapolated from LiBr and Lil (see Table IIT). 
These estimates, together with estimates for the higher 
terms entering Eq. (1) result in some uncertainty in 
the vibrational constants above that due to the experi- 
mental error in the frequencies of the band heads. 

For lithium fluoride no microwave data exist. Vidale? 
has resolved rotational structure in the rotation-vibra- 
tion spectrum of this molecule; we list his vibrational 
constants in Table IT. 


Discussion 


There can be little doubt that the carriers of the 
spectra reported here are diatomic molecules. Thus 
this work confirms our earlier interpretation of the 
infrared spectra of the lithium halides! (and, by impli- 
cation, that of the other alkali halide spectra*) as far 
as the assignment of the observed absorption bands 
to molecular species is concerned. Further corrobora- 
tion of the assignment to monomers exists in the case 


TABLE II. Vibrational constants of the lithium halides. 








We WeXe WeVe 





LiF* 906.2+1.4 
LiCl 641.1+3 
LiBr 563 160.20 


Lil 498 160.20 


7.900.010 
4.2+0.3 
3.5340.15 
3.39+0.15 


0.02+0.03 
0.08+0.03 








® Reference 2. 


of potassium chloride, for which the J=0—-J=1" 
and J=12—J=13" rotational transitions have been 
measured with high precision. The centrifugal distor- 
tion coefficient of KCl calculated from these measure- 
ments yields a vibrational frequency of w.=285.2+1.8 
as compared with the infrared value® of 281-6 cm. 
The spectroscopic constants are most readily related 
to potential energy curves by means of Dunham’s 
expression“ for the energy of a vibrator-rotator. The 
potential energy is obtained in the form of a power 
series in the reduced displacement = (r—r,)/r. about 


_ the equilibrium internuclear separation 


(7) 


V(t) =asp{1+ Dat] 


The relations between the spectroscopic constants and 
the potential constants a, have been given by Dunham. 
Table III lists the potential constants for LiBr and Lil, 
together with the corresponding constants calculated 
from Rittner’s model” of the alkali halides following 
the procedure of Honig, Mandel, Stitch and Townes.* 
We shall defer discussion of the calculated values until 
the end of the following section. 


Gaydon has discussed the problem of obtaining 
the dissociation energies of ionic molecules by the use 
of a linear Birge-Sponer extrapolation. For all mole- 
cules the energetically lowest separated-atom system 
is that of the ground state atoms. It might be expected 
that extrapolation from the lower vibrational levels 
might lead to a separate-atom system consisting of 
ions and, therefore, to too high a value of the dis- 
sociation energy. In fact, in the most clear-cut example 
available to Gaydon, that of the thallous halides, the 
dissociation energy given by the linear Birge-Sponer 
extrapolation was actually too low. The experimental 
and the linear-Birge-Sponer dissociation energies for 
the lithium halides, calculated from our vibrational 
data, are shown in Table IV. There is absolutely no 
agreement between the two sets of values, the observed 
dissociation energies being almost twice those obtained 
by extrapolation. 


2C, A. Lee, B. P. Fabricand, R. O. Carlson, and I. I. Rabi, 
Phys. Rev. 86, 607A (1953); 91, 1395 (1953). 
a K. Garrison and W. Gord fhe Rev. 108, 899 (1957). 
4 J, L. Dunham, Phys. Rev. at, 721 (1932). 
16 FE. S. Rittner, I. Chem. Phys. 19, 1030 (1951). 
16 A, G. Gaydon, Dissociation Energies (Chapman and Hall, 
Ltd., London, 1953), 2nd ed. 
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TABLE III. Dunham expansion coefficients for lithium bromide and iodide. 





Method Substance reA 


a 10° cm= un a a 





LiBr 
Experimental 


LiBr 
Lil 


Rittner 


2.1704+0.0001 1.4289+0.002 -—2.7170+0.002 5.0+0.2 
Lil 2.3919+0.0001 1.3998+0.002 


7.341.3 
2.1+0.5 
4.00 
4.61 


—2.7289+0.002 
2.5507 
2.659 


4.2+0.2 
3.946 
4.24 





II. IONIC MODEL CALCULATIONS 


For a number of years, models consisting of polariza- 
ble ions have been used with considerable success to 
predict® and correlate! the spectroscopic constants 
of the alkali halides. Earlier tests of the ionic model,® 
however, were hampered by the fact that the vibrational 
constants were only poorly known. Furthermore, in the 
treatments referred to only the dipole polarizabilities 
of the ions involved were included. Berry” has pointed 
out the importance of induced quadrupole interactions 
in the calculation of the bending force constants of 
the group IT halides from an ionic model. Even more 
recently, Burns® has included quadrupole, octupole, 
and hexadecapole polarizabilities in the calculation of 
antishielding factors for the purpose of evaluating 
quadrupole coupling constants in gaseous alkali 
halides.” We have therefore reexamined the ionic-model 
treatment of the lithium halides in order to determine 
in a particularly simple case the effect of higher polariz- 
abilities on the calculated spectroscopic constants. We 
shall describe our methods in some detail, since we 
shall have occasion to use them again in connection 


with the somewhat more complex problem of the group 
II dihalides.” 


Theory 


We shall write the potential energy of the gaseous 
lithium halides as the sum of the electrostatic energy 
of interaction between the lithium and halide ions ¢ 
and of an exponential repulsion term, A exp—r/p, where 


TABLE IV. Dissociation energies of the lithium halides (ev). 





LiF LiCl LiBr Lil 





5.95* 
3.16 


Experiment 4.858 


2.99 


4.35> 
2.75 


3.5> 


Linear Birge Sponer 2.24 





® W. H. Evans, National Bureau of Standards, private communication. 
> G. Herzberg, Molecular Spectra. I. The Spectra of Diatomic Molecules (D. 
Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 2nd ed. 


7R. S. Berry, J. Chem. Phys. 30, 286, 1104 (1959). 
8G. Burns, Phys. Rev. 115, 357 (1959). 
19M. F. C. Ladd and W. H. Lee, J. Inorg. Nuclear Chem. 11, 
264 (1959), have considered quadrupole terms in the calculation 
of lattice energies of ionic crystals. 
a * Biichler, W. Klemperer, and A. G. Emslie (to be pub- 


A and p are constants: 


W=6+A exp—r/p. (8) 

The dissociation energy implied in Eq. (8) will be 
that to the free ions. To obtain ¢, we recall that the 
dipole polarizability of a spherical conductor is given 
by the cube of its radius. The key to the treatment to 
be discussed is the recognition that the observed dipole 
polarizabilities of halide ions correspond to those of 
spherical conductors whose radii are of the order of, 
and in each case somewhat smaller than, the conven- 
tional ionic radii. Since the lithium ion is very nearly a 
point charge, we can obtain @ for the lithium halides 
on the basis of a model consisting of a positive point 
charge and a negatively charged spherical conductor 
(Fig. 2). The electrostatic energy of this system can be 
obtained in a closed-form expression whose expansion 
yields the individual charge-multipole contributions. 
In turn, the resulting series can be rewritten in a form 
which gives ¢ in terms of arbitrary isotropic multipole 
polarizabilities for the halide ions. It must be pointed 
out, however, that this treatment still neglects the 
possibility of the variation of each multipole polariza- 
bility with field strength. 


Evaluation of the electrostatic energy 


Consider a positive point charge e located at P at a 
distance r from the center O of a spherical conductor 
of radius a and carrying a negative charge —e (Fig. 2). 
The energy of a system of charges and charged con- 








CHARGES: q)#--Ze 


Get fe-e 


Fic. 2. Electrostatic model for lithium halides. 
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TABLE V. Data for lithium halide calculations. 








nu Debye B.,cm™ a=ap(X-)A® E(X),ev 





LiF 6.421 
LiCl 7.144> 
LiBr 6.19° 


Lil 6.25° 


1.378 

0.7053 
0.5548 
0.4432 


0.497 
2.17 
4.15 
6.24 


3.624 
3.824 
3.544 
3.244 


Li: First ionization potential =5.37 ev® 








*R. Braunstein and J. W. Trischka, Phys. Rev. 98, 1092 (1955). 

b J. W. Trischka and D. T. F. Marple, Phys. Rev. 103, 597 (1956). 

© Reference 9. 

4H. O. Pritchard, Chem. Revs. 52, 529 (1953), Table 10. 

© R. F. Bacher and S. Goudsmit, Atomic Energy States (McGraw-Hill Book 
Company, Inc., New York, 1932). 


ductors is given by” 


o=4 DQ, (9) 


where U; is the potential at the location of the charge 
qi. In the present case, we obtain 


o=3LeUi+ (—e) Us], (10) 


where U; is the potential at P and U, the potential at 
the surface of the spherical conductor conveniently 
evaluated at A. To calculate U; and U2 we use the 
method of electrostatic images. In the absence of the 
charge at P, the potential at the surface of and out- 
side the conductor is obtained by replacing the latter 
by a point charge —e located at its center. To take 
account of the polarization of the conductor by the 
positive point charge, we replace the conductor by 
the image charge gq at a distance a?/r from O and 
the charge g, at O (Fig. 2). The values of U,; and 
U, are then obtained by calculating the potential 
at P due to gq, and q and the potential at A due to q. 
The potentials due to the point charge and its image q 
cancel at the surface of the sphere. One thus obtains, 
leaving out a constant term e/a, 


o=(—e/r)—ea[1/(r-—a?)—(1/r*)], (11) 


a result already given by Maxwell.” Expanded, Eq. 
(11) gives 


b= (—e/1)—H(Ea'/r*)[1+ (at/1*) + (t/t) +--+] 
(12) 


The first term on the right-hand side is the charge- 
charge term. The second term gives the charge-induced 
dipole interaction 3a*/r*=}ap/r* where ap is the dipole 
polarizability. The remaining terms give the higher 
charge-induced multipole interactions. The introduction 
of arbitrary isotropic multipole polarizabilities into the 
right-hand side of Eq. (12) is discussed in an Appendix 
to this paper. The coefficient 3 before the charge-dipole 

21 J. Jeans, The Mathematical Theory of Electricity and Mag- 
netism (University Press, Cambridge, England, 1925), 5th ed., 
p. 94; ibid., pp. 184 et seq. 

227. C. Maxwell, A Treatise on Electricity and Magnetism 


(1891; reprinted by Dover Publications, Inc., New York, 1954), 
3rd ed., Vol. I, p. 251. 


Spherical conductor potential 


and charge-multipole terms, which is usually referred 
to as due to the “quasi-elastic energy” of the induced 
moments, arises naturally in the present treatment. 


Evaluation of the spectroscopic constants 


We follow the procedure used in earlier papers.'* 
The observed (or, in the case of LiCl, estimated) inter- 
nuclear distance r, and the vibrational frequency w, are 
used to fix the values of the repulsion parameters A 
and p. The resulting potential function is then used to 
calculate the dissociation energy to the free ions W, 
and the Dunham constant a. The latter is related to 
the vibration-rotation constant a, through the equation 


ae= (— B?/w.)6(1—a). (13) 


Results 
1. Data 


Primary data for the lithium halide calculation, and 
the sources from which they were obtained, are listed in 
Table V. We also give there the values of the ionization 
potentials E(X) and the electron affinity which were 
used to convert the dissociation energies D,® of Table 
IV into the dissociation energies W,. The vibrational 
frequencies used are those of Table II. The dipole 
moments of LiF and LiCl were obtained from the 
observed values of u2A where A is the moment of inertia 
calculated from the internuclear distances given. 

The dipole polarizabilities of the halide ions were 
calculated from the equation 


u=er.— (eap/r.) (14) 


in which it is assumed that the difference between the 
observed molecular dipole and that corresponding to a 
molecular model consisting of two point charges is 
due solely to the polarization of the halide ions. From 
ap, the radius of the corresponding spherical conductor, 
a=ap}, was obtained. 


2. Potential Functions 


Three forms of the electrostatic potential were used. 
The first of these is the “spherical-conductor” potential 
of Eq. (11), which includes the effect of all induced 
multipoles. Its use assumes that the higher polariza- 
bilities of the halide ions can be adequately represented 
by those of a spherical conductor of radius a, where a 
has been obtained in the manner described in the 
preceding paragraph. Comparison with various calcula- 
tions and estimates"*.* of quadrupole and higher 
polarizabilities shows that the spherical-conductor 
values are reasonable and indeed conservative. 

The second form of the electrostatic potential in- 
cludes only the charge-charge and charge-dipole terms 


% R. M. Sternheimer, Phys. Rev. 96, 951 (1954); 107, 1565 
(1957). - 





INFRARED SPECTRA OF LITHIUM HALIDE MONOMERS 


Tasxe VI. Ionic model calculations for lithium halides. 








LiF LiCl 
Point- 
charge 
potential 


Point- 
charge 
potential 


Spherical 
conductor 
potential 


Spherical 
conductor 
potential 


Rittner 
potential 


Rittner 


Exptl potential 





—6.12 
—2.888 


—6.53 
—1.654 


—6.35 
—2.619 


—7.6 
—2.567> 


—7.95 —7.89 
—2.146 —2.354 


—7.76 
—2.485 


W., ev® 


a 
p, Debye* 


exptl exptl 
p, A 
a*/r? [ (cf. Eq. (12) ] 


0.257 0.269 
0.26 sey 
¢'/é 
A? 
0.42 


0.11 
0.07 


6.42 


o/e4 o"/é 
A773 

—0.54 

—0.37 


—0.35 


Electrostatic energy 

terms+derivatives A“ 

Charge-charge —0.647 
hai ipole —0.044 


Charge-multipole —0.016 


9.70 
0.286 


7.42 
0.259 


exptl exptl 
0.282 0.318 


0.41 
¢'/¢ 
A’ 

0.25 


0.13 
0.17 


e"/e 
A733 
—0.24 
—0.32 
—0.75 


¢'"/é2 
A-* 
1.05 


1.42 
2.12 


e/a 
A“ 
0.36 


0.95 
4.01 





LiBr 
Spherical 
conductor 
potential 


Rittner 


Exptl potential 


potential 


Lil 
Spherical 
conductor 
potential 


Point- 
charge 
potential 


Point- 
charge Rittner 


Exptl potential 





—6.4 —6.63 
—2.7170° +2.3274 —2.578 
6.19 exptl exptl 
oa 0.251 0.343 

0.51 was 


W,, ev® —6.07 


aq 

u, Debye* 

p,A 

a*/r* [cf. Eq. (12) ] 


Electrostatic energy 
terms+derivatives 
Charge-charge 
Charge-dipole 
Charge-multipole 


o/e4 

A” 
—0.461 
—0.094 
—0.114 


¢"/e 
A7 
—0.20 
—0.40 
—2.18 


¢'/é 
A 
0.21 


0.17 
0.44 





—5.73 
—2.987 


—5.24 
—3.139 
11.5 
0.308 


31 —5.61 
—2.6641 


exptl 
0.371 


—6. 
5.1551 
exptl 
0.251 
0.59 


¢'/¢ 
AW? 
0.17 


0.16 
0.50 


—5.7 

—2.7289¢ 
10.4 6.52 
0.296 ahs 


e"/e 

A 
—0.15 
—0.33 
—2.48 


o/e4 

A” 
—0.418 
—0.095 
—0.139 


¢'"/é2 
Av-*+ 
0.27 


1.10 
13.4 


o'"/é 
A-t 
0.18 


0.84 
15.2 








* Cf. Table V. 
> Reference 2. 
© Reference 9. 
4 To convert to ev, multiply by 14.40. 


in the expansion given by Eq. (12): 
$= (—e/r) — (Cap/r'). 
With ¢ in this form, W corresponds very closely to the 
Rittner potential as we have used it earlier.'* 
For the final calculation the molecule was considered 


as made up of two point charges, so that the electro- 
static potential reduces to 


o=—e/r. 


Rittner potential (15) 


Point-charge potential (16) 


3. Numerical Results and Discussion 


Table VI gives the experimental values of W, and a, 
together with the values calculated by substituting 
the three expressions for ¢ in Eq. (8). A number of the 
parameters involved in the calculations are also given, 
as well as the dipole moments calculated on the basis of 
the point-charge model. 

A number of conclusions can be drawn from the 
figures given in Table VI. For the lithium halides, all 
three ionic-model calculations give adequate agreement 
between the calculated and observed energy, the latter 
itself being in every case uncertain to an order of +0.2 
ev. For each molecule an increase in polarization pro- 


duces increased stabilization, and the effect is more 
marked as the value of a?/r,? [cf. Eq. (12) ] increases. 
It should be noted that since the terms due to the 
induced moments are all of the same sign, the effect 
of adding higher moments will be in the same direction 
as that of increasing the magnitude of the polarizabili- 
ties, 

The potential constant a; provides a more sensitive 
test of the model, since it involves the third derivative 
of the potential (only the first and second derivatives 
are involved in the calculation of W.). Table VI shows 
that both the point charge and the Rittner potentials 
give good agreement. An increase of the polarization 
term, however, makes the calculated values more 
positive and for LiBr and Lil the effect is so large that 
the values of a; calculated from the spherical-conductor 
potential have the wrong sign. What has happened can 
be seen from an examination of the contributions of the 
various terms of the multipole expansion to the electro- 
static energy ¢ and its derivatives (Table VI). In the 
first place, the relative contribution of the charge- 
quadrupole and higher terms increases with increasing 
values of a?/r22, so that in the case of LiBr and Lil the 
contributions of the higher multipoles to ¢’” and, to a 
lesser extent, to ¢”’, completely swamp that of the 
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lower terms, while for ¢ itself and for ¢’ the contribu- 
tion of the multipole terms remains of the same order as 
that of the other terms. 

For LiBr and Lil we have used Rittner’s model to 
calculate also the higher Dunham constants. The results 
have already been given in Table III. In this set of 
calculations, account was taken of the finite dipole 
polarizability of the lithium ion (0.03 10-*4 cm) ; the 
polarizabilities of the halide ions were adjusted ac- 
cordingly. The agreement between calculated and 
experimental constants is quite startlingly good. Only 
for as, which involves the sixth derivative of the poten- 
tial function, is there significant disagreement. 

We are thus faced with a dilemma. The point-charge 
model (as we have used it) certainly permits adequate 
prediction of the spectroscopic constants W, and a 
for the lithium halides. Its most serious defect is in the 
molecular dipole moments, the predicted values of 
which are uniformly too high (Table VI). This is, 
of course, the reason why dipole polarizabilities are 
introduced into the calculations. Once this is done, 
however, consistency requires the inclusion of the 
higher multipole polarizabilities, with the consequent 
destruction of the agreement between the observed and 
calculated values of a. Several causes of this behavior 
may be proposed. The model ignores the variation of 
polarizabilities with field strength, and uses an approxi- 
mate repulsion function whose form is not readily 
derivable from theory. In any case, the examples of 
lithium bromide and lithium iodide show that the 
Rittner model, even regarded as a purely empirical 
expression, gives an excellent representation of the 
potential energy curve of these molecules. The problem 
which remains is why, in view of its apparent physical 
inconsistency, this model works so well. 


APPENDIX 


Transformation to arbitrary polarizabilities 


It is first necessary to define the multipole polariza- 
bilities in terms of the induced moments, and of the 
electric field and its derivatives. For the dipole, pina, 
quadrupole, Qina, and 2” pole, Pina, induced by a posi- 
tive unit charge at a distance 7, we write: 


Hina= ap E=ap/?’, (Al) 
Qina= a9 (0 E/Ar) = —2a9/r’, (A2) 

Pina" = Om ("1 E/dr") = (—1)"[(m—1) lan/r"**]. 
(A3) 


KLEMPERER, NORRIS, BUCHLER, AND EMSLIE 


We now consider the spherical conductor of Fig. 2 to 
be uncharged, and place a unit positive charge at P. 
The potential at P due to the moments induced in the 
conductor is then given by 


Va— >} (a2"+1/p2n+2) (A4) 


[cf. Eq. (12) ]. 
In terms of the standard multipole expansion,™ 


V=D[p™ Pp (cosd/m*], (AS) 


where P,, (cos@) is the Legendre polynomial of order n. 
Since the direction of the induced dipole, octupole, and 
higher 2?"-! poles is opposite to the direction OP, 
6= 180°, so that 

P, (cos@) = (—1)". (A6) 


Substituting Eqs (A3) and (A6) in (A5), we obtain 


V=— DL (m1) lon/r], (A7) 


which, on comparison with Equation (A4), yields 
Op, = a?"™—1/(n—1)! (A8) 
Substituting this relation in Eq. (12), we obtain 


(A9) 


= (—€/r) — FED (m1) larg /7™7] 


as the electrostatic energy of the system of Fig. 2 in 
terms of arbitrary isotropic multipole polarizabilities. 
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Force constant, dissociation energy, and equilibrium internuclear distance in a sequence of similar di- 
atomic molecules have been found to be related by the expression k,r./Do= const. The applicability of this 
relationship has been shown for eighteen sequences of similar molecules. With the help of this relationship, 
the dissociation energies of several important diatomic molecules have been determined. Evidence has been 
adduced in favor of the value 170 kcal for the heat of sublimation of graphite. 





1. INTRODUCTION 


HE heats of dissociation of several important 

diatomic molecules have been the topics of great 
controversy for several decades. A wide variety of 
experiments including spectroscopic, photochemical, 
thermochemical, and electron impact appearance po- 
tential measurements, are in conflict in several cases. 
In spectroscopic work, it is often difficult to determine 
the dissociation limit and the dissociation products. An 
accurate value for the dissociation limit can be obtained 
if a convergence limit of bands with its adjoining 
continuum is observed in absorption. In many cases, 
however, no band convergence is observed and in such 
cases, Birge and Sponer' have suggested an extrapola- 
tion to the position of the convergence limit from the 
observed bands. The limits obtained by such a method 
depend on the number of vibrational quanta observed 
and how the extrapolation is made. The merits and 
shortcomings of such extrapolation methods have been 
discussed by Herzberg? in his book on the spectra of 
diatomic molecules and by Gaydon’ in his book on 
dissociation energies. The great uncertainty associated 
with the determination of the dissociation limit and 
the dissociation products has led to a great deal of 
speculation and laborious experimentation in the last 
few decades. We have found an accurate relationship 
between force constant, dissociation energy and equilib- 
rium internuclear distance applicable for similar mole- 
cules in the same electronic state; this may aid in re- 


solving some of the controversies currently existing 
in this field. 


2. RELATIONSHIP BETWEEN FORCE CONSTANT, 
DISSOCIATION ENERGY AND EQUILIBRIUM 
INTERNUCLEAR DISTANCE 


In a sequence of molecules with constant bond type 
such as Os, Se, Sez, and Tes, Pauling* showed that the 


POR aa supported by the Office of Ordnance Research, U. S. 


y. 

t Present address: Lawrence Radiation Laboratory, Depart- 
ber of Chemistry, University of California, Berkeley 4, Cali- 
ornia, 

1R. T. Birge and H. Sponer, Phys. Rev. 28, 259 (1926). 

2G. Herzberg, Molecular Specira and Molecular Structure. I. 
Spectra of Diatomic Molecules (D. Van Nostrand Company, 
Inc., Princeton, New Jersey, 1950). 


*A. G. Gaydon, 
Ltd., London, 
‘L. Pauling, J. 


issociation Energies (Chapman and Hall, 
land, 1953). 
hys. Chem. 58, 662 (1954). 


dissociation energy (Do) is inversely proportional to 
the equilibium internuclear distance (r,). From this 
we have 


Dy.= const (1) 


for a sequence of similar molecules. We shall refer to 
this as Rule I. This, according to Pauling, may be 
inferred from the coulombic nature of the potential 
energy terms in the Hamiltonian function. 

Several workers** have shown that in a sequence of 
similar molecules, the force constant for infinitesimal 
amplitudes (,) is inversely proportional to the square 
of the equilibrium internuclear distance. This result is 
equivalent to the assumption that the potential energy 
curve near the minimum (which is parabolic in nature) 
for similar molecules is represented by the function 


U=a[(r—r.)/r. F, 
where a is a constant.!° From this we have 


(#U/dr’) rte 2a/r? =k., 


(2) 


(3) 
which may be written as 


(4) 


ka2= const. 


We shall refer to this as Rule II. 

While Pauling confines his relationship to homopolar 
molecules of one column of the Periodic Table, Smyth® 
extends Rule II to include heteropolar molecules of the 
same column. We, however, do not consider these rules 
to be exact, for there are a number of sequences which 
do not obey them. We consider these rules to have 
exact validity only when the condition that the mole- 
cules are of constant bond type is rigorously satisfied. 
This condition is not usually satisfied either in homo- 
polar molecules of one column or in heteropolar mole- 
cules, primarily because of changes in the bonding 
orbitals through hybridization and differences in the 
valence shell and inner shell repulsions from one mole- 


5 A. Kratzer, Z. Physik 3, 289 (1920). ; 

®S, Glasstone, Recent Advances in Physical Chemistry (P. 
Blakiston’s Son & Co., Inc., Philadelphia, 1936), 3rd ed. p. 206. 

™M. Davies, J. Chem. Phys. 17, 374 (1949). 

8D. F. Heath, J. W. Linnett, and P. J. Wheatley, Trans. Fara- 
day Soc. 46, 137 (1950). 

R. P. Smyth, J. Phys. Chem. 60, 1293 (1956). 
1% There is no obvious reason for supposing @ to be constant. 
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TABLE I. Oxides of the alkaline earth metals.* 





Molecule * Do 


Ss ker2 Do (Literature) 





BeO> 1.331 Excepted 
1.749 48 
1.882 93 
1.921 8 

4 


BaO 786 1.94 





4+0.7(G) 
5+0. 1(G); 34.35¢ 
0+0.5¢ 
82° 


5. 

‘ : , 4. 
.36 . : 4, 
4. 

5.4+0.5(G) 


1 
1.36 
1.36 





® See Sec. 3 on data and procedure. 


> BeO constitutes an exception. It may have the dissociation energy recommended by Gaydon. 


© I. V. Veits and L. V. Gurvich, Optics and Spectroscopy, 1, 22 (1956). The work of R. F. Porter, W. A. Chupka, and M. G. Inghram, J. Chem. Phys. 23, 1347 
(1955), however, shows that the dissociation energy of MgO is probably below 3.9 ev. 


4 L. Brewer and A. W. Searcy, Ann. Rev. Phys. Chem. 7, 259 (1956). 


cule to another, as postulated by Pitzer." It has been 
found, however, that effects which would influence the 
‘bond type would also induce corresponding effects in 
the force constants, dissociation energies and internu- 
clear distances, such that the ratio 


k.r./Do= const, (5) 


either for a sequence of diatoms belonging to one column 
or when one of the atoms comes from one particular 
column and the other from another specified column of 
the Periodic Table. We shall refer to this as Rule III, 
and denote the constant by S and call it the sequence 
constant. 

We choose the oxides of the alkaline-earth metals to 
demonstrate the preceding point. In this sequence, we 
expect the force constant and dissociation energy to 
decrease and the internuclear distance to increase as we 
pass from BeO to BaO. While the internuclear distance 
increases, the force constant and dissociation energy 
do not decrease as required by Rules I and II. It is 
clear that this sequence does not obey Rules I and II 
but, rather, has been found to obey Rule III as shown 
in Table I. The values of k, and r, for BeO are doubtful; 
if they prove to be correct then BeO would constitute 
an exception. The first members of some sequences do 
seem to constitute exceptions. The anomalous behavior 
of the first members may be explained in terms of 
valence shell and inner shell repulsions postulated by 
Pitzer." The low dissociation energy of F; when com- 
pared with the dissociation energy of Cl, is a famous 
example of such behavior. There are also a number of 
sequences within which no member constitutes an 
exception. 


A suitable potential function satisfying the condi- 
tions 


U(r)—U(#)=—D, 
(dU /dr) =r, =0 


(6.1) 
(6.2) 


and 
(@U/dr*) 


rr. ke, (6.3) 


might be expected to lead to Rule III. It appears, 
however, that the potential functions so far proposed” 


1K. S. Pitzer, J. Am. Chem. Soc. 70, 2140 (1948); J. Chem. 
' Phys. 23, 1735 (1955). 


See Y. P. Varshni, Revs. Modern Phys. 29, 664 (1957). 


do not lead to this result. For example, the function 
U =ar-"—br™ (7) 
as shown by Sutherland" leads to the result 


kr2=mn. 


(8) 


Equation (8) has been found by Sutherland to be 
inapplicable to similar molecules and this has led him 
to suggest“ the use of effective internuclear distance 
(r.-—d) in place of r, in Eq. (8). Linnett’s function® 


U=ar-"—be-™” (9) 


on the other hand, leads to the result 
ker-/D.=mn[1+1/(m—nr,) ]. (10) 


Assuming both a and m to be constant and 6 and n 
to be adjustable for each individual excited state of a 
given molecule, Linnett found that his potential func- 
tion leads to a better representation of the interrelation 
of the constants k,, f-, we, and w,x, than does the Morse 
function. According to Rule ITI the right-hand side of 
Eq. (10) should be constant for similar molecules. 
The constancy obviously depends on how the constants 
m and n vary from molecule to molecule. 


3. DATA AND PROCEDURE 


The k, values expressed in md/A are those calculated 
from the molecular data given in footnote reference 2 
if not indicated otherwise. 

The r, values (in A) are taken from the Tables of 
Interatomic Distances and Configuration of Molecules 
and Ions (The Chemical Society, London, England, 
1958). The r, values in parentheses are those estimated 
by us (if not indicated otherwise) and by others.’ 
The maximum deviation that would occur in the esti- 
mated ¢, values is considered to be 0.1 A. 


13 G. B. B. M. Sutherland, Proc. Indian Acad. Sci. 8, 341 (1938). 
4G, B. B. M. Sutherland, J. Chem. 4 8, 161 (1940). 
J. W. Linnett, Trans. Faraday Soc 1123 (1940); 38, 1 
1942 
oe. M. Guggenheimer, Proc. Phys. Soc. (London) 58, 456 


i 
u a Schomaker and D. P. Stevenson, J. Am. Chem. Soc. 63, 


37 
rs Chem. Phys. 18, 927 (1950). 


BR, a reer 
19 Y, P. Varshni, J. Chem. Phys. 28, 1081 (1958). 





DISSOCIATION ENERGIES OF DIATOMIC MOLECULES 


The Dp or D values which refer to 0°K in electron 
volts are from footnote reference 2 if they are followed 
by H in parentheses and from footnote reference 3 if 
they are followed by G in parentheses. 

The following abbreviations have been used: LBS- 
Linear Birge-Sponer extrapolation; LBSX-Linear Birge- 
Sponer extrapolation for the levels of the ground state; 
GBS-Graphical Birge-Sponer extrapolation; and GBSX- 
Graphical Birge-Sponer extrapolation for the vibra- 
tional levels of the ground state. Other abbreviations 
and symbols used in this paper conform to their usage 
by spectroscopists. 

The general procedure adopted in verifying our rule 
is to select a reference compound whose k,, r,, and Dp 
values are known accurately and to estimate the 
sequence constant. The first member is usually not 
considered as the reference compound. Then with the 
help of &,, 7., and S, the Do values of the other members 
of the sequence are estimated and compared with their 
Dp values in literature. In case of disagreement, the Do 
values in literature have been revised assuming differ- 
ent products of dissociation for the upper states. Since 
the k, and r, values are supposed to be known very 
accurately, the Do values calculated by using the above 
procedure are considered fairly reliable. For halogens 
and halides, and also for a few other molecules, the 
Do values estimated by using the above procedure are, 
however, reliable to within 0.2 ev or less. When approxi- 
mate values for r, are used, it would be safer to accept 
our values with somewhat wider limits, but in any case 
not exceeding 0.25 ev, unless otherwise some type of 
strong interaction affects the dissociation energy. The 
limits vary from sequence to sequence. For example, 
the dissociation energy of SnS varies by 0.2 ev for a 
variation of 0.1 A in the estimated value of its r, while 
the dissociation energy of NaK varies only by 0.02 
ev for a deviation of 0.1 A in the estimated value of its 
r.. In cases where a sequence constant is difficult to find, 
the sequence constant has been estimated as the average 
of the S values of several members of the sequence. 


4. RESULTS AND DISCUSSION 


Results have been presented for eighteen sequences 
of similar molecules. The dissociation limits and other 
relevant spectroscopic data used in this section have 
been taken from footnote references 2 and 3 if not 
indicated otherwise. 


4.1. O.-Type Molecules 


The dissociation energy of O: is well established to 
be 5.1148-+0.002 ev.® Taking O, as the reference com- 
pound, we have obtained the values 3.37, 2.8, 2.2, 4.26, 
3.76, and 3.46 for the dissociation energies of S:, Ses, 
Tez, SO, SeO, and TeO, respectively. These values can 
all be derived in a simple way from the dissociation 
limits or the predissociation limits of these molecules. 


% Pp, Brix and G. Herzberg, Can. J. Phys. 32, 110 (1954). 
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TABLE IT. O2-type molecules. S=2.208 if D(SO) =5.358 ev. 





Molecule’ &, Te Do Dy (Literature) 





O2 11.765 
4.959 
3.612 


1.2074 Excepted 5.1148-+0.002* 
1.889 4.243 3.3, 3.6 or 4.4 (G) 
2.152 3.52  2.840.1(G); 
D<3.55(H) 
2.3+0.2(G); 
D<3.18(H) 
4.212 or 5.358? 
3.5+1.0(G); 5.4?(H) 
2.728 or 3.453 (H) 


2.37 2.5%... 2:78 


7.921 1.4933 5.358 
6.44 (1.62) 4.725 
5.304 (1.82) 4.372 


SeO 
TeO 








® See footnote reference 20. 
> See footnote reference 21. 


However, the general consensus now in the literature is 
that the above values for S, and SO are not correct and 
should be 4.4 and 5.358 ev, respectively. The value 
5.358 ev for D(SO) can be obtained by assuming 
the predissociation limit at 5.358 ev in the upper state” 
to correspond to dissociation into normal products. 
The value 4.4 ev for D(S2) is consistent” with the 
value 5.358 ev for D(SO), and the value —15.3 kcal” 
for AH;(SO; g). Chemiluminiscence studies by Walsh™ 
also favor the higher values for D(S2) and D(SO). 
Also, the thermochemistry of SO, lends support to the 
above values.* There is also some thermochemical 
evidence* to show that the above values for Se, and 
Tez are not correct. Because of these considerations we 
have felt that Oz, in analogy with F:, constitutes an 
exception as a first member. We have, therefore, cal- 
culated the dissociation energies of S2, Sez, Tez, SeO, 
and TeO compatible with the value 5.358 ev for D(SO) 
and presented them in Table II. The values thus 
obtained can be supported as shown below. 


S2 


LBS of the ground state gives limit at 5.7 ev. If we 
assume that this value would be 20% higher than the 
true value, we would obtain 4.5 ev as the dissociation 
energy of S:. The weak predissociation in the upper 
state at 4.4 ev, shows that D(S,)<4.4 ev. GBS of the 
upper state gives limit at 5.5 ev. If the dissociation 
products of the upper state are S(*P2:)+S(!D) then 
D!'=4.4 ev, a value which agrees with the onset of 
weak predissociation. Our value 4.24 ev lends support 
to the value 4.4 ev. The other spectroscopic possibilities, 
viz., 3.3 and 3.6 ev are probably not correct. 


R. G. W. Norrish and G. A. Oldershaw, Proc. Roy. Soc. 
(London) A249, 498 (1959). 

“LL. Brewer, J. Chem. Phys. 31, 1143 (1959). 

3 E. W. Dewing and F. D. Richardson, Trans. Faraday Soc. 
54, 679 (1958). 

4A. D. Walsh, Proceedings of the Conference on Chemical 
Aeronomy in Cambridge, Massachusetts, 1956 (Pergamon Press, 
New York, 1957). 

%D. G. H. Marsden, J. Chem. Phys. 31, 1144 (1959). 

% F. R. Bichowsky and F. D. Rossini, The Thermochemistry of 
hee ng (Reinhold Publishing Corporation, New 

ork, ‘ 
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TasLe III. OH-type radicals (S=1.569 if D(SH) =3.59 ev. 








Radical he te Do 


OH 7.791 
SH 4.195 
SeH 
TeH 


Do (Literature) 





0.971 
1.34» 
(3.18)* (1.47) 
(2.53)* (1.67) 


Excepted 4.3930.013¢ 
3.59 4.02> D(SH) >2.88> 
2.99 Unknown 


2.70 Unknown 








® See footnote reference 18. 
b See footnote reference 30. 
* See footnote reference 29. 


S 2 


LBS of the ground state gives limit at 4.5 ev and if we 
assume that this value would be 20% higher than the 
true value, the dissociation energy of Se. would be 3.6 
ev, a value which is in good agreement with the onset 
of predissociation in the upper state at 3.55 ev. The 
upper state gives limit at 3.9 ev and if the dissociation 
products of this state are Se(*Po) +Se (*P2), then D’”’= 
3.58 ev. Our value 3.52 ev lends support to the above 
assumptions and we would take the value as 3.55 ev. 
Gaydon derives the value 2.8 ev, assuming that the 
upper state dissociates into Se(*P2)+Se('D). Bichow- 
sky and Rossini® have estimated the dissociation energy 
of Se. to be 4 ev which, as they note, is in good agree- 
ment with that estimated by von Wartenberg from 
vapor density data. Although this value is quite high, 
it is closer to 3.55 ev than to 2.8 ev and may be taken 
to support the value 3.55 ev. 


Tes 


LBS of the ground state gives limit at 3.5 ev and, 
with the usual assumption that this value would be 20% 
higher than the true value, we obtain the value 2.8 ev 
for the dissociation energy of Tes. The upper state gives 
limit around 3.6 ev. If we assume that the dissociation 
products of the upper state are Te(*Po)+Te(*P2) 
then D’ =3.0 ev. There is a predissociation above v’= 
20 at 3.18 ev and also an accidental predissociation of 
the vibrational type at v’=14 at 3.07 ev or at v’=16 


} at 3.1 ev.” The value which we have obtained from the 


dissociation limit of the upper state is in satisfactory 
agreement with the onset of weak predissociation at 
3.07 ev. In analogy with S, and Ses, the dissociation 
energy of Te, may be taken to correspond to the pre- 
dissociation limit. Our value is 2.78 ev and shows that 
the dissociation energy is around 3.0 ev. Assuming that 
the upper state dissociates into Te('D)+ Te(*P), 
Gaydon® obtains the value 2.3 ev for D(Tez). Von 
Wartenberg™ estimated, from vapor density measure- 
ments, the value to be 3.6 ev which is probably much 
too high. We would take the value to be 3.1 ev. 


( ad *y Migeotte and B. Rosen, Bull. soc. roy. sci. Liége 13, 248 
1944). 
% yon Wartenberg, Z. anorg. u. allgem. Chem. 56, 320 (1907). 
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SeO 


LBSX value for this molecule is 5.3 ev and with our 
usual assumption that the LBSX value would be 20% 
higher than the true value, we obtain the value 4.2 ev 
for the dissociation energy of SeO. This value agrees 
with the onset of predissociation above »=2 at 4.2 ev. 
The most likely value for the dissociation energy of this 
molecule appears to be 4.2 ev. Our value is 4.73 ev and 
is probably a good deal too high. Gaydon gives 3.5+1.0 
ev. 

TeO 


The levels of the upper state converge to a limit at 
4.0 ev. There is evidence of predissociation at 3.9 ev and 
because of the predissociation we would assume that the 
upper state dissociates into normal products, giving 
D(TeO) =4.0 ev. Depending on whether the products 
are Te('D)+O(*P) or Te(*Po)+O(*P), Herzberg 
gives D” =2.728 or 3.453 ev. Our value is 4.37 ev and 
it may be taken to support the value 4.0 ev. 

It can be seen from the foregoing discussion that our 
results are quite satisfactory for S2, Sez, and Te: and less 
satisfactory in the case of SeO and TeO. It may be 
worthwhile to obtain the dissociation energies of SeO 
and TeO by thermochemical methods. 


4.2. OH-Type Radicals 


There was considerable discussion about the dis- 
sociation energy of the OH radical. The values proposed 
range from 4.34 to 4.8 ev. From a careful spectroscopic 
analysis Barrow” has recently concluded that the 
dissociation energy of OH is 101.340.3 kcals (4.393% 
0.013 ev). Making certain reasonable assumptions 
about the dissociation limit of the upper state, Ramsay” 
has estimated the dissociation energy of the SH radical 
to be 3.59 ev. This value leads to a value of 34.84 kcal 
for AH;(SH; g) which compares favorably with that 
estimated by Franklin and Lumpkin®™ and by Sehon 
and Darwent.” However, it has been found that the 
above value for D(SH) is not compatible with the 
dissociation energy of the OH radical. This shows that 
OH as the first member constitutes an exception in this 
sequence. No data are available for SeH and TeH 
radicals. However, based on approximate values for 
their & and r,, we have estimated their dissociation 
energies, which are compatible with the dissociation 
energy of SH, and recorded them in Table III. Although 
our values for SeH and TeH are approximate, they ap- 
pear to be the most probable from the standpoint of 
the thermochemistry of H,Se and H:Te and hybridiza- 
tion as shown by the following. 

In H:X type molecules (where X is O, S, Se or Te) it 
is known that X uses s—p hybrid orbitals for bonding 

*R. F. Barrow, Arkiv Fysik 11, 281 (1956). 

% DPD. A. Ramsay, J. Chem. Phys. 20, 1920 (1952). 

31 J. L. Franklin and H. E. Lumpkin, J. Am. Chem. Soc. 74, 
1023 (1952). 


% A. H. Sehon and B. de B. Darwent, J. Am. Chem. Soc. 76, 
4806 (1954). 
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and presumably pure p-orbital in XH. Consequently, 
there should be some difference between the dissocia- 
tion energies of the first and second XH bonds of H2X. 
In the case of H,0, the values of D(/(H-OH) and D(OH) 
are 118 and 101.3 kcal, respectively. Then the value for 
D(H-OH) — D(OH) = 16.7 kcal. It is also known that 
the percentage s character in the hybrid orbital of X in 
H,X decreases in the order: O>S>Se>Te. Con- 
sequently, we should expect the difference between the 
dissociation energies of the first and second XH bonds 
of H2X to decrease in the order: OH> SH>SeH> TeH. 
That this is so, is shown by the following. 

The heat of atomization of H.S, taking D(S:) =4.4 
ev, AH;(S2; g) =30.81 kcal,* AH;(H2S) =—3.91 kcal, 
and D(H,) = 103.24 kcal, is 173.28 kcal. Since D(SH) 
has been taken by us to be 3.59 ev (82.78 kcal) the 
value of D(H-SH) would be ‘0.5 kcal, a value indicated 
by both pyrolytic and electron impact methods. The 
value of D(H-SH) — D(SH) =7.72 kcal. 

If we take the dissociation energy of Sez to be 3.55 ev 
(81.86 kcal) , AH;(Ses; g) =33.61 kcal,* and AH;(H,Se; 
g) =21.5 kcal, then the heat of atomization of H:Se 
would be 139.47 kcal. Our value for D(SeH) =2.99 ev 
(68.95 kcal) and this leads to a value of 70.52 kcal for 
D(H-SeH). Then, the value of D(H-SeH) — D(SeH) 
would be 1.57 kcal. 

The heat of atomization of H.Te, taking D(Tez) = 
3.1 ev (71.49 ev), AH;(Te:; g)=41 kcal, and 
AH,;(H:Te; g) =34 kcal,” is 125.49 kcal. Then taking 
the value for D(TeH) as 2.70 ev (62.26 kcal) , we would 
obtain the value 63.23 kcal for D(H-TeH) and 0.97 
kcal for D(H-TeH) — D(TeH). 

We have presented in Table IIIa the values of D(H- 
XH), referred to as D,, D(XH), referred to as Dz, 
and D,-D:. We have also presented some structural 
data for these molecules and the values estimated by 
Pauling® for the percentage s character in the hybrid 
orbital of X in HX. These values for the percentage 
s character do not, however, appear to be unique. For 
example, Bird and Townes® have reported that the 


TABLE IIIa. Structural and oe data for H,O, H2S, H2Se, and 
2ie. 





Bond % 
H:X D(H-XH) D(XH) Di—D2 angle 4u(D) _ s-character> 





118 101.3 7 104.45° 
90.5 82.78 42 =92..2° 
70.52 68.95 .57 = 91.0° 
63.23 62.26 .97 = 89.5° 


1.85 
0.92 
0.24 


6 
3.6 
2.6 
2 


H:eTe 





* A. W. Jache, P. W. Moser, and W. Gordy, J. Chem. Phys. 25, 209 (1956). 
> See footnote reference 35, p. 123. 


— R. Stull and G. C. Sinke, Advances in Chem. Ser. No. 18, 
“F, D. Rossini et al., Natl. Bur. Standards (U. S.) Circ. No. 


500 (1952). 
*L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, ‘thaca, New York, 1960), 3rd ed., 3. 


3p. 12 
% G. R. Bird and C. H. Townes, Phys. Rev. 94, 1203 (1954). 
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Taste IV. Alkali metals. S=0.697 if D(Naz) =0.76 ev. 





Molecule k, te Do Do (Literature) 





Lig 0.255 2.672 
Na. 0.172° 3.078 
Kz 0.0985 3.923 


Rb. 0.082 4.19 
Cs 0.069 4.57 
NaK 0.13 (3.5) 
NaRb 0.121 (3.59) 
NaCs 0.108 (3.76) 


1.03(H) ; 1.10+0.05(G) 
0.75+0.03 (G) 
0.51+0.05(G); 
0.56-+0.04* 
0.49(H) ; 0.47+0.05(G) 
0.45(H) ; 0.45--0.04(G) 
0.62+0.03(G) 
0.57+0.04(G) 
Unknown 


0.76 





® See footnote reference 37. 


interpretation of the nuclear quadrupole coupling data 
requires about 14.6% s character in the hybrid orbital 
of S in HS. Interpretation of the dipole moments 
of these molecules also requires somewhat higher per- 
centages of s character than the values suggested by 
Pauling. Estimates of percentage s character seem to 
vary with the property under consideration and also 
to depend on our fundamental assumptions, but they 
show a general trend, viz., a decrease in the order: 
O>S>Se>Te. The D,-D, values recorded in Table 
IIIa also show a similar trend. 


4.3. Alkali Metals 


Fairly reliable values for the dissociation energies of 
Nae, Rbe, and Cs, are known. In the case of Nae, GBS 
of the upper state almost to convergence limit gives 
0.76 ev for its dissociation energy. Vapor pressure 
data also indicate a value around this. We have, there- 
fore, taken D(Naz) =0.76 ev and estimated the dis- 
sociation energies of the other members of this sequence. 
The results are reported in Table IV. 

In the case of Rbz, GBS for the upper state of blue 
system and GBS for the upper state of the violet system 
gives 0.49 ev which agrees very well with our value 
0.493 ev. In the case of Csp, GBS for the ground state 
and GBS for the upper state give 0.45 ev, a value in 
excellent agreement with that obtained by us. The spec- 
troscopic value for Ky is 0.51 ev, while the molecular 
beam method gives a value around 0.56 ev.” Our value, 
0.555 ev, is consistent with the latter value. 

The values obtained by us for NaK and NaRb are in 
agreement with the approximate values suggested by 
Gaydon. Because of the uncertainty in the estimated 
values of r, for NaK, NaRb and NaCs, we would 
consider our values accurate to within 0.02 ev. 

Liz, however, constitutes an exception. For this 
molecule, GBS for the upper state gives 1.12+0.03 
ev and the molecular beam method gives 1.03 ev. Our 
value is 0.98 ev. It is known that for some excited states 
of homonuclear molecules, dipole-dipole interactions 
may lead to small potential maxima and the true dis- 
sociation energy of this molecule may be below the 
apparent convergence limits. It is therefore possible 


% F. W. Loomis and R. E. Nausbaum, Phys. Rev. 39, 89 (1932). 
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TaBLe V. Hydrides of the alkali metals. S=0.6738 if D(LiH) = 
2.429 ev. 


Molecule &, re Do 








Do (Literature) 





LiH 1.026 
NaH _ 0.789 
KH 0.561 
RbH 0.515 
CsH_ 0.467 


1.5954 2.429 
1.8873 2.187 
2.244 1.868 
2.367 1.809 
2.494 1.728 


2.4298 
2.05-+0.02(G) 
1.86-0.15(G) 
1.740.2(G) 
1.8+0.3(G) 








® See footnote reference 38. 


for us to explain a low value for Lip. However, there 
is also a possibility that the first member of a sequence 
may constitute an exception to our rule. We are, there- 
fore, inclined to suggest that the true dissociation 
energy of Liz may be around 1.03 ev. 


4.4. Hydrides of the Alkali Metals 


Velasco® has recently determined the dissociation 
energy of LiH to be 2.429 ev. This value has been 
found to be quite suitable for obtaining the sequence 
constant and the dissociation energies of the other 
members of this sequence. The results are presented in 
Table V. 

In the case of NaH, LBS for the ground state gives 
2.18 and GBS for the A state gives 2.0+0.2 ev. Gaydon 
gives 2.05+0.2 ev. Our value is 2.187 ev and appears 
to be highly probable. The dissociation limit of the 
A state of KH assuming K(?P)+H(?S) leads to 
D”=1.86 ev. Our value 1.868 ev, supports this value. 
LBS for the ground state gives 1.86 ev for RbH and our 
value is 1.809 ev, Gaydon gives 1.70.2 ev. We consider 
our value 1.809 ev to be quite reasonable. In the case 
of CsH, the vibrational levels for the ground state 
known only up to v= 2 would extrapolate linearly to give 
limit at 1.9 ev. Gaydon gives 1.80.3 ev. Our value is 
1.728 ev. 


4.5. Halogens and Interhalogens 


Presumably because of the valence shell repulsion 
postulated by Pitzer,“ F,; behaves anomalously among 


TABLE VI. Halogens and interhalogens (S=2.73). 








Molecule k, Ye Dy Daz (Literature) Deviation 





453 1.418 
286 1.988 
458 2.284 
721 2.667 
56 1.628 
is “2.956 
64 (2.05) 
717) (2.138 
.383 2.321 
064 2.434 


2.313 
2.393 
2.056 
1.681 
2.719 
2.637 
2.73 

2.128 
2.026 
1.84 


1.609+0.037> 
2.475 

1.971 

1.5434¢ 
2.616 

2.6 

2.87 

2.26 

2.153 

1.817 


—0.082 
0.085 
0.138 
0.103 
0.037 

—0.140 

—0.132 

—0.127 
0.023 


FI 
BrCl 
ICl 
IBr 


NNN PRR Wwe 








® R. A. Durie, Proc. Roy. Soc. (London) A207, 388 (1951). 
b A. L. G. Rees, J. Chem. Phys. 26, 1567 (1957). 
© R. D. Verma, J. Chem. Phys. 32, 738 (1960). 


% R. Velasco, Can. J. Phys. 35, 1204 (1957). 
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halogens. All the other members of this sequence obey 
our rule satisfactorily (see Table VI) and the cal- 
culated and experimental values for the dissociation 


‘energies are only at a slight variance, the maximum 


deviation being 0.15 ev. 

There has been some controversy about the dissocia- 
tion energy of BrF and the suggested values are 2.16, 
2.384,” and 2.6 ev. Our rule gives 2.637 and this may 
be taken to support the value 2.6 ev. Similarly in the 
case of FI, two values, viz., 1.98 and 2.87 ev have been 
suggested. Using an estimated value for its r,, we have 
found its dissociation energy to be 2.73 ev which lends 
support to the higher value. According to our rule, the 
value for F2, comes out to be 2.3 which is in agreement 
with the value 2.17+0.2 ev suggested by Barrow and 
Caunt,” but the evidence in favor of the value 1.61+ 
0.04 ev is so very overwhelming that it is hardly possible 
to consider any value other than 1.61+0.04 ev. Al- 
though F2, constitutes an exception among halogens, 
fluorides do not seem to constitute exceptions among 
halides. The values obtained for fluorides agree with the 
lower limits of the literature values and hence we are in 


favor of suggesting the value 1.57 ev for the dissociation 


energy of F2. 


TABLE VII. Hydrogen halides (S=1.55). 





Molecule ke Ye Do Dy (Literature) 





HF 9.655 
HCl 5.157 
HBr 4.116 


HI 3.141 


5.713 5.8+0.1 
4.242 4.431(G) 
3.754 3.754(H) 

3.251 3.06+0.01(G) 








4.6. Hydrogen Halides 


The dissociation energies of HCl, HBr, and HI are 
known very accurately; they are the thermochemical 
values. Taking HBr as our reference compound, we 
have estimated the dissociation energies of the hydrogen 
halides and recorded them in Table VII. The estimated 
values for HCl and HI deviate from the experimental 
values by 0.2 ev, the value for HCl being less and the 
value for HI being greater than the experimental 
value. Our rule, in general, predicts slightly lower 
values for chlorides and slightly higher values for 
iodides when the bromides are taken as the standards. 
This trend is repeated in all the halide sequences we 
have studied. The value 5.71 ev obtained by us for 
HF suggests that the value of D(F:) is 1.57 ev. 


4.7. Hydrides of the Alkali Metals 


The dissociation energies of the alkali metal halides 
determined by atomic fluorescence, thermochemical 
and spectroscopic methods have been summarized by 
Gaydon. Although halogens obey our rule somewhat 


%® P. H. Brodersen and J. E. Sicre, Z. Physik 141, 515 (1955). 
4 A. D. Caunt and R. F. Barrow, Nature 164, 753 (1949). 
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approximately, the alkali halides obey our rule very 
satisfactorily. The sequence constant has been found by 
averaging the S values of some of these halides. The 
dissociation energies calculated by this method have 
been presented in Table VIII. The force constants of 
LiF and NaF are not known and the values recorded 
in the table are those estimated by using the present 
rule. Two values (0.55 and 0.77 md/A) available in the 
literature for the force constant of CsI appear to be 
inaccurate. Using our rule, we have estimated its 
value to be 0.665 md/A. It is interesting to note that 
the first members LiCl, LiBr, and Lil do not constitute 
exceptions to our rule. The values obtained in all these 
cases may be accurate to within 0.1 ev. We shall take 
the values for chlorides as 0.1 ev greater and the values 
for iodides as 0.1 ev less than the values indicated by our 
rule. 


TABLE VIII. Alkali metal halides (S=0.63). 








Molecule ke Te Do Dy (Literature) 





LiF 
LiCl 
LiBr 
Lil 
NaF 
NaCl 


59) 
02) 
17 

392 


5.95+0.2(G) 
5.0+0.3(G) 
4.3540.3(G) 
3.5+0.2(G) 
4.65+0.2(G) 
4.24+0.05(G) 
3.80+0.1(G) 
3.0740.1(G) 
5.0+0.25(G) 
4.4+0.05(G) 
3.94+0.05(G) 
3.32+0.05(G) 
5.3520.2(G) 
4.50+0.2(G) 
4.0+0.25(G) 
3.35240.1(G) 
5.5+0.2(G) 
4.6+0.2(G) 
4.140.25(G) 
3.4+0.1(G) 


(2.36)" ( 
1.499 = ( 
1,248> 2. 


1 
2 
0.973» 2 
(1.465)* (2.0) 
2.361 


1.2% 

NaBr 2.502 
Nal : 2.712 
KF ‘ (2.55) 
KCl ; 2.667 
2.821 
3.048 
(2.3) 

2.787 
2.945 
3.177 
2.345 
2.906 
3.072 
3.315 


aro onmrm oOrenu 


0.86 
(0.665) * 


ne we 
co 








® A rough value estimated by using the present rule. 
> S. A. Rice and W. Klemperer, J. Chem. Phys, 27, 643 (1957). 
© R. F. Barrow and A. D. Caunt, Proc. Roy. Soc. (London) A219, 120 (1953). 


4.8. Monohalides of B, Al, Ga, In, and Tl 


For many of these molecules, Birge-Sponer extrapola- 
tion for the levels of the ground states give quite low 
values. Higher values are obtained from the extrapola- 
tion for the excited 'II state, these values have been 
found to be in agreement with those obtained by 
thermochemical and atomic fluorescence methods. In 
this sequence, BF, BCI, and BBr (and probably BI) 
form a subgroup and obey our rule with a different 
sequence constant. The value of S applicable for these 
molecules is 1.194. All the other members of this 
sequence form another group and obey our rule. with 
the sequence constant 1.015. The results obtained by 
us (see Table [X) for all these molecules excepting 
AICI, GaCl, and InCl are very satisfactory. For InCl, 
predissociation sets limit between 4.4 and 4.68 ev; 
Gaydon gives 4.5+0.1 ev. Our value is 3.76 ev; even if 
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TABLE IX. Monohalides of B, Al, Ga, In, and Tl. S=1.194 for 
BF, BCI, BBr, and BI and 1.015 for the other members of this 
sequence. 





Molecule’ &k, 


> 


Do (Literature) 





BF 
BCl 
BBr 
BI 
AIF 
AICI 
AlBr 
All 
GaF 
GaCl 
GaBr 
Gal 
InF 
InCl 
InBr 
InI 
TIF 
TICI 


TlBr 
Til 


8.5+0.5(G) 
5.1+0.4(G) 
4.2+0.2(G) 
Unknown 
6.740.3(G) 
5.0+0.2(G) 
4.3+0.3(G) 
3.740.74 
6.2+0.03¢ 
3.7?(H); 4.99+0.02(G) 
3.5+0.8(G) 
2.9+0.2(G) 
5.41(G) 
4.5+0.1(G) 
3.4+0.2(G) 
2.8+0.2(G) 
4.75+0.2(G) 
3.8+40.2(G) 


3.2+0.1(G) 
2.8+0.254 


enow 
— 


2.74° 
1.591 
1.366 
1.114 
2.31 

1.453 


1.26 
1.038 


Ss 
~~ 


DO G2 Ga Gs Go Go Cn Gn Gn Go On GG HO) Go 00 


bate I Nee es ss 
be 
uae 
BRELRSSSROVMESPESE 


on 
eee 
> Oo 








® Estimated value. See footnote reference 19. 

> S.M. Naude and T. J. Hugo, J. Chem. Phys. 33, 573 (1955). 

© R. F. Barrow e# al., Proc. Phys. Soc. (London) A7®, 34 (1957). 
4 L, Brewer et al., Natl. Nuclear Energy Ser. 19B, 000 (1950). 

© R. F. Barrow ef al., Proc. Phys. Soc. (London) A67, 528 (1955). 


this value is low, as it usually is in the case of chlorides, 
the conspicuous difference of 0.6 ev between the pre- 
dissociation limit and our value suggests that the pre- 
dissociation probably occurs into In(?P;)-+Cl(#P;) 
giving D” =4.02 ev. In the case of GaCl, LBS for the 
ground state gives only 3.7 ev, while GBS for the 
excited II assuming Ga(?P;)+Cl(#P;) gives 4.9 ev. 
This is in utter disagreement with our value, 3.96 
ev. Our value is, however, close to the LBSX value. 


Similarly, for AICI value, 4.38 ev is nearer to the LBSX 
value. 


4.9. N.-Type Molecules 


The dissociation energies of Nez, P2, and As; are known 
almost definitely to be 9.76, 5.03, and 3.96 ev, re- 
spectively. Recently Huffman ef al." from vapor pres- 


TABLE X. N2-type molecules. §=2.136 if D(Asz) =3.96 ev. 





Molecule ke 


x 


Do Dy (Literature) 





Ne 22.962 
P2 5.556 
Ase 4.069 
Sbe 2.611 
Biz 1.836 
PN 10.16 

AsN 7.926 
SbN 6.564 
SbBi 2.193 


ES 


US 


SS reyyr 
SELES 
~— 


er 
SS 
—~ 


Dino 
nn 








® Huffman et al., J. Am. Chem. Soc. 76, 6239 (1954). 
b Assuming the limit of the upper state correlates with Sb(*D)+N (4S). 


“ E, O. Huffman et al., J. Am. Chem. Soc. 76, 6239 (1954). 
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TasLe XI. CN-type molecules. S=2.251 if D(CN) =8.48 ev. 








Molecule ke Te Do Dy (Literature) 





1.1718 8. 
1.562 $: 
1.572 2. 


48 8 
® 5.0+1.0(G) 
4.5+0.5(G); 5.2 
(GBS of B *Z*) 


CN 16.29 
CP 7.83 
SiN 7.29 


43 
09 








® In analogy with the oxides, nitrides may form a separate group in this se- 
quence. In that case, the value for CP would be much higher than 5.43 ev. See 
Sec. 4.13 for a discussion of the anomalous behavior of oxides. 

b Assuming the predissociation in the J?A state at 68 420 cm™ is genuine. 
(see footnote reference 43) If D(CN) is 8.2 ev then the dissociation energies of 
CP and SiN would be 5.25 and 4.92 ev, respectively. 


sure measurements and assuming D(Ne) =9.76 and 
D(P:) =5.03 ev, have estimated the dissociation energy 
of PN to be 7.1+0.05 ev. The values 1.7 and 2.2 are 
possible for D( Biz). For Sbe, ASN, SbN, and SbBi, the 
values are not known accurately. 

It has been found that Ne constitutes an exception in 
this sequence. The sequence constant has been, there- 
fore, calculated using the k,, r., and Do values of As». 
The results for the other members of this sequence are 
presented in Table X. Our value 4.93 ev for D(P2) 
indicates that the dissociation energy of P2 is 5.03 ev, 
but not 4.12 ev as was thought at one time. Our value, 
2.3 ev for D(Biz) shows that the dissociation products 
of the B state are Bi(4S)+Bi(?D;) giving D’” =2.2 ev. 
The value 7.09 ev obtained for PN lends strong sup- 
port to the value obtained by Huffman et al. This also 
shows that D(N:) =9.76 and D(P:) =5.03 ev. The 
values obtained by us for Sb,, AsN, and SbBi are in 
agreement with the approximate values suggested by 
Gaydon. In the case of SbN, LBS of the upper state 
gives a limit around 7.8 ev. Gaydon showed that if this 
state is II it must correlate with Sb(?D)+N(?D) 
giving D” around 3.1 ev. He has, however, mentioned 
that if this state is not ‘II then other correlations would 
be possible. Our value is 5.5 ev and this shows that the 
upper state correlates with Sb(?7D)+N(‘4S) giving 
D” =5.48 ev in agreement with our value. 

It is interesting to note that our rule predicts the 
value for D(Nz) as 11.8 ev, a value considered at one 
time to be very probable. Glockler® finds that this 
value fits various empirical correlations. There may be 
some hidden significance for this value, which we are 
unable to appreciate at present. 


4.10. CN-Type Molecules 


Some data are available only for the molecules CN, 
CP, and SiN of this sequence. Assuming L(C) = 
170 kcal and D(N2) =9.76 ev, Gaydon suggested the 
value 8.2 ev for the dissociation energy of CN. No 
definite spectroscopic evidence was so far produced to 
support this value. Carroll* has, however, suggested 
that the fading of the structure of the (3—0) band of 


# G. Glockler, J. Chem. Phys. 19, 124 (1951). 
#P. K. Carroll, Can. J. Phys. 34, 83 (1956). 
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the J?A—A *II system at 68 420 cm™ might be due 
to a predissociation occuring into C(*P)+N(‘S). 
The presence of the (4—0) band presents certain 
difficulties in the interpretation of the predissociation. 
The predissociation can, however, be assumed to be 
either weak or forbidden. If this predissociation is 
genuine, then D(CN) would be 8.48 ev, a value which 
finds good support from our rule. A linear Birge-Sponer 
extrapolation for the levels of the JA state gives a 
limit at 87 500 cm™. If we assume that this limit 
corresponds to C(*P)+N(?D), then D’”’=8.46 ev. 
Adopting the value 8.48 ev for D(CN\ we have cal- 
culated the dissociation energies of CP and SiN and 
presented them in Table XI. 

In the case of SiN, LBS for the ground state gives 
6.2 ev. If we assume that this value is 20% higher than 
the true value then D(SiN) =5.0 ev. Also GBS for 
the B *=*+ state gives limit at 5.2 ev. If we assume that 
this limit corresponds to Si(®P)+N(‘S), then D’” =5.2 
ev. Our value is 5.09 ev; Gaydon, however, assumes 
that this limit is to Si(1D) and suggests the value 4.4 
ev for D(SiN). We are, however, in favor of a value 
around 5.0 ev. 

For CP, LBS for the ground state gives 6.9 ev. 
LBS for A *II and also B ?2 favor a similar value. If we 
assume that the LBSX value is 20% higher than the 
true value then D(CP) =5.5 ev. This agrees very well 
with our value 5.43 ev. However, there is a possibility 
that the value for D(CP) might be higher than 5.5 
ev if the nitrides behave differently from the phos- 
phides, arsenides, etc. 


4.11. NO-Type Molecules 


The dissociation energy of NO is known to be 6.503 
ev, but this molecule has been found to constitute an 
exception in this sequence. From the data available for 
PO and AsO we have estimated the sequence constant 
to be around 2.47. The dissociation energies of these 
molecules are presented in Table XII. 


PO 


Assuming that the predissociation in the E state 
occurs into P(?D)+O('P), Dressler“ reported the dis- 
sociation energy of PO to be 5.4+0.1 ev. Our value is 
5.52 ev. From chemiluminiscence data, Walsh™ has 


TaBLE XII. NO-type molecules (S=2.47). 





Molecule ke Do Do (Literature) 





NO : ; ; 6.503 

PO 2 A ; 5.4+0.1* 
AsO - ; ‘ 4.940.1(G) 
SbO 3.8(H) 

BiO j ‘ : 4.0+1.0(G) 
NS ‘ R ‘ 5.0+0.1(G) 





® See footnote reference 44. 


“4K. Dressler, Helv. Phys. Acta 28, 563 (1955). 
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estimated the dissociation energy of PO to be almost 
exactly 5.4 ev. On the basis of the aforementioned 
results we recommend the value 5.4 ev for D(PO). 


AsO 


There is a predissociation in the upper state below 
v=1 at 4.95 ev. Gaydon gives 4.95+0.1 ev for the 
dissociation energy of this molecule. Using an estimated 
value for its 7., we have estimated its dissociation energy 
to be 4.8 ev; this lends support to the value suggested 
by Gaydon. 


SbO 


LBS for the ground state gives 3.8 ev and our value 
using an estimated value for its 7, is 4.14 ev. 


BiO 
Scari* has recently reported that a linear extrapola- 
tion for the vibrational levels of the ground state gives 
limit at 3.70.9 ev. LBS of the lower state of the C and 
D systems gives 5.7 ev. If this corresponds to Bi(?D5/2)-+ 
O(*P), then the dissociation energy of BiO would be 


around 3.5 ev. Our value of 3.4 ev lends support to the 
above assumption. 


NS 


LBS for the ground state gives limit at 6 ev; Gaydon 
gives 51 ev. Our value is 5.17 ev; however, there is a 
possibility that the sequence constant applicable for the 
oxides may not be applicable to the sulphides, selenides 
and tellurides. In such a case, the dissociation energy 
of NS would be much higher than 5.17 ev and possibly 
a little less than the LBSX value. 


4.12. NH-Type Radicals 


The dissociation energy of BiH is known to be 
2.50.3 ev. Data are not adequate for any other radical 
of this sequence. Assuming that the dissociation energy 
of BiH is 2.2 ev, we have estimated the dissociation 
energies of the other radicals of this sequence and pre- 
sented them in Table XIII. These values are, how- 
ever, approximate, based on approximate values for 

and rf. 

The true dissociation energy of NH has not been 
determined but a value around 3.7 ev has been sug- 
gested by Gaydon and others as the most probable 
value. Our value is 4.45 ev; this shows that NH con- 
stitutes an exception. 

Our value for D(PH) is 3.3 ev (76 kcal). Some sup- 
port can be given to this value by assuming that there 
is only a little s character in the bonding orbitals of P 
in PH; and consequently very little difference between 
the values of D(PH,-H), D(PH-H), and D(P-H). 
The most likely value for comparison with that ob- 
tained by us for D(P-H) would be the P—H bond 


#0. Scari, Acta ‘Phys. Hung. 6, 73 (1956). 


Taiz XIII. NH-type radicals (= 1.404). 





Do Do (Literature) 





3.740.5(G) 
Unknown 
Unknown 
Unknown 


BiH 2.520.3(G) 





energy obtained from the heat of atomization of PH3. 
From relevant thermochemical data, the P—H bond 
energy is 77 kcal. 

Similarly, our value for D(As-H) is 2.6 ev (60 kcal), 
while the As—H bond energy from the heat of atomiza- 
tion of AsH; is around 59 kcal. 

By choice of a proper sequence constant and with the 
accurate values for k and 7., we can probably estimate 
the dissociation energies of these radicals much more 
precisely. 


4.13. CO-Type Molecules 


Most of the molecules of this sequence were studied 
spectroscopically by Barrow and his coworkers.*-* 
They find that the convergence for the E state is rapid 
and leads to a limit agreeing in general with that 
obtained by linear Birge-Sponer extrapolation for the 
vibrational levels of the ground state. Consequently, 
they assume that the ground and E states both dissoci- 
ate into ground-state atoms. They consider the E 
state to be singlet state ('2*) arising from the normal 
’P components in most cases and from the excited *P 
components in a few cases. For a number of these 
molecules, the dissociation limits were not observed by 
direct observation. It was assumed that the true dis- 
sociation energy of the £ state is a constant fraction 
(0.456+0.08) of the linearly extrapolated value. For a 
few of these molecules the thermochemical values are 
also available; and, they generally agree with the values 
suggested by Barrow and his co-workers. 

Our attempts to correlate the dissociation energies of 
these molecules showed that the oxides behave quite 
differently from the rest of the molecules of this se- 
quence. This is probably a consequence of the anomalous 
behavior of O; in its family. With the exception of CO, 
the other oxides of this sequence form a group and 


46 (a) E. E. Vago and R. F. Barrow, Proc. Phys. Soc. (London) 
58, 538 A wed b) 58, 707 (1946). 
41 E, E. Vago and R. F. Barrow, Victor Henri Commemorative 
Volume (Maison Desoeur, Liége, Belgium, 1948). 
4 G. Drummond and R. F. Bovow, Proc. Phys. Soc. (London) 
A65, 148, 277 (1952). 
_F, Barrow, G. Drummond, and H. C. Rowlinson, Proc. 
Phys ‘Soc. (London) A66, 885 (1953). 
% A. Lagerqvist, G. Nihelden, and R. F. Barrow, Proc. Phys. 
Soc. (London) AGS, 419 (1952). 
51 R. F. Barrow and H. C. Rowlinson, Proc. Roy. Soc. (Lon- 
don) A224, 374 (1954). 
8S. J. Q. Robinson and R. F. Barrow, Proc. Phys. Soc. (Lon- 
don) A67, 95 (1954). 
53 A. Lagerqvist, H. Westerlund, C. V. Wright, and R. F. 
Barrow, Arkiv Fysik 14, 387 (1958). 
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TABLE XIV. CO-type molecules. S= 1.726 for SiO, GeO, SnO, and 
PbO, Lowy for all the molecules headed by CS. 








Molecule ke le Do Do (Literature) 





— 
ot 


Co 19.02 . 1282 
SiO .247 .510 
GeO .525 .6507 
SnO 615 .838 
.557 .922 
.488 .534 
.937 .9288 
358 .06) 
.536 .26) 
992 .395 
.585 .669 
.094 14) 
743 .19) 
066 .39) 
595 .53) 
945)* .95) 
130 .34) 
902 .39) 
439 .57) 
086 .73) 


11.11(G) 
8.09+0.27> 
6.75+0.23> 
5.9* 

4.3(H) 
7.9° 


6.39+0.144 
§.66+0.13(G) 
4.81+0.28¢ 
4.6! 

6.8(H) 
5.8(H) 
4.98+0.25(G) 
4.54« 

4.27! 
Unknown 
5.3+0.4(G) 
4.1+0.4(G) 
4.1 

3.5(H) 


WKONWPNWKWRANWEPORUADTOS 


Or EUW OUD & & Ors U1 1 00 








® B. Rosen, Donnes Spectroscopiques Concernant les Molecules Diatomiques 
(Herman & Cie, Paris, France, 1951). 

b See footnote reference 51. 

© Thermochemical value. 

4 See footnote reference 52. 

© See footnote reference 49. 

f See footnote reference 47. 

® See footnote reference 46(a). 


obey our rule. The sulphides, selenides and tellurides 
headed by CS also form a separate group and obey 
our rule with a different sequence constant. 

The dissociation energy of CO is now well established 
to be 11.11 ev. However, CO as the first member 
constitutes an exception among the oxides. In the case 
of SiO, both thermochemical and spectroscopic evi- 
dences are in favor of a value around 8.1 ev. This is 
about the value one would obtain if the heat of vaporiza- 
of silicon is taken to be 105 kcal and AH,(SiO; g) to be 
—21.4+0.6 kcal.® Although the true dissociation limit 
was not observed, Barrow and Rowlinson®™ under 
reasonable assumptions have found that the E state of 
this molecule gives a limit at 8.09--0.27 ev. On the basis 
of the value 8.09 ev for D(SiO) we have estimated the 
dissociation energies of GeO, SnO, and PbO and re- 
corded them in Table XIV. These results are now 
discussed. 

GeO 


Baughan® has estimated the heat of vaporization of 
germanium to be 89+4 kcal. Combining this value with 
— 10.5 kcal® for AH ;(GeO; g) and 58.98 kcal for AH; (O; 
g) we obtain the value 158.5-++4 kcal for the dissocia- 
tion energy of GeO. Assuming that the E state dis- 
sociates into ground state atoms, Barrow and Rowlin- 
son® have obtained the value 6.75+0.23 ev for the 


4 R. E. Honig, J. Chem. Phys. 22, 1610 (1954). 

55 L. Brewer and R. K. Edwards, J. Phys. Chem. 58, 351 (1954). 

% EF. C. Baughan, Quart. Revs. (London) 7, 103 (1953). 

57 W. L. Jolly and W. M. Mortimer, J. Am. Chem. Soc. 74, 
5757 (1952). 
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dissociation energy of GeO. LBS of the ground gives a 
limit at 6.9 ev. Our value is 7.2 ev and is probably a 
little high. We consider a value around 7 ev as highly 
justifiable for this molecule. Our result also indicate 
that the heat of vaporization of germanium to be 93 
kcal. 


SnO 


Searcy and Freeman® have obtained the value 71.9 
2 kcal for the heat of vaporization of tin. Based on the 
value 70 kcal for the heat of vaporization of tin, Brewer 
and Mastick™ have deduced the value of 132 kcal for 
the dissociation energy of SnO. With Searcy and Free- 
man’s value for the heat of vaporization of tin, this 
value would become 134+2 kcal. Drummond and 
Barrow® have found that the E state of this molecule 
gives limit at 5.678 ev. Our value for this molecule is 
5.98 ev (138 kcal). On the basis of the thermochemical 
value and of our value, we suggest the value 5.9 ev for 
the dissociation energy of this molecule. Accordingly, 
the heat of vaporization of tin would be 74 kcal. 


PbO 


LBS for the ground state and also a thermochemical 
calculation based on the value 46.5 kcals for the heat of 
vaporization of lead give 4.3 ev for D(PbO). Our value 
is 5.07 ev, this shows that the heat of vaporization of 
lead is around 63 kcals. According to Cottrell,® the 
value of 46.5 kcal for the heat of vaporization of lead 
is not well founded. It will be shown in the next section 
that the thermochemistry of PbS also leads to a value 
around 63 kcal for the heat of vaporization of lead. 


Sulphides, Selenides, and Tellurides 


Headed by CS, there are 15 molecules in this se- 
quence and all of them have been found to obey our 
rule. Schiifer and Wiedemer® have recently reported the 
value 60+6 kcal for the heat of formation of CS. Com- 
bining this value with 170 kcal for the heat of sublima- 
tion of graphite and 66 kcal for AH,(S; g) we obtain the 
value 176+6 kcal for the dissociation energy of CS. 
LBS for the ground state of CS gives® a limit at 181 
kcal. LBS for the A "Il state gives a limit around 8.2 
ev. Barrow and his coworkers® suggest the value 175+ 
7 kcal for the dissociation energy of this molecule. We 
have found the value 7.9 ev (182 kcal) to be quite 
satisfactory. Taking D(CS)=7.9 ev, we have cal- 
culated the dissociation energies of the other members 
of this sequence and presented the results in Table 
XIV. These results are now discussed. 


58 A. W. Searcy and R. D. Freeman, J. Am. Chem. Soc. 76, 
5229 (1954). 

5° L. Brewer and D. F. Mastick, J. Chem. Phys. 19, 834 (1951). 

© T, L. Cottrell, The Strengths of the Chemical Bonds, (But- 
terworths Scientific Publications, Ltd., London, 1958) 2nd ed. 

ou 7c Schiifer and H. Wiedemer, Z. anorg. u. allgem. Chem. 296, 
241 (1958). 
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SiS f 
A short extrapolation for the EZ state gives limit at 
148.6 kcal. If the products of the E state are assumed 
be be Si(*P:)+S(#P,) then D’ = 147.4 kcal. Robinson 
and Barrow™ give the final value to be 147.4+3 kcal 
(6.39+0.14 ev). Gaydon gives 6.40.4 ev. Our value 
is 5.78 ev; we take D(SiS) =6 ev. 


SnS 


A fairly short extrapolation for the EZ state gives limit 
at 4.8 ev. Our value is 4.85 ev. Based on the value 65 
kcal for the heat of vaporization of tin and 4.4 ev for 
D(S2), Barrow, Drummond, and Rowlinson deduced® 
the value 97 kcal for D(SnS). If we use 74 kcal instead 
of 65 kcal for the heat of vaporization of tin, the thermo- 
chemical value for D(SnS) would be 106 kcal (4.6 
ev). If we assume the products of the E state to be 
Sn(*Pi:)+S(*P2) then D’=4.6 ev which is in agree- 
ment with the thermochemical value. A value around 
4.8 ev appears to be quite safe. 


GeS 


LBS of the ground state gives limit at 5.6 ev. The 
levels of the E state converge to a limit at 5.79 ev. If 
we assume that the dissociation products of the E 
state are Ge(*P:)+S(*Po) then D’” =5.54 ev. Our value 
is 5.45 ev; Gaydon gives 5.66+0.13 ev; we suggest the 
value 5.54 ev. 


PbS 


Based on the convergence limit of the upper state, 
Vago and Barrow“ give 4.6 ev. Our value is 4.35 ev. 
A thermochemical value based on 46.5 kcal for L(Pb) 
and 4.4 ev for D(S.) is 3.25 ev. If our new value, 63 
kcal, is used instead of 46.5 kcal for L(Pb) then the 
thermochemical value for D(PbS) would be 4.0 ev. 
A value around 4.3 ev is suggested. 


CSe 


LBS for the ground state gives limit at 6.8 ev, our 
value is 6.67 ev. On this basis, we suggest the value 
6.7+0.1 ev for the dissociation energy of this molecule. 


SiSe 


LBS for the ground state gives limit at 5.8 ev. LBS 
for the upper state and also GBS for the E£ state give 
limit at 5.7 ev. Our value is 5.32 ev. If we assume the 
dissociation products of the E state to be Si(*P2)+ 
Se(*Po) then D’’= 5.36 ev in agreement with our value. 
Hence we suggest the value 5.36 ev for D(SiSe). 


GeSe 


The levels of the E state converge to a limit at 5.23 
ev. Our value is 5,02 ev. If we assume the dissociation 
products of the E state to be Ge(*P2)+Se(*P2) then 
D(SiSe) =5.05 ev in agreement with our value. How- 
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ever, if we assume that the E state dissociates into 
ground-state atoms then D(SiSe)=5.23 ev. A value 
around 5.1 ev appears to be quite safe to us. 


SnSe 


LBS for the ground state gives limit at 4.6 ev; GBS 
for the E state gives limit at 4.54 ev; our value is 4.45 


ev. On this basis we suggest the value 4.5 ev for 
D(SnSe). 


PbSe 


Based on the convergence limit for the upper state, 
Vago and Barrow“ give 4.27 ev for D(PbSe) ; our value 
is 3.98 ev. If we assume that the upper state dissociates 
into Pb(*Py))+Se(*P:) then D”=3.96 ev in good 
agreement with our value. 


CTe 


It appears no one has yet studied this molecule. Based 
on approximate values for its r, and k., we have esti- 
mated its dissociation energy to be 5.85 ev. 


SiTe 


GBS for the D state gives limit at 5.0 ev (5.64 ev 
with Vago and Barrow’s formula) ; LBS for the ground 
state gives 5.5 ev; Gaydon gives 5.3+0.4 ev. Our 
value is 4.44 ev. If we assume that the D state dis- 
sociates into Si(*P2)+Te(*Po) and take the dissocia- 
tion limit of the D state as 5.0 ev, then D’” =4.39 ev in 
agreement with our value. 


SnTe 


Upper states B, D and E converge to limits at 3.3, 
4.07 and 4.9 ev, respectively. Vago and Barrow“ 
adopt 4.1 ev for D(SnTe). Our value is 3.81 ev. If we 
assume that the E state dissociates into Sn(*P2)+ 
Te(*Po) then D’” = 3.88 ev in agreement with our value. 
We recommend the value 3.88 ev. 


PbTe 


LBS for the upper state gives limit at 3.8 ev; Herz- 
berg? gives 3.5 ev; Gaydon gives 3.5+1.0 ev. Our 
value is 3.46 ev which is in good agreement with the 
value suggested by Herzberg. 

The above results for these molecules show that the 
E state is a singlet state arising in most cases from the 
excited *P components instead of from the normal *P 
components as assumed by Vago and Barrow.” They 
also confirm the anomalous behavior of the oxides. 
Our results are consistent with the values of 170, 105, 
93, 74, and 63 kcal, respectively, for the heats of forma- 
tion of gaseous C, Si, Ge, Sn, and Pb atoms. Our results 
for the sulphides indicate that the dissociation energy 
of S: is 4.4 ev. 
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TABLE XV. BeH-type radicals (S=1.119). 








Radical ke To Do Do (Literature) 





BeH 
MgH 
CaH 
SrH 
BaH 


2.263 
1.275 
0.977 
0.854 
0.809 


1.343 
1.731 


2 2. (G) 
zi 2. 
2.002 ;, fe 
1 1. 
1 1.8 


340.3 
0+0.5(G) 
7 

2.1456 0. 
2.232 1 


1(G) 
(G) 


+0. 
0. 
= 
65+ 
+0. 








4.15. BeH-Type Radicals 


The results for this sequence are presented in Table 
XV. Our values for MgH, CaH, SrH, and BaH appear 
to be reliable to within 0.05 ev. BeH probably con- 
stitutes an exception. The results are as follows. 


BeH 


‘GBS for the ground state gives limit at 2.5 ev; the 
dissociation limit of the *II state assuming Be(*P) 
leads to D’ =2.2 ev; Gaydon gives 2.30.3 ev. Our 
value of 2.72 ev appears to be slightly high. BeH 
probably constitutes an exception. 


MgH 
GBS for the ground state gives 2.0 ev and our value 


of 1.97 ev is in good agreement with this. 


CaH 


Predissociation in the C state assuming Ca(*P) 
gives 1.70 ev. Our value, 1.75 ev, lente support to the 
above assumption. 


SrH 


Predissociation in the C state gives 1.66 ev and this 
is in good agreement with our value of 1.64 ev. 


BaH 


Predissociation in the C state gives D’<1.82 ev. 
Our value is 1.61 ev. 


4.16. BH-Type Radicals 


The results for the radicals of this sequence are 
presented in Table XVI. Our results are very satisfac- 
tory for AIH, InH, and TIH. BH constitutes an excep- 
tion. Based on approximate values for its r, and k,, we 
have suggested an approximate value for the dissocia- 
tion energy of GaH. 


TABLE XVI. BH-type radicals (S=0.98). 








Radical ke Do Do (Literature) 





BH 
AIH 


8 3.0+0.4(G) 
GaH ' in. 
1.2 4 
1 


2.9+0.2(G) 
Unknown 
2.5+0.1(G) 


InH : 
18 2.18(H) 


TIH 





® Estimated values. See footnote reference 18. 
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4.17. CuH-Type Molecules 


The results for CuH, AgH, and AuH are presented 
in Table XVII and discussed as follows. 


CuH 


LBS for the ground state gives 2.9 ev. Gaydon gives 
2.70.3 ev; flame photometry, by Sugden’s method, 
gives 2.87 ev. Our value is 2.77 ev. Based on this, we 
suggest 2.8 ev for D(CuH). 


AgH 


For AgH, the vibrational levels of the ground state 
known up to »=11 would extrapolate to give a limit 
at 2.3 ev; Gaydon gives 2.30.1 ev. By comparison of 
the rates of evaporation of silver in helium or nitrogen, 
and in hydrogen, Farkas® has deduced the value 2.5 ev 
for D(AgH). Our value, 2.53 ev, is in good agreement 
with the thermochemical value. 


TABLE XVII. CuH-type molecules (S=1.16). 





Molecule ke te Do Do (Literature) 





CuH 2.2 
AgH ee 


¥ 1.4631 -77 —-2.7+0.3(G); 2.87% 
AuH -138 


2 
1.6174 2.53 2.320.1(G); 2.5» 
1.5237 4.12 3.1(H);4.1° 








® See footnote reference 62. 

> See footnote reference 60. 

© The upper state gives limit at 4.1 ev. If this state is assumed to be !2* then 
it correlates with normal products and gives D’’=4.1 ev. Both Gaydon and 
Herzberg assume that this state is *ITo+ and correlate it with Au(#Ds;2)+H(*S). 
Then its dissociation energy would be 3 ev in agreement with a thermochemical 
value of around 3.1 ev. 


AuH 


In the case of AuH, LBS for the ground state gives 
3.6 ev and GBS for the upper state gives limit at 4.1 
ev. Assuming the upper state to be "Ip, and that it 
dissociates into Au(?Ds.2)+H(?S), both Gaydon and 
Herzberg give 3.0 ev for the dissociation energy of this 
molecule. This agrees very well with the thermochemical 
value of 3.1 ev deduced by Farkas.* However, if the 
upper state is ‘2+ then it correlates with normal prod- 
ucts giving D’=4.1 ev. This value is in excellent 
agreement with the value of 4.12 ev obtained by us. If 
this value is correct, then it would predict that the 
volatility of gold would be increased by many orders of 
magnitude by passing hydrogen over it. Further work 
is required before we can conclude that AuH consti- 
tutes an exception to our rule. Tentatively we suggest 
4.1 ev for D(AuH). 


4.18. CH-Type Radicals 


The dissociation energies of any of these radicals is 
not known definitely. Two values have been suggested 
®@ FE. M. Bulewicz and T. M. Sugden, Trans. Faraday Soc. 52, 


1475 (1956). 
8 A. Farkas, Z. physik. Chem. B5, 467 (1929). 
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TaBLE XVIII. CH-type radicals. S= 1.3026 if D(PbH) =2.04 ev. 





Radical ke Te Do Do (Literature) 





1.12 

1.521* 
(1.591) 
(1.822) 

1.839 


3.47?(G) 

3.19+0.25* 

Unknown 
13° 


2. 
D” <2.04(G); 
1.59 (H) 


PbH 





® See footnote reference 64. 
b Assuming that the predissociation at 3.2 ev occurs into Sn(1D)+H(2S). 


for the dissociation energy of PbH. The weak predis- 
sociation in the upper state shows that D(PbH) <2.04 
ev. From the predissociation in the B state at 20 550 
cm™! Herzberg gives 1.59 ev for D(PbH) ; Gaydon gives 
the value as 1.80.2 ev presumably assuming that 
either 2.04 or 1.59 ev would be the correct value. We 
have found the value 2.04 to be satisfactory. Based on 
this value for PbH, we have calculated the dissociation 
energies of the other radicals of this sequence and 
presented them in Table XVIII. The results are now 
discussed. 


SnH 


There is a predissociation at 3.2 ev, and if this is 
assumed to occur into Sn('1D)+H(?S) then D’”=2.13 
ev. Our value of 2.06 ev lends support to the above 
assumption. 


GeH 


No data are available for this radical. Using estimated 
values for its r, and k,, we have estimated its dissocia- 
tion energy to be 2.28 ev. 


SiH 

There is no direct observation of the dissociation 
limit for this molecule. GBS for the ?A states gives a 
limit around 4 ev. Assuming that this state dissociates 
into Si?’D)+H(?S) Douglas* obtained the value 
3.19+0.25 ev for the dissociation energy of this mole- 
cule. Our value is 2.79 ev. Since, as Douglas pointed 
out, the 7A state is a shallow state, the value may be 
around 2.8 ev. 


CH 


The usually quoted value for the dissociation energy 
of this radical is 3.47 ev. Our value is 3.86 ev. CH 


“ A. E. Douglas, Can. J. Phys. 35, 71 (1957). 
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probably constitutes an exception in this sequence. 
However, it should be pointed out that Geré and 
Schmid® have found a number of breaking-off points 
in the upper state indicating predissociation; our value 
may correspond to one of them. 


5. CONCLUSION 


Our results show that the first member, as a rule, 
constitutes an exception. There are, however, a few 
sequences such as the hydrogen halides, hydrides of 
the alkali metals, etc., in which the first member does 
not constitute an exception. Although F; constitutes 
an exception among the halogens, the fluorides do not 
constitute exceptions among halides. There is, how- 
ever, evidence to show that the oxides behave anomal- 
ously from the sulphides, selenides and tellurides. Data 
are not adequate to make any such conclusions about 
the behavior of the nitrides. 

There are not enough data to treat several other 
diatomic molecules in the above way; but, as more and 
more data become available, it may be fruitful to test 
the accuracy of their dissociation energy values by 
using this rule. It would be advisable to take into con- 
sideration any available thermochemical evidence 


_ before a particular value is assigned to a given mole- 


cule. 


It might be also profitable to extend this rule to 
similar bonds in polyatomic molecules but, at present, 
there do not seem to be any reliable data on bond 
energies and bond stretching force constants. Also, 
the bond stretching force constants available in the 
literature are based on several types of assumptions 
and are not compatible with each other. On the strength 
of the results presented in this paper, we can, however, 
anticipate that this rule will find application for similar 
bonds in polyatomic molecules. 
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The relations between the first-order derivatives of the thermodynamic properties of three-dimensional 
systems have been evaluated. The method of Jacobians which was used previously for simple or two-dimen- 
sional systems has been extended, and the results presented in tabular form. 





INTRODUCTION 


HE use of Jacobians for deriving thermodynamic 

relations between the properties of simple systems, 
i.e., those which may be fully described by two inten- 
sive variables, was first expounded by Shaw.' Com- 
pact tables enabling all first- and second-order partial 
derivatives to be expressed as ratios of reference 
Jacobians were presented. Crawford?* extended the 
theory to n-variable systems for both unrestricted and 
polyphase, polycomponent systems. A method of 
expressing any desired first-order partial derivative in 
terms of the elements of a fundamental m-dimensional 
reference Jacobian was indicated. 

The present work extends Shaw’s table of the partial, 
first-order derivatives of thermodynamic properties to 
include systems undergoing such irreversible processes 
as permit the definition of an entropy in terms of the 
conventional thermodynamic parameters, in particular, 
systems undergoing chemical reaction. This develop- 
ment is restricted to three-dimensional systems, i.e., 
those for which the additional effect may be quanti- 
tatively expressed by one pair of variables. The method 


TABLE I. Reference Jacobians. 








No. Name Letter 





ICP, V,:T) 
JUP,.¥,5) 


CONAUEWNHe 


| 
be ROMS gro Ew OOO Of 


J(T, A, &) 
J(S, A, &) 











1A. N. Shaw, Phil. Trans. Roy. Soc. (London) A234, 299 
(1935). 

2 F. H. Crawford, Proc. Am. Acad. Arts & Sci. 78, 165 (1950). 

8 F. H. Crawford, Proc. Am. Acad. Arts & Sci. 83, 191 (1955). 


of de Donder, Prigogine, and Defay* was used to de- 
scribe the irreversibility when due to chemical reaction. 
The greatly increased range of application made 
possible by this extension warrants the preparation of 
such tables. 


SYSTEM CHARACTERIZATION 


Systems undergoing chemical reaction may be ex- 
pressed in terms of the variables pressure, P; volume, 
V; temperature, 7; entropy, 5S; affinity, A; and extent 
of reactions, & The four thermodynamic potential 
functions are defined as: 


dU = Td S— PaV — Adt, 
dH = TdS+VdP— Adt, 
dF =— SdT— PdV— Ad, 

_ dG=— SdT+VdP—Adt. 


(1) 
(2) 
(3) 
(4) 


These equations are applicable to polycomponent 
systems as the occurring changes can be represented 
by one reaction coordinate. 


PROPERTIES OF JACOBIANS 


Any three-dimensional Jacobian J(x, y, z) is defined 
in terms of three arbitrary reference variables, a, 8, 7, 


0x/da dy/da d2/da 
J (x,y, 2/a, B, y) =|0x/0B Ay/8B 42/AB). (5) 


dx/dy dAy/dy d2/dy 


The use of Jacobians in relating first-order partial 
derivatives depends on the following fundamental 
characteristics: 


1. Any first-order partial derivative may be written 
as a ratio of two Jacobians which must be expressed in 
terms of the same reference variables, 


(0p/0q)zy= J (Pp, x, y)/I(q *, ¥)- (6) 


2. Repetition of any variable results in a value of 


zero, 
J (x, x, y) =0. (7) 


4]. Prigogine and R. Defay, Chemical Thermodynamics, trans- 
lated by D. H. Everett (Longman’s, Green and Company, New 
York, 1954). 
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Value in terms of reference Jacobians 
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ATd+PTj 


PTj+PVa—API 
—API 


API4+AVg—ATd—PTj—PVa 
ATd—TVe 
PVa—API 


STj+SVa+TVb—ASI—ATn 
PTj+PVa+TVe—API-AVg 

—ATd—PTj 
PVa+TVe—API—ATd—AVg 


STj+TVb—ASI—ATn—AVd 
AVd+STj+SVa—ASI—ATn 


ATn 


STj—ASI—ATn 
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TaBLe II. Nonzero Jacobians. 
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PVd—PTn—-TVi 
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—PTn 
PTn+STd—PVd—SVg 
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—PTn-STd 
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3. Changing the cyclic order of the variables changes 
the sign, 


J (x, y, 2) = J(y, 2, x) = J (2, x, y) =— I(x, 2, y) 


=—J(y, x,2)=—J(z,y,x). (8) 


The six properties used to define the four thermo- 
dynamic potentials may be used to form 120 (i.e., 
6-5-4) nonzero three-dimensional Jacobians. Applica- 
tion of the symmetry relationships stated in Eq. (8) 
leaves 20 Jacobians that differ by more than a change 
in sign. These are listed in Table I. In addition, for the 
sake of compactness, each Jacobian has been given a 
characteristic letter. 


THERMODYNAMIC RELATIONSHIPS 
No use has been made yet of the mathematical 
properties of the four thermodynamic potentials. 
1. Maxwell Equations 


The thermodynamic potentials are state functions 
and therefore their differentials are exact. For a three- 
dimensional system, six relationships between the 


first-order partial derivatives of the corresponding 
Jacobians are obtained. Mathematically, if 


dM = Xdx+ Ydy+Zdz, 
then 
(aX /dy) z2= (0 Y/dx)y,2; 


J(X, 2, x,)=J(Y, 9,2). (9) 


These six Maxwellian relations, which are shown in 
Table I by representing two Jacobians by the same 
letter, reduce the number of different Jacobians from 
20 to 14. 


2. Expansion Equations 


In a three-dimensional system, any state property is 
a function of any other three independent variables, 
mathematically, 


dM = (0M /0x)y,dx+ (OM /dy) «,dy+ (0M /d2) 2442, 
(10) 
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or USES 


(9M /8x) ».@= (OM /dx)y s+ (OM /dy)2,2(09/8X) ».9 Table II permits the rapid and systematic derivation 
of any relationship involving the first-order partial 
+ (0M/dz)2y(82/0X)y.¢. (11) derivatives of three-dimensional systems. 


Transforming Eq. (11) into Jacobian form, NOMENCLATURE 
affinity 
J(M, p, 9)+ I(x, ¥, 2) = J(M, y, 2) I(x, p, 9) Tieladielte wotk function 
+J(M, 2, x)* J(y, p, Q+J(M, x, y)° J(z, p, q)- (12) 


Gibbs’ free energy 
Four independent expansion equations are obtained 


enthalpy 
three-dimensional Jacobian, Eq. (5) 
using this method: M, p,q, *, 9 


arbitrary state functions 
pressure 

reversible heat effect, d(0= TdS 
entropy 

temperature 

internal energy 

volume 

reversible work effect, dW = PdV 
(0M /dx)y, z 

(0M /dy)z, x 

(8M /dz) x, y 


—a-b+j-e—n-+f+m-g=0, (13) 
a-b+j-e—k-i+1-h=0, (14) 
d-c+j-e—n-f+l-h=0, (15) 
d-c—a-b—n-f+i-k=0. (16) 


All nonzero Jacobians J(x, y,z) where x, y,z may be 
any of P, V, T, S, A, &, U, H, F,G,Q, W may now be 


NSS SSGQNudOwa WCROADE 


expressed in terms of the reference Jacobians. The arbitrary reference variables 
results are listed in Table II. extent of reaction. 
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A method suitable for numerical calculations of the normal vibrations of helical molecules is derived 
by the use of GF-matrix method. The method is described for the case of the isolated infinite helical mole- 
cule in which the one-dimensional crystallographic repeat unit contains m chemical units and m turns (one 
chemical unit contains p atoms). It is shown that the optically active fundamental frequencies of such 
molecules can be obtained by solving the secular equations for A, B, E,, and E species, the maximum 
orders of which are 3p—2, 3p, 3p—1, and 3, respectively. This method can be also applied to the cases 
of infinitely extended planar zigzag chains such as polyethylene and cyclic molecules such as trioxane, 
etc., as special cases. As examples of application of this method, calculations of the skeletal vibrations of 
a simple model of polyoxymethylene molecule under the group D(10x/9) and of the planar zigzag chain 


of carbon atoms are given. 





INTRODUCTION 


HERE are known many high polymer molecules 

having helical structures, such as those in crystal- 
line isotactic polymers, polyoxymethylene, polyethylene 
glycol, polytetrafluoroethylene, polypeptides, etc. As to 
the method of crystal structure analysis of such helical 
high polymers, there has already appeared an excellent 
general treatment by Cochran ef al.' It is highly 
desirable to calculate the normal vibrations of these 
polymers from the point of view of infrared spec- 
troscopy, but no such numerical calculations have been 
reported, except for the cases of planar zigzag chain,? 
which is a special case of a helix as shown below. Al- 
though a general theory of the vibrations of helical 
molecules has been already reported by Higgs,’ he 
applied his results only to a special simple model. 
We have derived independently a method for the 
calculation of the normal vibrations of a helical mole- 
cule, which is suitable for numerical calculations. In 
this paper we should like to describe the outline of this 
method, and the results of its application to a simple 
model of polyoxymethylene and to a planar zigzag 
chain of carbon atoms as an extreme case. 


FACTOR GROUP OF ONE-DIMENSIONAL SPACE 
GROUP 


Let us consider an isolated infinite helical molecule 
in which the one-dimensional crystallographic repeat 


1W. Cochran, F. H. C. Crick, and V. Vand, Acta Cryst. 5, 581 
(1952). 

2 Polyethylene** and polytetrafluoroethylene.*” The latter 
possesses a helical configuration, but the distortion of its molecu- 
lar configuration from a planar zigzag is relatively small, so the 
calculation of the normal frequencies have been approximated 
with a planar zigzag model by these authors. 

3S. E. Whitcomb, H. H. Nielsen and L. H. Thomas, J. Chem. 
Phys. 8, 143 (1940). 

4L. Kellner, Proc. Phys. Soc. (London) A64, 521 (1951). 

5 T, Shimanouchi and S. Mizushima, J. Chem. Phys. 17, 1102 
(1949). 

6 T, Shimanouchi, J. Chem. Phys. 17, 245, 734, 848 (1949). 

7C. Y. Liang and S. Krimm, J. Chem. Phys. 25, 563 (1956). 

8 P. W. Higgs, Proc. Roy. Soc. (London) A220, 472 (1953). 


unit (unit cell) contains ” chemical units and m turns 
(one chemical unit contains p atoms). For example, the 
polyoxymethylene molecule in the crystalline state 
has been reported to contain nine chemical units 
—CH,O— and five turns in the unit cell length 17.3 A. 
One chemical unit contains four atoms (n=9, m=5, 
and p=4).° In the case of the planar zigzag chain of 
polyethylene, in which the chemical unit is —CH.—, 
n=2, m=1, and p=3. The symmetry of a helical 
polymer molecule may be described by a one-dimen- 
sional space group. It has been shown that only the 
normal modes in which all the unit cells vibrate in 
phase may be active in the infrared and Raman spec- 
tra. In other words, it is sufficient spectroscopically to 
study a factor group with translational subgroup as 
unit element. The factor group in question may be 
denoted in terms of C(2mm/n),’ which is isomorphous 
with the point group C,. The character table, numbers 
of normal modes, and selection rules (A: active, F: 
forbidden) for the helical polymer molecules under the 
group C(2mm/n) are shown in Table I. In the table 
the symmetry operation C' is a rotation of 2mr/n 
about the axis of the helix followed by a translation 
along the axis of 1/m of the unit cell length. The sym- 
metry operation C* signifies that the symmetry opera- 
tion C' is performed & times in succession. N is the 
number of total normal modes under each irreducible 


® Although Sauter” has assumed the model with m= 4, Huggins" 
has inferred m=5 from the consideration of bond distance and 
bond angles. We have recently found by x-ray analysis that 
Huggins’ model (m=5) is adequate.” 

1 FE. Sauter, Z. physik. Chem. (Leipzig) B21, 161 (1933). 

1M. L. Huggins, J. Chem. Phys. 13, 37 (1945). 

12H. Tadokoro, T. Yasumoto, S. Murahashi, and I. Nitta, 
J. Polymer Sci. 44, 266 (1960). 

For example, S. Bhagavantam and T. Venkatarayudu, 
Theory of Groups and Its A pplication to Physical Problems (Andhra 
University, Waltair, India, 1951); M. C. Tobin, J. Chem. Phys. 
23, 891 (1955); C. Y. Liang, J. Mol. Spectroscopy 1, 61 (1957). 
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Tas.e I. Character table, numbers of normal modes and selection rules (A: active, F: forbidden) for the helical polymer 
molecule under the group C (2mx/n).* 








N Infrared Raman 





3p (T+, Rr) A 
3p (T.) A 
3p (Te) 
é eee 3p 
e eee 3p 
é ee 3p 
et eee 3p 
efm-b/2 el(@-/2)}2 bis ¢{(n—-1)/2}(m—-1) 3p 


era en l(n—)/22 eee eo ln-d)/2] (2-1) 3p 





n= even 





N Infrared Raman 





3p (Ts, Re) A 
3p F 
e-D 
ea) 


é ee en) 


Pa) ae e73n-1) 


é coe ae) 
E; 


«3 coe g-8(n-1) 


el(n/2)—1} el(n/2)—1]2 bee el(n/2)—1} (n—1) 


Eten) 


e-{(n/2)—-1] 7 [(n/2)—1]2 eee 7 [(n/2)—1] (1) 





® €=expi(2mm/n). 


representation, and 7, and 7, are pure translations matrices would be constructed as follows: 


parallel and perpendicular to the helix axis, respec- on Gi Gio. OY 
tively, and R, pure rotation about the axis. 


_ CONSTRUCTION OF G AND F MATRICES Gu Gn Gu 

In this calculation we use the GF-matrix method." 
It is sufficient for our present purpose to carry out the 
calculation on the unit cell for which the G and F 








4 E. B. Wilson, Jr., J. C. Decius, and P. C. Cross, Molecular 
Vibrations (McGraw-Hill Book Company, Inc., New York, 1955). 
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where G,; denotes the G (or F) matrices related to the 
internal coordinates of the ith and the jth chemical 
units. The order of these submatrices is equal to the 
number of the internal coordinates of one chemical 
unit. This matrix can be rewritten as follows, neglecting 
the interactions between the chemical units far apart: 


a g’ 7’ 3’ 


6 8’ 77 ae 


0 O43 aos 








(2) 


This matrix is written for an example of the case of 
n=9. Here a denotes the G and F matrices for the 
internal coordinates of one chemical unit, § for those 
related to the internal coordinates of any neighboring 
chemical units. y (and 6) represents the interaction 
between the internal coordinates related to the second 
(and third) neighboring chemical units. 8’, y’, and 9’ 
are the transposed matrices of §, y, and 6, respectively. 
The interactions between the chemical units separated 
further apart can be taken into account if needed. 


Now it is shown that the matrix (2) can be diago- 
nalized by the unitary transformation using the follow- 
ing matrix (3): 


U=(1/n)! 








1 en” e(n-)2 © e(n—-D)(n—-1) 


where (1/n)* is normalization factor, e=e“, w= 2mr/n, 
and E a unit matrix the order of which is the same as 
that of the submatrices a, 6, etc. in Eq. (2), and X 
denotes the direct product. 


The diagonal matrix obtained by the transformation 
is shown as follows: 


HIROYUKI TADOKORO 





A 




















for n=odd (n=7), (4) 
































=I 


for n=even (n=8), 








(5) 


where 

A=a+($+6) +(y+ 7) +(5+8), 

Ex, = a+ Get+ e+ yet ye be VE, 

B= a—(6+6')+(y+7)—(8+8), 

E,* =a+ Ge*+ e+ ye y+ be K+ Fe, 

k=1,2,3,++*. (6) 
Ut is the transposed and complex conjugate matrix 
of U. 

Thus we can reduce the G (or F) matrices (2) into 
the forms shown in Eqs. (4) and (5) by the general 
procedure of the unitary transformation. But it is 
more desirable to use the real matrices than the complex 
matrices from the point of view of the ease of computa- 
tion. Here we will show a more convenient method of 
reduction using real matrices only for an example. 


The G (or F) matrix (2) can be reduced by the ortho- 
gonal transformation as follows: 


A 


E.JE, 


(7) 


for n=8, 
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(3)4 


cosw 


()! 
cos2w 
sinw sin2w 
cos4w 
cos4w 
cos[}(n—1) Jo 
sin[}(n—1) Jo 
()! 

- (3)! 


Ccosw 


(3)! 
(3)! 
cos2w 
sin2w 


sinw 


U,=(2/n)! cos2w cos4w 


sin2w sin4dw 





sin (m/2) —1}w 


A= a+(6+6)+(y+7')+(5+8), 
B= a—(8+6') + (y+) —(8+8), 
Ex.= a+(8+6") coskw+(y++y’) cos2kw 


+(5+8’) cos3kw, 

Exw=(G—§’) sinkw+(y— y’) sin2kw+(8— 8’) sin3kw, 
k=1, 2,3,+++. (10) 

In Eqs. (8) and (9) E is a unit matrix, the order of 


which is the same as that of the submatrices a, 8, etc. 
and X denotes the direct product. The submatrices 


can be further factored into the following form by the 


cos[4(m—1) ]2w ++ 
sin[}(m—1) ]2w +++ 


cos (n/2)—1]}w cos[(n/2) —1]2w 
sin (2/2) —1 ]2w 


(3)! 
cos(n—1)w 
sin(n—1)w 


cos2(n—1)w 


XE forn=odd, (8) 


sin2(n—1)w 


cos[}(m—1) ](n—1) 
sin{}(n—1) ](n—1) 
(3)# 
— (3)! 


cos(n—1)w 





sin(n—1)w 
cos2(n—1)w XE for n=even. (9) 
sin2(n—1)w 


cos[ (n/2) —1) (n—1)w 


sin (m/2) —1](n—1)w 








suitable orthogonal transformation”: 


We will show an example of the matrix Ux in a 
later section. 

The matrices A, E, (and E,*), and B in these 
matrices (4), (5), (7), and (11) correspond to the 
symmetry species of the same notations in Table I, 
respectively. The vibrations for the species A are ones 
in which the motions in all chemical units are in phase, 
and are active in both infrared and Raman spectra. 
The transition moments of these modes are parallel to 
the main axis. The vibrations for E; are ones in which 
motions in neighboring chemical units generally differ 
in phase by +2mkx/n. The E, modes are active in 
both infrared and Raman spectra, and the transition 

% It may be noticed that Uo(=U,U;) is the ordinary trans- 
formation matrix from the internal coordinates to the symmetry 


coordinates. Here U; is a matrix containing Ux, as the diagonal 
elements. 
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TABLE II. Character table, numbers of normal modes and selection rules (A: active, F: forbidden) for the model 
of polyoxymethylene molecule under the group D(107/9).* 





2c 20: 2c3 


9C, N Infrared Raman 





A, 1 

A, 1 

E, 2 cos3w 
E, 2 cos6w 
E; 2 cos9w 
Ey 2 cosl2w 





1 2 
1 4 (Ty, Re) 
2 cos4w 12 (T,X2) 
2 cos8w 12 
2 cosl2w 12 
2 cosl6w 12 





* w=107/9. 


moments of these vibrations are perpendicular to the 
main axis. The E, modes are forbidden in the infrared 
spectrum but active in the Raman spectrum. Those for 
E;, E, +++ are forbidden in both spectra, and so we do 
not need to take account of them. The B species are 
active only in Raman spectrum. Thus the equations to 
be’ solved for the normal vibrations active in infrared 
and Raman spectra are 


|GF-2E | =0, (12) 


for the A, B, Ei, and E, species, where \ is 44°? and E 
the unit matrix. 


ORDER OF GF MATRICES 


Now the submatrices in the matrices (4) and (5) 
should be transformed into ones related to the sym- 
metry coordinates of the chemical unit. The order of 
the matrices to be solved would be decreased to 3p—2 
for the A species, 3p—1 for the EZ; species, and 3p for 
the E, species by elimination of the redundant co- 
ordinates through suitable transformations. When there 
are any symmetry elements in the chemical unit, the 
order of the matrices A and B will be decreased by 
reduction due to the symmetry of the chemical unit. 
For example, the symmetry species A of the matrices 
(4) and (5) can be reduced to two species A; and A» 
in the cases of D(2mx/n)’ which possesses twofold 
symmetry axes in the plane perpendicular to the 
principal axis. The whole symmetry obtained here is 
equal to the direct product of the aforementioned factor 
group and the group of the symmetry of the chemical 
unit. Furthermore, the order of the matrices will be 
decreased by splitting of the high and low frequency 
vibrations. Thus we can calculate the normal vibrations 
of the helical (or planar zigzag) polymer molecules 
by solving the GF matrices of maximum order of 
3p—1 for the purpose of infrared spectroscopy. 


EXAMPLE OF METHOD USING REAL MATRICES ONLY: 
SKELETAL VIBRATIONS OF POLYOXYMETHYLENE 
MOLECULE 


In this section we will show the method using real 
matrices only for the example of the calculations of the 
skeletal vibrations of a simplified model of polyoxy- 


methylene molecule. For this model, »=9, m=5, and 
p=2, if we consider the methylene group as a united 
atom with the atomic weight of CH». This “methylene 
atom”? will be denoted with M hereafter. The character 
table, numbers of normal modes, and selection rules for 
this model under the group D(10r/9) are shown in 
Table II. A part of the helix is illustrated in Fig. 1, in 
order to make clear the meaning of the following four 
internal coordinates: 


Ri(Mi—On= Ro), 
Ri (Onx— Mayr = Ro), 

On( ZOn1.Mi0; = Oo), 

On ( Z MixOnMiy1 = 90). (13) 


Here Ro and © in parentheses denote the equilibrium 
values which are taken as Ro=1.43 A, and @)=109°28’, 
respectively." The suffix h can change from 1 to 9. 
In this calculation we omitted the torsional coordinates 
for simplicity. 

Neglecting the interaction between atoms far apart, 
we express the potential energy" related to the unit cell 
of the one-dimensional crystal as 

‘ 


(14) 


: 9 
v=o", 
h=1 


where 
Vax 2 [Ke’Ro( ARs) +4Ke(AR)*] 
| + 2[He’ Re'( As) + 4H o( Rods)*] 
+ DIF @'Qo(AQn) +3 FQ(AQn)*].- 


Here Q) and Q,’ denote the following interatomic dis- 
tances not bonded directly with equilibrium values 


16 By use of the equations derived by Shimanouchi ef al.,"” we 
obtained the values of the bond angle @o=110°53’ and the in- 
ternal rotation angle r= 77°23’, assuming that Ro= 1.43 A, m=5, 
and identity period=17.3 A. But we adopted here the values of 
Oo= 109°28’ and r= 78° for simplicity. 

( ass; Shimanouchi and S. Mizushima, J. Chem. Phys. 23, 707 
1 . 

18 We used Urey-Bradley force field.” 

19H. C. Urey and C. A. Bradley, Phys. Rev. 38, 1969 (1931). 
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shown in parentheses, 
Qn(Ons+—On=Qo), 
Qn’ (Min—Misi=Qo). (15) 


These can be expressed in terms of the bond lengths 
and bond angles of Eq. (13). 

The G and F matrices related to the internal co- 
ordinates in the form of matrix (2) are constructed_as 
follows: 





aR, 4K‘ 4@, 46), 
AR, atble 
AR 








O18 |e 








oO ihe 








p= 





sh/ mM] O 




















T= 8 =0, 
where for the elements of the G matrix 

a=yo+no, 

b=—po0/3, 
bo= — 0/3, 

C= 2petot+$pr’uc, 
Co= ($ cos*r—1) pr*uo, 

d= 2pduct$pr'Ho, 
do= ($ cos*r— 1) po*uc, 

e= — (2v2/3) pouc, 

€o = (2V2/3) poo cosr, 

f=—(2v2/3) pau, 

fo= (2v2/3) pauc cosr, 

&=—$pr" cosr(uctuo), 

Mc = reciprocal mass of the “methylene atom,” 
Mo = reciprocal mass of the oxygen atom, 
po=reciprocal interatomic distance C—O, 


7=internal rotation angle, 


Fic. 1. The model of the polyoxymethylene molecule. 


for the elements of the F matrix 

a= Koo+}(Foo’'+ Foo’) +3( Foot Foo); 
b= —}Foc'+4 Feo, 
b= —4Fo0' +3 Foo, 
¢=(Hoco—4¥Foo'+4Foo) Re’, 

d= (Hcooc— 43 Foc’ +4F cc) Re’, 

e= (V2/3) (Foo’+ Foo) Ro, 

f=(v2/3) (Foo'+ Foc) Ro, 
Cco=dyb=e=fo=g=0. 


Taking into account the symmetry of the helix 
D(10r/9), the matrix for the A species can be split 
into two matrices corresponding to the species A; and 
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TABLE III. Force constants in 10° d/cm. TABLE IV. The calculated and the observed frequencies (cm). 








Koo= 4.38, Hooc=0.20,  Hoco=0.50, Observed freq. 
Calculated freq. (dichroism) 
Foc= 0.30, Foo= 0.50, Fec'= —\oF co, 





Foo'= —0Foo. a }inactive in Infrared. 


1099 (||) 








Az by use of the following symmetry coordinates: 


(AR+AR’)/(2)}, 





AO’, 


AO, (1—cosr)/2 —R/2 —Ro/2 


(AR—AR’)/(2)}. (17) 2(1—cosr) Ro Ro é (18) 


Although the Ga; matrix expressed in terms of these 0 (3)3 (3) 

symmetry coordinates is of the third order, we can 

obtain the matrix of the second order shown below, The one remaining root of the secular equation is zero. 
through a suitable transformation by use of the following Thus we have 





3(uo-+tuc) (1—cosr)?, V2p0(u0— uc) (1—cos*r) 


age ’ 
V2p0(uo—uc)(1—cos*r),  $p0*( uote) (1+cosr)?* 


+6b+6 
[meray (8V2/9) po 


+ (0/3)mld-) 


oH samen), “tee 


1—cosr 1—cosr 


e—f 


1—cosr 


+ (v2/3) po(d—c), 3(c+d) 


2 
3 








Ga,=[$(uo+uc) J, 
F4,=[a—b—)y]. (19) 


The next problem is the factoring (11) of the block for the Gg, (and Fz,) matrix in Eq. (7). We may use the 
following transformation matrix for this purpose: 


costjw cosjw 0 0 —sinjw —singw 

sintw —sinjw 0 0 costw —cosiw 

0 0 1 cosjw 0 0 

0 0 1 —cosiw 0 0 
—sin3w 0 —costw —cosfw 
—cosiw 0 —siniw singw 


0 —sinjw 0 0 





0 singjw 0 0 
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In this case the transformation matrix Uo(=U,U;) in footnote reference 15 is written as the following from 


(of the 9X 4th order) : 


Then we have 





(3)* = (4 
0 0 


0 0 


0 0 
0 0 
—sinjw —singw 
costw 
0 0 


—cosiw 


0 0 





(uo+ue) (1—$ cos}w), 
3$(uo—uc) sindu, 
(22/3) po(uo-ruc) (—costw+cosr cosfw), 
| (2V2/3) po(uo— uc) (costw-+cosr cosdw) 


(3)4 


(3)! 
0 


0 


0 


0 


0 


0 


—sinw —sinjw 


—sinw sin3w 


3(uo—ue) singw, 


(uo+uc) (1+-3 cos}w), 


(2V2/3) po(uo-+uc) (—costw-+cosr cosjw), 
(22/3) po(uo— sc) (sinjw—cosr singw) , 


4(uot+uc) po?{7—8 cosr cos$w-+ (4 cos*r—3) cosw}, 


4p0?(uo— Hc) { (4 cos*r—3) cosw—1}, 





a+(b+bo) cos}w, 
(—b+5p) sinjw, 
(e+) costw, 
(e—f) cosiu, 


(—b+bp) sin}w, 
a—(b+bo) coszw, 
(e—f ) sinjw, 
(e+f ) sinkw, 


(2V2/3) po(uo— uo) (sinjw—cosr sinfw) , 
— (2V2/3) po(uo+uc) (sinjw-+cosr sinjw) , 
(2V2/3) po(uo— mc) (costw-+cosr cosjw) 
— (2v2/ ed io ask (sinjw-+-cosr sinfw) 


$00? (uo— we) { (4 cos*r—3) cosw—1} 


4p0?(uo-+-uc) {7+8 cosr cos}w+ (4 cos’r—3) cosw} 


(e+f ) costu, 
(e—f) singe, 
3(c+d) 
(c—d), 


(e—f ) cos}w 


(e+f) sinjw 


3(c—d) 
3(c+d) 
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Wave Numbers in cm~+ 
Fig. 2. Polarized infrared spectra of polyoxymethylene (footnote reference 22). —— electric vector perpendicular to stretched direc- 


tion. electric vector parallel to stretched direction. 


The numerical values of force constants used in this 
calculation are shown in Table III. These values were 
chosen referring to the paper on the normal vibrations 
of ethyl ether.” The calculated and observed fre- 
quencies for Ai, As, and E; species are shown in Table 
IV." The values of frequencies as well as the dichroism 
are found to be in good agreement with the observed 
ones irrespective of the simplicity of the model taken 
here. In Fig. 2 the polarized infrared spectra of poly- 
oxymethylene (Delrin-acetal resin of du Pont Corpora- 
tion) are reproduced from our previous paper.” 

The remaining discordance between the observed and 
the calculated values may be due to the following 
Teasons: 

(1) Neglect of the hydrogen atoms. The coupling of 
the C—O—C stretching and the CH: rocking vibrations 
appears to be considerable according to our calculations 
on the more accurate model. 

(2) Omitting the torsional displacement coordinates. 

(3) Neglect of the intramolecular interaction be- 
tween the subsequent turns of the helix and the inter- 
molecular interactions between the neighboring chains. 

The detailed calculations on the more accurate model 
of the polyoxymethylene molecule are now being made; 
they will be reported in the near future. 


SKELETAL VIBRATIONS OF THE PLANAR ZIGZAG 
CHAIN OF CARBON ATOMS 


As another example we will show here that the 
calculation of the skeletal vibrations of the planar zig- 
zag chain of carbon atoms, reported already by several 
authors,¥~* can be carried out in a more simple and 


(957). Hayashi, J. Chem. Soc. Japan, Pure Chem. Sec. 78, 222 

*t The calculation using the complex matrices [Eq. (6) ] gives 
bey the same values as those in Table IV. 

Tadokoro, T. Yasumoto, G. Morimoto, and S. Mura- 

hashit ‘Chem. High Polymers (Tokyo) 17, 95 (1960). 

ad 7 G. Kirkwood, J. Chem. Phys. 7, 506 (1939). 

*K.S. Pitzer, J. Chem. Phys. 8, 711 (1940). 

5 C. Y. Liang, S. Krimm, and G. B. B. M. Sutherland, J. Chem. 
Phys. 25, 543 (1956). 


systematic way by using our method. In this model, 
n=2, m=1, and p=1. Since the number of chain 
atoms in one chemical unit is equal to one, y should be 
taken into account of the second neighbor interactions. 
Then, matrix (2) is constructed as follows: 


OR, 
AQ, 
AR, 
4® 
AR; 


AG, 


) 


where for the elements of the G matrix, 


a=2p, 
=—p/3, 
b=4$p'u, 
bo=$r'n, 
bi=$e'u, 
= — (2v2/3) pp, 
co= — (2V2/3) pp, 
u=reciprocal mass of carbon atom, 
p=reciprocal interatomic distance, 


for the elements of the F matrix,” 


26 Here we used the valence force field after Liang et al.*5 
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a= Koc =stretching force constant of the C—C bond, 


b=Hooc/p?= (deformation force constant of the 
C—C—C angle) /p’, 


Ay = bp =}, =c=G=0. 
Then using Eq. (6), we have 
Ga=(12y), 
F4=[(a+8p*b) /9], 
Gs= (84/3), 
F;=(a). (24) 


Assuming Koc =3.43X 10° dynes/cm and Hocc =0.34X 
10° d/cm, which are the values used by Liang et al.,* we 
obtain 

v=1077 cm™ for A species, 


v=1138cm™ for B species. 


1567 


FURTHER PROPOSED APPLICATIONS TO SOME 
SPECIAL CASES 


This method may also be applied to a cyclic structure, 
which is a limiting case as the identity period along the 
main axis is zero. For an example, we may give the 
case of the trioxane molecule (n=3, m=1 and p=4). 
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The eigenfunctions of a molecular Hamiltonian in which all Coulomb potentials have been replaced by 
Hooke’s law potentials are easily determined. Their electronic parts are essentially single-particle single- 
center harmonic oscillator, or Gaussian wave functions originating at the center of nuclear charge. An in- 
vestigation is made to determine the feasibility of using these cuspless base functions in variational calcula- 
tions of relative molecular electronic energies. It is found that: 

A. Addition of Coulombic or delta-function singularities to the Hooke’s law potentials leads to the forma- 
tion of rigid molecular systems. 

B. The Coulomb potentials in 21-26 electron triatomics can be treated as a perturbation upon quadratic 


potentials. 
In agreement with experiment it is noted that: 


C. Approximately homonuclear (i.e., nonhydride) 8-, 20-, and 40-electron polyatomics are configura- 


tionally unstable. 


D. The molecules CO.*+, CO2, NxO, NCO~, BO.~, N;~, and NO,* should all be linear. 
E. The molecules NO,~, Q;, FNO, F,0, and a number of excited states of the molecules (D) should all 


be nonlinear. 


F. The stable form of nitrous oxide should be N—N—O rather than N—O—N. 
A number of general] features of the treatment are discussed and several of its limitations are pointed out. 
A tabulation of coefficients required in Clebsch-Gordan expansions of products of Hermite polynomials is 


given. 





I. INTRODUCTION 


NE of the major difficulties in calculating molecular 
energies arises because of the difficulty of develop- 

ing cusps in electronic wave functions at nuclei. Re- 
cently, for example, Howell and Shull found in a one- 
* Research supported by a research t from the National 


gran 
Science Foundation to Carnegie Institute of Technology and by a 
grant from The Research Corporation to The Defiance College. 


center expansion of the wave function of H,+ that 
convergence was very poor for just this reason.' The 
very lack of improvement brought about by the inclu- 
sion of additional terms in their series augurs well, 
however, for the success of calculations in which 
“relative” rather than “absolute” molecular energies 


1K. M. Howell, and H. Shull, J. Chem. Phys. 30, 627 (1959). 
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are of interest. This is usually the case in problems con- 
fronting chemists. 

The cusps in electronic wave functions at nuclei are 
largely due to atomic inner-shell electrons—primarily, 
in fact, to 1s electrons. Since these are not affected by 
most molecular transformations one suspects that it 
may be possible to obtain qualitatively correct relative 
energy values from wave functions that lack these 
cusps. 

With these observations in mind, Gaussian functions 
are here considered as base functions in a variational 
calculation of the energy of a number of triatomic 
molecules and no attempt is made to develop cusps in 
the resulting wave functions. 

Each molecular system is viewed as an assemblage 
of nuclei capable of adiabatic movement in an electron 
cloud containing all the electrons of the molecule. 

It is advantageous to build the electron cloud from 
eigenfunctions of a known Hamiltonian. Consequently 
in Sec. II we begin with a study of a quasi-molecular 
system—a system of nuclei and electrons interacting by 
Hooke’s rather than Coulomb’s law. The Schrédinger 
equation for such a system may be solved exactly. Its 
salient properties are outlined for the case of homo- 
nuclear molecules. The electronic wave functions are 
found to be nothing but Slater determinants of one- 
electron single-center Gaussians. 

In Sec. III these cuspless electronic functions are 
used as basis functions in a variational treatment de- 
signed to locate the extrema of electronic potential 
energy surfaces. Criteria are developed which help one 
to choose a reasonable set of basis functions and help 
one to determine whether a given configuration can 
yield an extremum in the electronic energy. 

In Sec. IV this approach is applied to 20-26 electron 
triatomics. it is noted that the nonexistence of 20 elec- 
tron triatomics implies the practical validity of a per- 
turbation treatment of these systems. This perturba- 
turbation treatment in every case correctly indicates 
the linearity or nonlinearity of the known molecules. 


II. ZERO-ORDER PROBLEM 


Let r; be the vector from the origin of an inertial 
coordinate system to particle 7 of charge e;. Then to 
every multiparticle Coulomb’s law potential, 


Ve= Deve; | ri—1; [7 


i<j 


(1a) 
there is a corresponding Hooke’s law potential, 


Va= Dokis( Pi 05)? +d i 


i<j 


(1b) 


If each force constant k;; is opposite in sign to e;e;, 
then the individual potentials are correspondingly at- 
tractive or repulsive in each case. The d;; adjust the 
origin from which the energy is measured. 

Because of the correspondence VV), there must be 
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a correspondence between the Schrédinger equations, 


Kpe _ Ex c ( 2a) 
Hivn= En, (2b) 


where, if m; is the mass of particle i and 9; its momen- 
tum vector, the quantum-mechanical operators 3 
correspond to the classical Hamiltonians, 


H.=T+Ve= Qi (0:)*/2mitVe (2c) 


Hi=T+Vn=2i(0:)?/2mi+-Vi. (2d) 
We wish to investigate some aspects of this corre- 
spondence. 

The mathematical form of the solutions for the Cou- 
lomb case is generally unknown, though its physical 
consequences are apparent to all. On the other hand, 
the mathematical form of the solutions for the Hooke 
case is easily discovered, though it has no direct physical 
consequences. It is convenient therefore to proceed by 
comparing the known properties of molecules with the 
properties of the solutions of (2b). 


Normal Mode Analysis 


H;, is factorable by the usual normal mode analysis. 
Transforming to mass weighted coordinates, $;= 
rm; and ¢,'=(dg;/dt), one has 


Ar=32 (Bi) +4 fer BtD — (3a) 


fis=(memj) ky; (i 9); fic=m Viki (3b) 


D=>ody. (3c) 
i<j 

In the homonuclear case there are only two different 
masses, m,, m_ and two different charges, e,, e_ giving 
rise to only three different force constants, ky +, ky -, 
k__. The problem is formally similar to a nuclear prob- 
lem treated by Bloch and Hseih.? By comparison with 
their work one finds that if there are Z nuclei and NV 
electrons, the roots \ and eigenvectors q of the secular 

determinant of the normal mode analysis are 


\o=0 
qo= (domig.) (Dom) 
A, —=(m,m_)(Nm_+Zm,) ky — 


(4a) 
(4b) 
(4c) 


q+-= (Vm 13° 6,-Zm'D8-) (NZ[Nm_+Zm,])74 
1 : 1 

(4d) 

(4e) 

(4f) 


Ay =m" (Zk, + +NRy -) 
h_=m_—!(NRk__+Zk, -). 


2 Y. C. Hsieh and I. Bloch, Phys. Rev. 101, 205 (1956). 
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The roots, (4e), (4f), may be considered to be non- 
degenerate, their corresponding eigenvectors then being 
collective coordinates describing the motions of the 
nuclei and the electrons, respectively. It is more natural, 
however, to consider (4e) to be (Z—1)-fold degenerate, 
(4f) to be (N—1)-fold degenerate. In this case the 
corresponding normal coordinates are highly arbitrary. 
It is only necessary that each of them be orthonormal 
to the others of its kind and that the sum of the co- 
efficients of the $’s in each vanish. 

The factored Hamiltonian may be written in the form 


A, =Ho+H, _+H,+H_+D (Sa) 
where 


N-1 
H_=>-H. 


a=1 


Z—1 
Bes iis: (5b) 
b=1 


and in general, 
Hy =}(qv’)*+ dv (qv)?. 


Since A, — is the sum of the attractive parts of \, 
and X_, it is clear that it is much greater in magnitude 
than either. Because of the way the electronic and 
nuclear mass enter into \, and X_, it is also clear that 
d_ is roughly 10* times as large as \,. The vector qo 
is a vector to the center of mass of the system. The 
vector q; — increases monotonically with the difference 
between the center of mass (or charge) of the electrons 
and the center of mass (or charge) of the nuclei. 


(Sc) 


Eigenfunction of the Zero-Order Hamiltonian 


The solutions of the Schrédinger equation (2b) ob- 
tained using (5) are of the form 


N-1 
o_= TI¢.- 


a=] 


Z—1 
Vi =o, "by; o=TTon; 


(6a) 
En=woto, +0,+0_+D; 


N—1 
o. = LM 


a=! 


2-1 
O+ = wy ; (6b) 
b=1 


where the ¢’s and w’s are such that 


KRyov =wvdv. (6c) 


¢ is a three-dimensional plane-wave function de- 
scribing the free motion of the center of mass of the 
system, and a» is its kinetic energy. The other functions 
can be given the following expressions. 

In Cartesian coordinates: 


dv =$tmn(NGy) =$1(tey) “dm(Yay) *bn(Say), (7a) 

Xqv is the x component of A!qy 
WV = Wey tWyytWey (7b) 
on (B's) = (8/m) *(2"n!) 4H, (64x) exp[— (8/2)a*]. (7c) 


The H, are Hermite polynomials. 
WZ qv =Wny = (n+43) AM 
B=N/h. 
In polar coordinates,’ 
bv =nu(Gv) =Ralray)*Vru(Oav, bay). (Te) 


The Y,, are normalized surface spherical harmonics, 


(7d) 


and 
/ "Retdr=1 (7£) 


0 


wy =Wry = (v+§) An. (7g) 


The first few functions R,, are 
Ros =8*4[4/ (x)! } expl— (8/2)r°] 
Rip= 8" 4/(x)* } exp[— (8/2)? ]X (3) '8'r 
Ro, =8*4[4/(m)*} expl— (8/2)? ]X (3) *(3—B'r) 
Roa=6°"[4/(w)*} exp — (8/2)1°1X (ts) 48° 
Rsp=B6*"(4/ (mr)! } exp[— (8/2)1? ]X (qs) '(834r— Bir") 
Ry =8°"[4/()*} exp[— (8/2) 1°] X (755) 18%". (8) 


Exchange Symmetry 


Since qo and q,— are always symmetric under ex- 
change of identical particles, the corresponding wave 
functions have the same symmetry. The wave functions 
involving q, and q_, however, do not necessarily have 
the proper behavior under particle exchange. This may 
be corrected and spin taken into account in the manner 
proposed by Bloch and Hsieh? By taking linear com- 
binations of the set of (Z—1) or (N—1) degenerate 
normal coordinates (our qy or q_), they construct a 
new set of Z or N linearly dependent coordinates, say 
Q.,. or Q_. Each of these can be so taken as to represent 
the motion of one of the group of identical particles 
(nuclei or electrons) with respect to the center of mass 
of the assemblage of all similar particles. They then 
show that Hermite functions of these coordinates may 
be multiplied by spin functions and antisymmetrized 
in the ordinary way, and that the resulting ground and 
first excited state functions of a given spin are eigen- 
functions of the H, and H_ part of (5a). 

Thus in these cases, even though the Hamiltonian 
contains interelectronic and internuclear repulsion terms, 
the identical particles move “independently” of one an- 
other in essentially the same sense as they do in anti- 
symmetrized independent particle models. That is, the 
major dependence is that usually considered due to 
antisymmetrization. The only difference is, that in 


® Note the use of \ here as a quantum number rather than as 
a root of the secular determinant of the normal coordinate 
treatment. 
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this case, the motions must be measured with respect 
to the center of mass of the identical particles, while in 
the usual problem they are measured with respect to the 
center of mass of the molecule. 


Born-Oppenheimer Approximation 


This difference is not a crucial one. As pointed out 
earlier we may expect 4, — to be much the largest X. 
As a consequence the separation of the ground and first 
excited levels, w; _ must be large compared with the 
separation of the levels w; or the levels w_. The center 
of mass, hence the center of charge, of the electrons 
must be strongly bound to that of the nuclei. In fact, 
the Born-Oppenheimer approximation that the cross 
derivatives (0/dr,)(0/dr_) vanish, requires that the 
separation of the levels w, — is extremely great and that 
$+ — approximates a delta function. We shall therefore 
suppose that the center of nuclear charge and the center 
of electronic charge coincide in the cases of interest to 
us—harmonic oscillator systems that correspond to 
stable molecular systems. The coordinates of the parti- 
cles will henceforth all be supposed measured ftom the 
center of mass (charge) of the system. For ground and 
first excited states the internal wave function T is there- 
fore assumed to be of the form 


T=’ 4 ;014,024---Oz4)*QA_;Q1,02----Qn_). 


(9) 


Here 2’ and Q are nuclear and electronic antisymmetric 
spin-dependent functions. In general they are linear 
combinations of Slater determinants. The wave func- 
tion Q is a function of \_ but not of ,, while the con- 
verse is true of 2’. For convenience it shall henceforth 
be supposed that A_ and A, or, equivalently, 8 and 6’ 
are to be the independent parameters of the treatment. 
The k’s are thus relegated to the limbo of arbitrary and 
unused variable constants. 

The function @ is identical with the function one 
would obtain by applying the usual independent parti- 
cle ‘“aufbau” procedure to a single-center isotropic 
harmonic oscillator system in its ground or first excited 
state of a given spin. 


Particle Distribution 


The harmonic oscillator system itself is a nebulous 
approximation to an actual molecule. If Q’ is non- 
degenerate, the nuclear distribution has complete 
spherical symmetry, and has only radial extrema. If it 
is degenerate, no one distribution of less than spherical 
symmetry is preferred over any other, and spherical 
symmetry is always possible. The same statements 
apply to the electronic distribution. In other words, 
the distribution of a set of particles interacting as 
isotropic harmonic oscillators is itself isotropic. 

The steric rigidity one associates with actual mole- 
cules can hence not be accounted for by the quadratic 
potentials of the harmonic oscillator treatment. It does 
however arise as soon as one includes singularities at 
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the origins of the potentials. A delta-function singularity 
supplementing the quadratic potentials is effective in 
this respect.‘ 

The lack of any steric rigidity in the harmonic os- 
cillator system makes it “operationally” meaningless 
to apply the usual static nucleus approximation to the 
wave function (9). The approximation only becomes 
consequential when applied in concert with a Hamil- 
tonian capable of developing this rigidity. This fact 
need not here concern us further as we shall henceforth 
be solely concerned with Q, the eigenfunction of the H_ 
portion of H;. 


III. VARIATION TREATMENT 


We wish now to consider the actual, physically 
meaningful, solutions of the Schrédinger equation 
(2a). It is simplest to begin by making the static 
nucleus approximation, supposing that the nuclei are 
of infinite mass. Then the electronic portion of the 
wave function, y, is a parametric function of the nuclear 
positions §,, describing the nuclear configuration S of 
the system. More specifically, 


(SAV) Pe= Ee (10a) 


where 


N e2 
V.= 
Ligenit 


N 
Te= 22 (05)*/2mi; 


Pir 


With this supposition one may expand y,(S) as 
¥e= Dien( S)Mn(8). (11) 


This expansion will be assumed subject to the center 
of charge condition [(12d) following]. By making use 
of the variational theorem the parameters in this 
expansion may now be fixed in the usual way. We 
require: 


(0/Acn) We|He|Ye)=0: m=1,2,3++> 
(8/88) (W.(8) | 5. | ¥e(8) )=0 

(8/88;) e|He|.)=O0: f=, 2, +02, 
Lesi= We | Ler | ~.)=0. 


Equation (12a) leads in the well-known manner to 
the secular equations, 


Yen (Qn | He | Qn’ )— Sane =0;  m=1,2,3+++ (13) 


By a standard dimensional analysis Eq. (12b) may 
be rewritten 


p= —}.(1) | Ve'p(1) )+ (We(1) | Se | ¥.(1) ), 


‘ In this case, the condition that the s rape be configurationally 
stable is easily shown to be that eac nucleus simply be at a 
maximum in the electronic distribution (cf. the following). There 
is no difficulty in developing the required maxima, for the delta- 
function singularities can often remove the degeneracies of the 
zero-order distribution. 


(12a) 
(12b) 
(12c) 
(12d) 


(14) 
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where ; 
V.= Ve?/ | ri—1;| + Dees/| ri—B| 15 | 
(14a) 


The 8} in the Coulomb operator may be eliminated 
with the aid of (12c) which requires that 6's;; =t,, a 
constant vector independent of 6. Equation (12c) may 
be rewritten as 


O= (8/as;) W(t.) | LU (e-e-/| ri—8; || ¥(14) ) 
=f Xeeve/| rel) (0/085) W(x)? | dr 


= [NAL (ese/| rel) (0/00) [V(r s,)* | dr 


=n /Diee/| r,—s; |) (0/dr,) | W(r,)?| dr. (15) 


Since the major contribution to this last integral 
comes from the regions near r;=8,, it is clear that the 
vanishing of the derivative of the electronic distribu- 
tion at this point is approximately sufficient for (15) 
to hold. This criterion is, practically, of little value if 
exact wave functions are being used, and it is just as 
useless if base functions such as LCAO functions are 
used in the variational expansion, as these functions 
have cusps at the nuclei. 

When the nuclear and electronic distributions have 
some symmetry, it is possible to make this analysis 
more precise and useful. By taking symmetry deter- 
mined linear combinations of Eqs. (15), and noting 
that the potential and the molecule must have the same 
symmetry, it is not difficult to show that the nuclei 
must be at extrema of the electronic distribution with 
respect to nontotally symmetric nuclear displacements. 
This is the burden of the recent paper by Clinton and 
Rice on the relationship between the Helmann-Feyn- 
man theorem and the Jahn-Teller theorem.5 

It is also helpful to keep in mind the result as given 
by Jahn and Teller that except in linear systems a 
nuclear distribution cannot be configurationally stable if 
it gives rise to a degenerate electronic wave function.® 


Choice of a Starting Set of Basis Functions 


In order for the harmonic oscillator approach given 
here to be useful, it is necessary that relatively few 
basis functions must suffice to give reasonably accurate 
results. Now a minimal set of these functions can be 
determined with the aid of the noncrossing rule, LCAO 
theory, and the nearly united-atom theories recently 
proposed by Werner Bingel’ and the author.’ To choose 


5 W. L. Clinton, and B. Rice, J. Chem. Phys. 30, 542 (1959). 

*°H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 
220 (1937). 

7 Werner Bingel, J. Chem. Phys. 30, 1254 (1959). 

§ Carl E. Wulfman, J. Chem. Phys. 31, 381 (1959). 
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the set of basis functions one first picks a particular 
nuclear configuration S,. A totally symmetric displace- 
ment will on the one hand carry this into a nearly- 
united-atom configuration, and on the other hand into 
a completely separated-atom configuration. The orbitals 
in these configurations can be correlated one with 
another in the manner of footnote reference 8, and the 
orbital occupancy can be determined as a function of 
molecular size. By correlating the harmonic oscillator 
functions with, say the nearly united-atom functions, 
one can determine which harmonic oscillator functions 
are likely to be important to the problem at hand. This 
selection procedure can be repeated for all pertinent 
nuclear configurations S. The set of orbitals so obtained 
we shall term a “minimal” set. The membership of this 
set is not a function of 8 though of course its usefulness 
is. Howell and Shull have in fact noted in a similar 
problem that a proper choice of a starting set greatly 
minimizes the dependence of the energy of the system 
upon a parameter such as 8.! 


Evaluation of Matrix Elements 


Once a “minimal” set has been settled upon, one 
needs to evaluate the matrix elements between the 
members of this set. These may be expressed in two 
different ways: 


(Qn | He | Qn’ = (| 5 | 2’) = (n | DUH | 0’) 
+ (n|V.— D4r-Q,-*| n’) 


is Yo e0-8nn’ + (n | Ve— 3.0.2 | n’ »» 


(16a) 
and 


(n |X| n’)=(n|5_| n’)+ (n| V.| 0’) 
=}(n |) do3._| n’)+(n|V.|n"). (16b) 


When the matrix elements are written in this last 
form the theory may be seen to bear a close relationship 
to the free-electron theory of Platt.® In both, the zero- 
order problem simply determines a zero-order elec- 
tronic distribution, its kinetic energy, and consequent 
degeneracies. To determine the molecules that can arise 
from this distribution, the nuclei are allowed to perturb 
it and organize themselves into distributions of minimal 
potential energy. The major difference between the ap- 
proaches is that in the harmonic oscillator approach the 
degeneracies are not the same as in the free-electron 
theory and they are considered to be removed directly 
by the action of the nuclei rather than indirectly through 
boundary value restrictions appropriate to the nuclear 
distribution. Furthermore, in the harmonic oscillator 
theory, only when m=n’ or Q,, ©,’ are of opposite 


* J. R. Platt, J. Chem. Phys. 22, 1448 (1954) ; Colloques intern. 
centre natl. recherche sci. Paris, No. 82 (1959). 
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parity is it true that: 
(n | KH. | n’)= (n| Ve | m’)+ constant X wodnn’ 


(the constant here is 3). (16c) 


The matrix elements of formulas (16) can be reduced 
to sums of integrals with the aid of the relations of 
Condon and Shortley.” The results are exactly like those 
obtained in other single-particle treatments. Thus, for 
example, if ¢ is a spin function, one obtains when the 
Q are each single determinants: 


(n | Li (exe-/(ri-8)) | n’) 


((o) a1 | (e,¢e_/| M1— 8; |) | (06) 4'1)= + (a|;| a’) 


if mn’ and only a¥a’. (17a) 


=5*(a| 0, |b) if n=n’. (17b) 
a,b 


=( otherwise. (17c) 

The integrals required may be evaluated in Cartesian 
or polar coordinates. In Cartesian coordinates one may 
expand the one-dimensional densities, ¢:(”)@/'(x) in a 
Clebsch-Gordan series; 


r 


yl 
1(x) bi(x) = >> (LL) 1 (24x). (18) 
L=0 
Explicit expressions for the coefficients (/L/’) are given 
in Appendix I. 
In an analogous way one may obtain eigenfunction 
expansions for the potentials: 


|r—s|9= 0 Uxan(s)1(2!x)bar(24y) dw (2!z) (19) 


L,M,N 


Vig br(1) b7(1) ox (1) 
NV 


X$1(2)pu(2)pn(2). (20) 
As Boys" noted some time ago, the coefficients required 
in these expansions can easily be evaluated by differ- 
entiation of the error integral. 
On using the expansions one has: 


(a| V;| a’)= (mn | V; | U'm'n’) 
= >> (1LI)(mMm’) (nNn’) Uru 


L,M,N 


(ab\a’s)= > 


I,J,K,L,M,N 


(21) 
(ili’) (j Jj’) (RKR’) (LL1’) 


X (mM m’') (nNn’)Vimn*®. (22) 


For the discussion of Sec. IV of this paper it is 
simplest to carry out the integrations in polar co- 


0 EF. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1953). 


1S. F. Boys, Proc. Roy. Soc. (London) A200, 542 (1950). 
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ordinates. One has, for example, (cf. reference foot- 
note 8): 


ona ||r—s8 | 16,44,')= > [: RaR,'t*dr 


+ [ ReRewL(r/s) -r-+yr| 
0 


X Qbar(Qk+1) Act (Aws Nu’) Vewen’ (Os, bs). (23) 


The c* coefficients are tabulated in Condon and 
Shortley’s book.” The radial integrals are most simply 
evaluated by reducing them to sums of integrals of the 
form: 


t 
A,(t) =/ r" exp—rdr. (24) 
0 
These may be expanded in rapidly converging power 
series in the region (¢<1) of interest. 


IV. APPLICATION TO 20-26 ELECTRON SYSTEMS 


The triatomics composed of second-row atoms are 
the simplest interesting systems for which an extensive 
junction with experiment is possible. Great regularity 
has been observed in their properties.” The systems 
offer a particularly simple test of the ideas advanced 
here if one proceeds by considering the stability of 
linear systems. In linear systems some of the conditions 
(12c) are automatically satisfied since the energy of a 
linear system is necessarily an extremum with respect 
to bending motions of the nuclei. The problem is thus 
reduced to one of determining radial distributions of 
the nuclei such that the remaining conditions (12) are 
satisfied. Once this has been done it is only necessary 
to determine whether these nuclear configurations 
correspond to maxima or to minima in the electronic 
energy surface. 

The united-atom separated-atom correlation dia- 
grams given in reference 8 indicate that one should 
include 2d, 3p, 3f, and 5p harmonic oscillator functions 
in a consideration of 20-26 electron triatomics. This 
conclusion is not altered if electron repulsion effects are 
taken into account. However there is evidence to 
indicate that this set is much larger than is required in 
a treatment of stable systems. A 20-electron harmonic 
oscillator system is a closed-shell system. It has a non- 
degenerate distribution function with no angular ex- 
trema and with its only radial extremum at the origin. 
It can only develop the extrema required by (12c) 
through the mixing-in of excited states. If a choice of 
8 which minimizes the energy of the system widely 
separates these states from the ground state this mixing 
will be difficult. That this is in fact the case is evidenced 
by the total nonexistence of 20 electron triatomics. 

Apparently the stability of systems containing a 
few more than 20 electrons arises from the possibility 


12 Irving Langmuir, J. Am. Chem. Soc. 41, 1543 (1919); A. D. 
Walsh, J. Chem. Soc. 1953, 2260 et seq. 
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of the last electrons developing the extrema required 
by (12c). All this suggests that one can here at least 
treat the difference between the harmonic oscillator and 
Coulomb potentials as a perturbation. If this is true, 
then, in the neighborhood of their minima, the potential 
energy surfaces of these triatomics should be obtainable 
from a perturbation treatment based upon degenerate 
3p, and 3f zero-order harmonic oscillator functions. 
Let us therefore consider these triatomics in this way, 
and suppose them derived from a 20 electron homo- 
nuclear system by successive additions of electrons, 
followed when necessary by alterations in nuclear 
charges. The 20 electron closed-shell function gives rise 
to the electronic distribution plotted in cross section in 
Fig. 1. It is to be compared with the distribution in 
Fig. 1 in which the Os? contribution does not appear. 
As additional electrons are added they must go into the 
fourth harmonic oscillator shell, containing the de- 
generate p and f orbitals. Their radial distribution is 
shown in cross section in Fig. 2. With the aid of the 
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p or f orbitals it is possible to develop additional radial 
extrema in the electron distribution, as shown in Fig. 3. 
Angular extrema can be developed with the aid of either 
the p or f orbitals and in considerable variety. The 
possibilities may in general be investigated most simply 
with the aid of the work of Bethe.'* Here, however, his 
symmetry considerations are unnecessary and it is 
only necessary to determine how the Coulombic inter- 
actions split the degeneracies in the various orbitals 
appropriate to a linear configuration. 

It is simplest to begin by considering D,,, configura- 
tions, supposing at first that the energy of the system is 
only a function of the common internuclear distance. 
When the three nuclei are united in the center of the 
distribution, the p orbitals are much lower in energy 
than the f orbitals; the Coulombic attraction of the 
central nucleus preferentially lowers the energy of the 
p orbitals and Coulombic repulsions between electrons 
preferentially raise the energy of the f orbitals. This 
splitting is large, for the f functions correlate with 
united atom 4/ orbitals while the » functions correlate 
with united atom 2p orbitals. 


18H. Bethe, Ann. Physik (5) 3, 133 (1929). 
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As the nuclei are slightly separated, the degeneracy 
among the # orbitals is removed. If the z axis is consid- 
ered to pass through the three nuclei, then the po orbital 
is lowest in energy because the terminal nuclei move into 
regions of higher electron density in it, while remaining 
on nodes of the p41 and p_; orbitals. Sometime after 
the nuclei pass the shoulder in the 20 electron distribu- 
tion function, the electron repulsions and nuclear at- 
tractions begin to have opposite effects on the energy 
separation of the po and fo functions. However, the fo 
can never cross the pp because both are of the same 
symmetry in the group D.n. 


Stability of D,,, Configurations 


The implications of these observations are fairly 
clear. In a 21 or 22 electron system the electronic energy 
can be at a minimum with respect to totally symmetric 
nuclear displacements only if the terminal nuclei are 
near radial maxima in the distribution function, and 
this requires that the 2ist and 22nd electrons occupy 
a o, orbital which is predominately f) but which in- 
evitably contains some admixture of fo. Though in this 
approximation the hybrid distribution function does 
not develop a complete radial maximum at the origin, 
this is not necessary for radial stability because the 
central nucleus cannot move toward either of the term- 
inal nuclei without violating the center of charge re- 
striction so long as the terminal nuclei remain at their 
respective maxima in the electronic distribution. 

The system is also stable with regard to bending. 
During a bending motion subject to the center of charge 
restriction the terminal nuclei move into less dense 
portions of the o,, orbital while the central nucleus also 
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moves (in the opposite direction) into a less dense 
portion of the electron distribution, which at the origin 
is essentially the 20-electron closed-shell distribution. 
One must thus expect a 21- or 22-electron homonuclear 
molecule to be stable in a D,, configuration. This is 
in fact true of Ns-, the only such system known. 


Heteronuclear 21- and 22-Electron Systems 


In systems that are moderately heteronuclear the 
perturbation approximation might also be expected to 
hold. It is then simplest to consider the heteronuclear 
molecules as derived from homonuclear ones by a re- 
arrangement of nuclear charge. In this case one easily 
discovers that small increments or decrements in the 
charge of the central nucleus do not alter the conclu- 
sions reached for N;~. Thus CO;+, COs, BO;-, and 
NO;* are all linear molecules. 

Again if one considers alterations in nuclear charges 
which make the terminal nuclei inequivalent the argu- 
ments go through as before except that, to satisfy the 
center of charge restriction, the central nucleus is no 
longer to be put at the center of the system. Again the 
21 and 22 electron systems are linear as in NCO™~ and 
N,0. 

Finally it is to be noted that when all the nuclei are 
not identical the molecule will be most stable if the 
nuclei with greatest nuclear charge are put in the 
terminal positions, since here the greatest electron 
density is developed in the zero-order problem. Thus one 
has O—C—O not C—O—O, and perhaps more sur- 
prisingly, N—N—O rather than N—O—N. However 
N—O—N should be metastable and one suspects that 
it may be isolable at low temperatures. 


23- to 26-Electron Systems 


When a further electron is added to a 22-electron 
D.,n system, it is conceivable that it might enter either 
a ou(fo) or a mu(pi) orbital. The energy ordering of 
these is not symmetry determined and a numerical 
investigation is required to decide it. Evaluation of the 
interaction potentials between a nucleus and the fo 
and /; distribution gives 


Vn=#8(20)'e,| 8280+ [Ur CR +e) 
+ (5+2/5) F—917+ (25/4) A (5/t+5/4F) 
+ (1/t+1/#) F— (1/58) 1} expr] (24a) 


; Sf 


— 5/6 


; t 
+] & 7361) veh t/t (reh) 


Sy@ 
12 initials — ¥2 
+(2/116)r +reniel exp—r ir| (24b) 
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At t=6!s= 21/2, the position of the maximum in the 
po distribution, one finds that V»,/V,,~=5/4. Conse- 
quently, even neglecting the presence of the central 
nucleus and even neglecting electron repulsion effects, 
the p; orbitals are lower in energy than the fo orbital. 
In a linear system crossing of these two only takes place 
at an internuclear distance far greater than that which 
yields a radially stable molecule. Consequently, on 
adding an electron to a 22-electron triatomic it enters a 
m, orbital. 

However, the moment this happens the central 
nucleus ceases to be at a saddle point in the electronic 
distribution and is at an absolute minimum instead. It 
therefore has a great tendency to move off in a direc- 
tion perpendicular to the axis of the molecule. Because 
of the center of charge restriction it may do this only if 
the terminal nuclei may move in the opposite direc- 
tion. This they may easily do as replacement of the fo 
component of the o, orbital by a f,2 component enables 
the electron density maximum to follow the terminal 
nuclei. 

The same considerations apply to 24-, 25-, and 26- 
electron systems and to those excited states in which 
the m, orbital of the linear system would be occupied. 
All may be expected to be nonlinear. The molecules 
NO:, O3, NO:-, FNO, F;0 are all known to be bent. 
Mulliken has recently discussed the excited states of a 
number of 21--26-electron triatomics and has shown 
that one is justified in concluding from the known ex- 
perimental work that they are nonlinear whenever a 
m, orbital would be the topmost occupied orbital were 
they linear. 

There are no known 27- or 28-electron triatomics. 


Conclusion 


The general view expressed here is that in problems 
of theoretical stereochemistry it is profitable to consider 
nuclei as constrained by an electron cloud belonging to 
the whole molecule. From this point of view one is able 
to rationalize observations like those of Walsh’? which 
clearly imply that it is the topmost occupied orbitals 
that determine the shape of simple molecular systems. 
Moreover, from this point of view, it is not difficult to 
determine when and how to employ cuspless single- 
center wave functions to advantage. When such sin- 
gularity-free functions can be used it is possible to 
avoid many of the problems due to the singularity of 
the Coulomb potential. The fault in the cuspless func- 
tion becomes a virtue because it enables the use of 
simple criteria for configurational stability. Cuspless 
wave functions do not eliminate the orbital following 
problem but they can greatly alleviate it. 

Despite the many obvious limitations of the explora- 
tory treatment given here, it is apparent that the 
harmonic oscillator approach can be both valid and 
simple, and it would appear that the Gaussian expan- 


4 R. S. Mulliken, Can. J. Chem. 36, 10 (1959). 
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sions used by a number of authors bear further in- 
vestigation. Some idea of the range of usefulness of the 
treatment can be obtained by considering the stability 
of systems other than 20-electron triatomics which 
correspond to harmonic oscillator closed shells. Among 
these there are no stable 8-electron molecules known. 
The closest known approach to a stable homonuclear 
40-electron triatomic is the reactive intermediate di- 
chlorocarbene. Its nuclear charges differ by a factor 
of nearly 3:1 and there is much evidence to indicate 
that the shape of carbenes in general is very easily 
altered." No 8-, 20-, or 40-electron tetratomics are 
known but there are stable 20-electron diatomics. 
Though the homonuclear Nez is not one of them, by a 
minor transformation it yields the stable NaF. During 
this transformation the electronic distribution remains 
essentially unaltered and it is clear that the failure of 
the harmonic oscillator perturbation treatment is as- 
sociated with a great electronic rearrangement brought 
about by the comparatively large charges of the original 
Nez. In general the harmonic oscillator approach is 
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more likely to be valid in systems of many moderately 
charged vibrating nuclei than in systems with few 
nuclei of large charge. In the former systems the force 
on each individual electron approximates more closely 
to the Hooke’s law force it would feel in a uniformly 
charged sphere. The harmonic oscillator approach may 
in fact be meaningfully termed a “distributed atom” 
approach. 
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APPENDIX I. HERMITE CLEBSCH-GORDAN 
COEFFICIENTS" 


We wish to determine the coefficients (JNm) in the 
expansion: 


ibm! = Do (IN) dy? (1) 


where 





bn *=y( ax) =[(ae/m)*(2*k!) PH, (atx) exp—(a/2) a2. 


For this purpose the following two identities are useful: 


+00 
(INm) = i _ Pox *bntde (3) 


Hy(x) = (0/dt) o* exp(—?+-2tx) ..0= (0/dt) o* exp(—?+2tx). (4) 


The first of these is a direct consequence of the orthonormality of the functions ¢. Equation (4) is simply the 
statement that the exponential given is the generating function for the Hermite polynomials. 
On thrice substituting (4) into (3) one obtains: 


(LNm) = (9/2) 1/4(24"-1 lm IN !) Zim, (5) 


where 


I= (2/2) *(8/dt) o!(8/dv) o% (0/8u) o™ i exp[ —#+ 2tx—u?+- 2ux—v*+-20vV2x— 2x ]dx (6) 


= (0/01) 0!(8/dv) o% (9/du) o™{exp[— 3 (t—u)?-+v20(t-+u) ]. (7) 


On making use of Leibnitz’s rule for the differentiation of a product, this becomes 


(8/av)e(a/au)er ( )ea/anye exp—H(¢—w)*T-L(020) "+ explo (8) 
p= \P. 


and, again, 


(9) 


(0/dv) i>) > ( y("\cca/an) 07(0/dt) o? exp—4(t—u)?]-[(v20) -P+-2], 
p=0 =o \P/\ 9 


But, 


[(0/du) o% exp—}(t—u)* J-o= (— 1) *[(0/dt) 0% exp—} (t—u)* Juno = (— 1) *(9/4r) 0% exp— 37°, (10) 


%Cf., eg. S. F. Boys, footnote reference 11; R. McWeeny, Nature 166, 21 (1950); Acta Cryst. 6, 631 (1953); A. Meckler, J., 
Chem. Phys. 21, 1750 (1953); G. E. Kimble and G. F. Neumark, ibid. 26, 1285 (1957). 


16 P, S. Skell, “Bi-valent carbon,” Cleveland Meeting of the American Chemical Society, April, 1960. 
17 To avoid confusion of primes and factorials the symbolism in this Appendix differs from that in the body of the paper. 
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I= (3/28) LOC )\")EC—1) + /an) are expe Lv) #40) 
-X())(" )e(-ne (0/Or) o?*4 exp— $9? ]+2N?2N ly, r4m—(ta))- 


(0; a odd 
(0/dr)o* exp—3r?= 

| ae 1/22/2(a/2) !; a even. 
Hence 


l\/m ye eet, 
I=2d 23 — TN 126 y tym 
()( Aloe 2+ oP (p+gq) ]! N .[14+m—(p+a)] 


Lm !(—1) (—3) amen !2N?2N l6n [1+m—(p+9)) 
= p\(1—p) !g!(m—q) '[3(p+4) ]! 
(l+m—N)! 


=(—1 §(l+m— N)Q-4(4+m—-2N) aR tenor seein TS 
Hl [wim aT ” 





(—1)? 
p (l—p) !p\(N+p—l) \(l4+-m—N—p) ! 


Thus, since /+-m—N is an even number (l+m—N=p+q=a), 





(l-+m—N)! ait St ie 
(=p) p'(N+p—1) \(l4+-m—N—9) ! 


T=(-1 (l+m—N)/29N— ((l+m)/2] VV 'l'm { Rie 
teh. C(-+m—N)/2]! 


As a consequence one finds, after some straightforward algebra, 


lose 17 1 3 ame N _ Pp 
(vm) =| —, Jnana (+m Ny)! |Z, SEAT 1) eI 5 (18) 


(Qa) 8pzi+2m—N C(+m—N)/2] 5 (l—p) p'(N+p—1) (l-+m—N—p) I 


The summation is to be carried out over all positive values of p for which all of the factorials have nonnegative ar- 
guments. It is easily seen that (Nm) vanishes unless /+m— JN or 1+-m+-N is an even number. It also vanishes, 
unless 


N<i+m. (19) 


A number of the coefficients will be found in Table I. 


TABLE I. Hermite Clebsch-Gordan coefficients. 
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(1/2) 
(1/4) (1/2) 
— (1/8) (1/4)} 
(1/16)# (3/8) 
(9/64)! (1/8)4 (3/8)+ 
— (3/16) (1/8)+ 
— (3/32) 0 (1/4)4 
(3/128)+ (1/16)+ (5/16) 
(25/162)* (9/128)+ (3/32)4 (5/16)+ 


(LLI’) is (1/2r)"*X the value tabulated. Thus: (231) = (1/2) /4(3/8)}. 
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Communications 


First Excited 'z,+ State of H.. A 
Double-Minimum Problem* 


Ernest R. Davipson 
Chemistry Department, Indiana University, Bloomington, Indiana 


(Received August 22, 1960) 


OMPUTATIONAL techniques with electronic com- 
puters now make feasible the direct computation 

of term levels of a number of simple molecular systems. 
The excited states of the Hz molecule are a fruitful area 
for this type of work since the spectra are complex, 
showing many irregularities,' while the electronic 
problem is relatively simple, involving only two elec- 
trons. The present work was also undertaken as a 
practicable example of the use of the excited-state varia- 
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Fic. 1. The potential curve and vibrational levels for the first 
excited '2,* state of the hydrogen molecule. The term levels are in- 


dicated by solid lines in regions in which the probability density 
is large. 
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tion theorem of Shull and Lowdin? which permits 
computation of an accurate excited-state function 
without the formal requirement that it be orthogonal 
to the true ground-state eigenfunction. 

The potential curve for the first excited 'Z,* state 
has been calculated by the linear variation method 
using a 20-term expansion in elliptical coordinates 
without explicit riz dependence. As Fig. 1 shows, the 
potential curve computed from this expansion is char- 
acterized by two deep minima. Since the wave function 
is largely covalent at the inner minimum, this minimum 
can be identified with the state characterized by 
experimentalists as 1s2s '2,+.* At the outer minimum, 
however, the wave function is largely ionic in nature 
and seems to correspond to the experimental (20)? 
1y,* state.4 

It has been common practice, heretofore, to compare 
the theoretical potential curve with one derived by a 
best fit to experimental term levels. It seems practicably 
and esthetically more desirable, however, to calculate 
directly the rotational-vibrational eigenfunctions of 
the theoretical potential curve. This has been done by a 
numerical integration technique for the potential curve 
of Fig. 1. Although the potential energy curve itself 
is in absolute error by about 800 cm™ over the entire 
distance range, the relative spacing of the term levels 
agrees to about 20 cm™ with experiment. The calcula- 
tion shows, however, two new vibrational levels, with 
probability density largely in the outer minimum, 
which have not been experimentally identified. These 
are predicted to be near 101 600 cm™ and 102 700 cm 
for the K=O levels. The computed B value for both 
these levels is about 6 cm™, although the lower one is 
perturbed somewhat by the nearby level with proba- 
bility density largely in the inner minimum. 

The double minimum in this state arises from the 
H*H- separated atom level, which lies between 1s4s 
and isSs at R=. This level “‘crosses’’ all the isns 
levels below it (except 1s?) to form the outer minimum. 
Two or more minima are therefore predicted for the 
second, third, and the fourth excited 'Z,* levels also. 
Our calculations have already demonstrated the pres- 
ence of a double minimum in the second excited state. 
It is likely that some of the unassigned levels in the H: 
spectrum, hitherto surmised to belong to doubly ex- 
cited states, do instead arise from these double minima. 

Further calculations are in progress, both for these 
higher states and for other isotopic species to permit a 
complete theoretical analysis of the H2 spectrum. 


* Supported in part by a contract between the AF OSR and 
Indiana University and by a grant from the National Science 
Foundation. The calculations reported were carried out in the 
Indiana University Research Computing Center. 

1G. H. Dieke, J. Mol. Spectroscopy 2, 494 (1958). 

2H. Shull and P.-O. Lowdin, Phys. Rev. 110, 1466 (1958). 

*G. Herzberg (see material on the E state), Spectra of Di- 
atomic Molecules (D. Van Nostrand Company, Inc., Princeton, 
New Jersey, 1950), 2nd ed.; reference 1 (material on the 2A state). 

4G. Herzberg, material on the F state (reference 3), or Dieke, 
material on the 2K state (reference 1). 
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Comments and Errata 


Electric Strength of Methane and 
Deuteromethane 


J. C. DEvins anp R. W. Crowe* 
General Electric Research Laboratory, Schenectady, New York 
(Received September 8, 1960) 


ECENT interpretations of the dependence of 

electric strength of hydrocarbon gases on molecu- 
lar structure! have been based upon the following 
equation? for the Townsend ionization coefficient 


a/p=AE/p exp(—Bp/E). (1) 


Here E is the applied electric field, p is the pressure, 
and A and B are constants, characteristic of the gas. 
In the development of this equation it was assumed 
that the only important electron energy losses in colli- 
sion with molecules were by electronic excitation and 
ionization. While quantitative considerations permit 
the neglect of losses due to elastic collision in the region 
of E/p of interest to this work, energy losses to vibra- 
tion and rotation are insufficiently understood to treat 
them similarly. Bailey,* working at very low E/p where 
electronic excitation was negligible, concluded that 
energy losses were many times those attributable to 
elastic collisions. More recent theoretical treatments,‘ 
however, have not completely explained these results. 

In an effort to assess the importance of vibrational 
and rotational losses to electrical breakdown we have 
measured the sparking potentials of methane and 
deuteromethane. It is to be expected that electronic 
losses will be similar for these molecules, while vibra- 
tional and rotational loses will be considerably differ- 
ent. Hall,> for example, has observed that the energy 
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Fic. 1. Sparking potentials for methane and_deuteromethane. 
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Fic. 2. Dependence of the sparking potential on the ratio P5/V,. 


loss per electron collision in hydrogen was twice that 
for deuterium at low E/p (1-10 v cm™ mm Hg), 
although the total collision cross section was identical 
in the two gases. Huxley, in an interpretation of this 
work, has concluded that a major fraction of this 
energy loss is due to rotational excitation. 

The methane used in this work was labeled greater 
than 99% pure. The deuteromethane was supplied by 
Tracerlab and was said to be greater than 95% iso- 
topically pure. Techniques used in the measurement of 
sparking potentials have already been described.! 

The data are shown in Fig. 1, where we have plotted 
the sparking potential V, against the product of 
pressure times electrode separation p$. Measure- 
ments were made at a pressure of 265 mm Hg. Values 
of ~é for deuteromethane are approximately 3% lower 
than those for methane over the complete range of pé. 


Combining Eq. (1) with the Townsend breakdown 
criterion it may be shown! that a plot of InV, against 
Pé/V, should give a straight line with slope B and inter- 
cept A/1n(1+1/y), where y is the second Townsend 
coefficient. Such a plot for methane and deutero- 
methane is shown in Fig. 2. A least-squares analysis of 
these results gives: for methane, B=120%2 and 
A/ 1n(1+1/y) =3.80X10-*; and for deuteromethane, 
B=121+2 and A/In(1+1/y) =4.16X10~. 

The significance of the small difference in values of 
A/\n(1+1/y) is questionable and difficult to assess, 
since it involves the parameter A, whose dependence on 
molecular structure has not been evaluated, and 7, 
which is dependent upon the nature of the cathode 
surface as well as the nature of the gas. The quantity B, 
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which has been correlated with molecular structure, 
shows no isotope effect. It may be concluded, therefore, 
that excitation of vibrational and rotational losses 
probably does not provide an important energy loss 
mechanism in the range of E/p considered in our 
earlier work on the breakdown of hydrocarbon gases. 


* Present address: Thomas A, Edison Research Laboratory, 
West Orange, N 


ew Jersey, 
(1986 = Deda and R. W. Crowe, J. Chem. Phys. 25, 1053 


*R. W. Crowe, J. K. Bragg, and J. C. Devins, J. Appl. Phys. 
26, a (1955). 1 

*V. A. Bailey, Phil. Mag. 13, 993 (1932). 

‘E. Gerjouy and S. Stein, Phys. Rev. 98, 1848 (1955), and 
eee (in this ne. to earlier work. 

5B. I. H. Hall, Australian J. Phys. 8, 468 Narre 

*L. G. H. Huxley, Australian J. Phys. 9, 44 (1956). 


Erratum: Lattice Energies of the Alkali 
Halides and the Electron Affinities 
of the Halogens 
[J. Chem. Phys. 31, 1646 (1959) ] 

DanIEL CuBICCIOTTI 
Stanford Research Institute, Menlo Park, California 
(Received August 17, 1960) 


HE author is indebted to Dr. Robert Baron (Uni- 
versity of Chicago) for pointing out that a wrong 
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value (8) was used for the number of next nearest 
neighbors in the rock-salt structure (correct value= 12). 

Correcting that mistake had the following effect. 
The values of k (Table III) should be multiplied by 
1.5 for all salts with rock-salt structure. Footnote 5 
no longer applies. The values for p should be about 1% 
larger. Such a change in p has a negligible effect on 
the final results; so the values of p averaged were used 
unchanged in this recalculation. The revised set of r+ 
and r_ are: Li 0.580; Na 0.946; K 1.246; Rb 1.376; 
Cs 1.517; F 1.057; Cl 1.447; Br 1.569; I 1.752. These 
changes affect only the overlap repulsion terms and the 
final lattice energy of Table V. The revised values are 
given in the table below. Only three lattice energies 
are more than 0.5 kcal different from the original 
values (LiF, NaF, NaCl). The average electron affinity 
for F becomes 81.5 kcal/mole (essentially the same as 
values from direct experiment) while those of the other 
halogens are increased by 0.1 to 0.2 kcal/mole. 


Notes 


Rapid Determination of Gaseous Diffusion 
Coefficients by Means of Gas 
Chromatography Apparatus 


J. Carvin Gippincs AND SPENCER L. SEAGER 


Department of Chemistry, University of Utah, 
Salt Lake City 12, Utah 


(Received August 3, 1960) 


URRENT methods! * used to determine binary 
diffusion coefficients in gases require many in- 
dividual measurements for a single evaluation of 
the diffusion coefficient. We are investigating what 
promises to be a rapid, accurate method for determining 
these coefficients in a single experimental run. A con- 
ventional gas chromatographic apparatus has been 
used in preliminary work, but there are indications 
that some modification is desired in order to decrease 
the effect of the detector volume. The packed column 
is replaced by an empty tube of circular cross section. 
The theory of gaseous diffusion in such columns has 
been worked out exactly, notably by Taylor.‘ 
The height equivalent to a theoretical plate for a 
circular tube is 


H= (2D,,2/v) + (ore /24D; 2), (1) 


where D,; 2 is the binary diffusion coefficient, v the aver- 
age gas velocity, and 7 the tube radius. The first term 
on the RHS represents spreading due to axial diffusion 
while the second term on the RHS represents a spread- 
ing due to lateral nonequilibrium® introduced by the 
viscous nature of the flow. If the tube geometry and 
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flow velocity are such as to require significant pressure 
gradients, known correction factors’ must be applied 
to each of the terms in (1). The quantity H is obtained 
by means of the equation H=Lr*/(, where L is the 
tube length, ¢ is the passage time, and 7 is the rms 
deviation in passage time of a single peak which is 
injected as a 6 function. All quantities discussed are 
easily and accurately measured by conventional 
means, leaving D;2 as the sole quantity to be deter- 
mined. It is assumed in this analysis that (1) the flow 
is laminar, (2) the effect of tube bending is negligible,’ 
and (3) the contribution of the detector and of the 
” finite sample size to the peak spreading is negligible. 
The latter assumption is improved by using long tubes 
and detectors of very low volume (which have just 
recently become available). The effects of the con- 
ventional detector used in this laboratory, plus the 
effect of finite sample size and any end effects, were 
allowed for by taking measurements on both a long 
and a short column and subtracting 7’, ¢, and L of the 
latter from the former. This is done, in practice, by 
obtaining a calibration curve of 7? values for the short 
tube. 

The diffusion of hydrogen peaks into a nitrogen 
carrier have been investigated on a Perkin Elmer model 
154-C instrument at 293°K and atmospheric pressure, 
which, at this location is about 640 mm Hg. A long 
30-M column and a short 1-M column, both with m= 
0.244 cm, were used. A plot of Dyo,v2 against velocity 
yields a curve with two distinct regions. Up to »>=16 
cm/sec the points lie on a line that is straight and very 
nearly horizontal, as predicted. Beyond v= 16 cm/sec, 
at which velocity the Reynolds number is 53, the curve 
swings up into another nearly straight-line portion. 
The reason for the latter trend is under investigation. 

Twenty-one determinations obtained from the first 
portion of the curve yield an average diffusion coefficient 
(corrected to 1 atm) of 0.7975 cm?/sec at 293°K. 
The precision is 1.9% and the deviation of the average 
from a currently accepted value® is 4.7%. 

While the method has not been entirely refined, it 
shows a number of potentially interesting advantages. 
If the influence of the detector volume and finite sample 
size on peak spreading can be eliminated, the data 
necessary for one determination of the diffusion coeffi- 
cient should require less than a minute to obtain. 
Several new types of detectors,*: only some of them 
measuring thermal conductivity,” can be applied to 
this end. A trace of the minor component is all that is 
required for analysis. While we used a sample size of 
0.04 cm’ or about 10~* moles, ionization detectors are 
capable of detecting much smaller samples of some 
substances, and smaller tube diameters can be used, 
also, to reduce sample size. The basic apparatus for 
these measurements is readily available, including a 
choice of detector, and injection device, and a carefully 
thermostated cabinet. The possibility exists also of 
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extending this method to the rapid measurement of 
diffusion coefficients in liquids. 

This investigation was supported by a research grant 
from the National Science Foundation. 
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J. Chem. Phys. 19, 548 (1951). 

3R. E. Walker and A. A. Westenberg, J. Chem. Phys. 29, 1139 
(1958) ; 32, 1314 (1960). 
( an Geoffrey Taylor, Proc. Roy. Soc. (London) A219, 186 
1953). 

5 J. C. Giddings, J. Chromatography (to be published). 

6 J. C. Giddings, S. L. Seager, L LR. Stucki, and G. H. Stewart, 

Anal. Chem. 32, 867 a 960). 

7. C. Giddings, J. (OD 3, 520 (1960). 
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Preparation and Crystal Structures of 
RuC and OsC 


CHARLES P, KEMPTER AND M. R. NADLER 


Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 


(Received July 14, 1960) 


N a previous study! of solidus temperatures in re- 
fractory metal-carbon systems, we observed the 
appearance of weak unidentified lines in the Ru—-C 
and Os—C systems. A thorough literature survey in- 
dicated that no carbide of osmium had been reported 
and that no carbide of ruthenium had been char- 
acterized. McLennan, Allen, and Wilhelm? measured 
the electrical conductivity of two “ruthenium carbide” 
specimens prepared by fusing mixtures of “Ru,O;” and 
graphite. The authors assumed compound formation. 
Proceeding on the premise that the unidentified 
lines were metal carbide lines, equimolar metal-graphite 
mixtures were prepared and pressed into ,’g-in.-diam 
pellets in a steel die. The pellets were prepared for 
firing by insertion in a ,',-in.-diam hole drilled axially 
in a }-in.-diam spectro-grade graphite rod, { in. long. 
A ,/,-in-diam graphite rod was placed over the top of 
the pellets, and the assembly was inductively heated in 
one atm of helium. The temperature was read optically 
in a 0.040-in.-diam hole drilled in the top of the graphite 
cylinder. The Ru—C pellets were heated at 2200, 
2500, and 3000°C for 15, 60, and 3 min, respectively. 
Examination of the reacted mixtures by x-ray powder 
diffraction revealed ruthenium, graphite, and a hexag- 
onal phase isomorphous with WC. The 2200°C sample 
contained very little of this phase. The Os—C pellets 
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were heated at 2800°C for 15 min and at 3000°C for 3 
min. The first sample showed osmium, graphite, and a 
hexagonal phase isomorphous with WC; the second 
sample showed only osmium and graphite. Since un- 
reacted metal was found to be the major phase in all 
five specimens, additional specimens were made up 
using 1:3 and 1:10 metal:graphite molar ratios. The best 
yields of the hexagonal WC-type phases were obtained 
using the latter ratio and heating for 2600°C for 4 hr. 
Therefore, larger pellets (}-in.-diam) of Ru: 10C were 
prepared and heated in the same manner at 2600°C 
for 4 hr, and 2600°C for 8 hr. In the first case, a hard 
area of the hexagonal phase formed at the bottom 
surface of the pellet, but in the second case there was 


TABLE I. X-ray powder data for RuC and OsC. 
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no evidence of the presence of a carbide. It would 
appear that the best preparative method should in- 
volve formation under pressure to prevent vaporization 
and/or dissociation of the carbide. 

X-ray powder-diffraction data for RuC and OsC 
are shown in Table I. The patterns were taken at 25°C 
with a 114.59 mm Debye-Scherrer camera using Fe 
filtered Co radiation. The materials were also examined 
at 25°C in a 120-mm, symmetrical-back reflection- 
focusing camera. The lattice constants and their stand- 
ard deviations were determined on an IBM 704 com- 
puter, assuming systematic errors in Aao/ao directly 
proportional to ¢ tang, where ¢ is the complement 
of the Bragg angle. The values obtained were a= 
2.90775+0,00004 A, co=2.82176+0.00010 A, and 
¢o/ao=0.9704 for RuC; and ap=2.90752+0.00007 A, 
co= 2.82166+0.00019 A, and ¢/a9=0.9705 for OsC. 
The standard deviations express the precision, not the 
accuracy of the measurement. Correcting for refrac- 
tion in iron-filtered cobalt radiation, these values 
become ao= 2.90785 A and co= 2.82186 A for RuC and 
a= 2.90769 A and co=2.82182 A for OsC, with the 
same axial ratios. For 1 Mc per unit cell, the theoretical 
densities at 25°C are 9.088 g/cc and 16.25 g/cc, re- 
spectively. The microstructures of the two carbides 
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were examined by C. G. Hoffman of this Laboratory, 
who found the microhardnesses (DPH) to be 3480 and 
2000 kg/mm, respectively, using a 100-g load. There- 
fore, RuC is the hardest known metallic carbide. 

Spectrographic analyses of the Ru (American 
Platinum Works) showed 0.001-0.01% Mg, Si, and 
Mn as the major impurities, and of the Os (J. A. Samuel 
Company), 0.001-0.01% Al, Si, K, Fe, Pd, Ir, Pt, and 
Au. 

The authors thank O. R. Simi and J. A. Mariner 
for the spectrographic analyses, Miss D. L. Cooper for 
the IBM 704 fits, L. A. Wahman for the x-ray-film 


reading, and C. G. Hoffman for the metallographic 
examinations. 
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Soc. Can. 25 (3), 13 (1931). 
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Proton Resonance in Diphenyl Picryl 
Hydrazyl* 
M. E. ANDERSON AND G. E. PAKE 


Department of Physics, Stanford University, Stanford, California 
AND 
T. R. Tuttte, Jr. 


Department of Chemistry, Stanford University, Stanford, California 
(Received July 7, 1960) 


TTEMPTS to resolve different Knight shifts 
associated with various proton-hyperfine cou- 
plings in crystalline a,a-diphenyl-§-picryl hydrazyl 
(DPPH) have been reported,!” but even at 77°K the 
experiments have provided only a hint of resolution in 
the proton resonance, leaving th: number of shifted 
components and the magnitude of their shifts in doubt. 
This note reports experiments in the temperature range 
between 4.2°K and 1.4°K, in which a number of com- 
ponents are clearly resolved and the 1/T dependence 
of these shifts is clearly exhibited. In addition, the 
first of a series of deuterium-substitution experiments 
has permitted explicit identification of one of the shifted 
components. 

Figure 1(a) presents the 4.2°K proton resonance 
absorption spectrum of a polycrystalline sample of the 
1:1 DPPH-benzene complex* as measured at 22.8 
Mc. The large central component is principally due to 
the benzene protons present in the crystal as has been 
shown by recrystallizing the sample in hexadeutero- 
benzene [Fig. 1(b)]. Diamagnetic impurities are 
probably responsible for the residual central com- 
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ponent visible in Fig. 1(b). Both upfield- and down- 
field-shifted components are evident, providing a 
striking illustration of the existence of spin densities of 
both signs at proton sites in the molcules.‘ 

Deuterium substitution for the protons in the DPPH 
picryl group has been carried out by one of us (TRT), 
and the resulting spectrum [Fig. 1(c)_] shows a sharp 
reduction in intensity of the component with the 
largest downfield shift (this identification has been 
further confirmed by another deuteration involving 
all DPPH protons except the pair on the picryl group.) 
Coupled with the fact that both upfield and downfield 
shifts are actually observed, this explicit identification 
lends credence, at least in a qualitative sense, to the 
theoretical treatment of Gutoswky, et al.! In a broader 
sense these data are the confirmation of ideas* which 
have grown out of the calculation on triphenyl methyl 
by Brovetto and Ferroni.® 

Although the spectrum of Fig. 1 is moderately well 
resolved, interpretation of the position of each resonance 
peak is open to some doubt because of the possible 
existence of anisotropic hyperfine coupling which could 
lead to asymmetric line shapes for our polycrystalline 
sample. Preliminary experiments at 4.2°K on a single 
crystal of DPPH-benzene in various positions about an 
arbitrary rotation axis exhibited up to 15% anisotropy 
for those lines which could be followed through rota- 
tion steps of 10 deg. The single-crystal spectrum is 
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highly complex, containing as many as 15 resolvable 
peaks in certain orientations, and not all lines can be 
followed through such large rotation steps. Neverthe- 
less, since both the single-crystal experiment and 
theoretical conjecture’ suggest that the isotropic 
contact term dominates the hyperfine interaction, it 
may be useful to estimate isotropic hyperfine coupling 
constants associated with the various resonance peaks 


Taste I. Experimental proton resonance shifts and hyperfine 
coupling constants for DPPH at 22.8 Mc and 4.2°K. 
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observed in the polycrystalline sample. Supposing 
these shifts to arise from the exchange-narrowed hyper- 
fine interaction with the average polarization of the 
electron spin obeying Boltzmann statistics, it is readily 
shown that the shift is 


AH = Ho— (w/¥p) = — Gn (¥e/Yp) (V¥eR/4RT) (w/Yp), (1) 


where ay is the electron resonance splitting measured 
in gauss and the other symbols have their usual signifi- 
cance. Table I is constructed from Fig. 1(b) using 
Eq. (1). Values of ag deduced from Eq. 1 are generally 
somewhat smaller than those predicted theoretically.' 
They are not inconsistent with the EPR proton hyper- 
fine splitting of DPPH in solution recently observed 
by Deguchi.’ 

Figure 2 shows the derivative of the DPPH spec- 
trum at several temperatures. The shifts have a 1/T 
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' dependence within the limit of observation, giving 
weight to the assumptions implicit in Eq. (1). 


* Supported in part by the U. S. Air Force through the Air Force 
Office of Scientific Research. 
1H. S. Gutowsky, Hazime Kusumoto, T. H. Brown, and D. 
H. . Anderson, J. Chem. Phys. 30, 860 (1959). 
2M. E. Anderson, T. R. Tuttle, Jr., and G. E. Pake, Bull. Am. 
Phys. Soc. 4, 251 (1959). 
3 J. A. Lyons and W. F. Watson, J. Polymer Sci. 18, 141 oe. 
4H. M. McConnell and D. B. Chesnut; J. Chem. Phys. 27 
984 (1957); J. Chem. Phys. 28, 107 (1958). 
5p, Broveito and S. Ferroni, Nuovo Cimento 5, 142 (1957). 
6‘ T. H. Brown, D. H. Anderson, and H. S. Gutowsky, J. Chem. 
Phys. 33, 720 (1960). 
7 Yasuo Deguchi, J. Chem. Phys. 32, 1584 (1960). 


NMR Analysis of CF,CF,CFIC1: Example of 
an Unexpected Spin-Coupling Constant 


L. M. Crapo AND C. H. SEDERHOLM 


Department of Chemistry, 
University of California, Berkeley 7 California 


(Received June 22, 1960) 


N NMR analysis of CF;CF,CFICI yielded, upon 
examination at 56 Mecs, three distinct fluorine 
resonances. The CF group appeared at low field, 
separated from the CF, group by 2120 cps and from the 
CF; group by 114 cps. The three fluorines of the CFs 
group appear to be equivalent, whereas the two fluorines 
of the CF, group are nonequivalent.' Therefore, 
CF;CF,CFICI can be treated as an AB3X Y molecule. 
The CF; group is a quartet, each member being 
further split into a doublet. This, in addition to the 
CF; part of the spectrum, implies that Jax=Jsy= 
0+0.3 cps. Hence, this portion may be treated as the 
XY part of an AXY spectrum. Such a treatment 
yields | Jxy| =2704+40.5 cps, | Jax| =14.6+0.1 











mt) 


Fro. 1. Observed and calculated NMR fluorine spectrum of the 
—CFICI group in CF,CF,CFICI. 





THE EDITOR 1583 


cps, | Jay|=13.440.1 cps, and vy—vy=270.4+ 
0.5 cps, xx—v4= 22553 cps. 

The spectrum of the CF; group is a doublet, each 
line being about 1 cps wide. Interpretation of this 
portion of the spectrum treating it as the B; part of 
an AB; group yields | Jas | =10.8+0.1 cps. 

With the above data, and assigning yg—va=114+ 
0.5 cps, the spectrum of the CF group was calculated 
by first-order perturbation theory, applying the 
perturbation H’= Jaxla-Ix+Jayla:Iy to the exact 
solution for the AB; case. The observed and calculated 
spectra are compared in Fig. 1. Combination bands are 
not shown, but were observed at spectral positions 
predicted by the theoretical calculations. The close 
correlation supports our assignment of coupling con- 
stants. The additional lines in the observed spectrum 
in Fig. 1 were assigned to impurities in the sample. The 
sample was prepared by the gas-phase light-catalyzed 
reaction between CFCI=CF, and CF;I, as outlined 
by Hazeldine.? This method of preparation yielded a 
very impure sample. Attempts at purification by 
fractional distillation were not totally successful. 
Therefore, the sample contained some impurities, 
including a sizable amount of CFICICF,CFCICF,CFs. 
The fluorines in these impurities would be expected 
to have absorption bands in the same regions as the 
sample. These were not troublesome in most areas of 
the spectrum as they were much smaller in intensity 
than the sample bands. However, in the portion of the. 
spectrum recorded in Fig. 1, the absorption due to the 
compound under consideration is very small, and 
therefore the impurity bands appear nearly as large as 
the sample bands. 

The nearly zero coupling constant between the CF; 
and CF, groups, J(CF;CF:), prompted a search of the 
literature for other such cases. Saika and Gutowsky*® 
reported J(CF;CF:) =0 in (CF3)2NCF2CF;. Van Dyke 
Tiers‘ implied that J(CF;CF.) is very small in 
CF;CF,CF:H(D). Reilly® has reported a small coupling 
constant in CF;CF,COOH, J(CF;CF2) = 1.48 cps. 

The high-resolution spectrum of CF;CF,CF,COOH 
consists® of a triplet corresponding to the CF; group, a 
quartet corresponding to one CF; group, and a singlet 
corresponding to the other CF; group. To maintain 
consistency with the other cases presented here, we 
assert that J(CF;CF:) +0, and that the splitting is 
due to the a—CF, group interacting with the CFs; 
group. 

The cause of these small coupling constants is not 
readily apparent. Their widespread occurrence implies 
that there is a more fundamental reason behind them 
than pure chance. Variation of the electron withdraw- 
ing power of the attached groups does not seem to 
enhance these small coupling constants, as can be seen 
from the cases sighted above. It is felt that the cause of 
this effect must be connected with the hindered rota- 
tion about the carbon-carbon bond. On the basis of the 
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above examples, we suggest that the coupling constant 
between the two groups of fluorines in the —CF;—CF,- 
group is nearly zero if the minima in the potential 
energy as a function of rotation about the carbon- 
carbon bond correspond to the staggered positions 
and is nonzero otherwise. Further investigation of this 
hypothesis is now in progress. 

1 J. N. Shoolery and Bryce Crawford, Jr., J. Mol. Spectroscopy 
1, 270 (1957). 

2 R. N. Haszeldine and B. R. Steele, J. Chem. Soc. 1953, 1592. 

3A. Saika and H. S. Gutowsky, J. Am. Chem. Soc. 78, 4818 
(1956). 

4 George Van Dyke Tiers, J. Am. Chem. Soc. 79, 5585 (1957). 


5C. A. Reilly, J. Chem. Phys. 25, 604 (1956). 
6 C. H. Sederholm (to be published). 


Preparation and Properties of Scandium 
Dihydride 
JoserH C. McGuire AND CHARLES P. KEMPTER 


Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 


(Received July 14, 1960) 


THOROUGH literature search revealed no refer- 
ences to scandium hydrides. For the Y—H 
system, Lundin' has reported YH, (face-centered 
cubic, isotypic with CaF:, a=5.201 A, p=4.293 g/cc) 
and YH; (hexagonal, a=3.674 A, c=6.599 A, c/a= 
1.796, p=3.958 g/cc). For the La—H system, Holley, 
et al? have reported LaH, (CaF;—type, a=5.667+ 
0.001 A, p=5.14 g/cc), and Stalinski® has reported 
LaHs; (face-centered cubic, BiF3-type, a= 5.60 A). 
The scandium used for this investigation was ob- 
tained from the St. Eloi Corporation; a spectrographic 
analysis showed 0.5% Al and 0.2% Y as the major 
metallic impurities. The hydrogen used in the reaction 
was purified by passage through a Deoxo unit, barium 
oxide, and hot uranium chips. The scandium was out- 
gassed at 800°C in a silica tube heated by a resistance 
furnace. The tube was then cooled to room temperature 
and connected to a series of calibrated volumes con- 
taining hydrogen at slightly below atmospheric pres- 
sure. Pressures were indicated on a mercury monometer 
read by a cathetometer to the nearest 0.05 mm. The 
metal was heated slowly until reaction was indicated 
by a drop in the manometer reading. At 450°C reaction 
was observed, and the run was held at this temperature 
for 16 hr. The metal was then slowly cooled to room 
temperature to promote any additional metal-hydro- 
gen reaction; none was observed. At this point, suffi- 
cient hydrogen had reacted to correspond to ScHo.7. 
The possibility had been considered that a ScHs, 
similar to YH3, might be formed at lower temperatures; 
however, two repetitions of the process, yielded very 
little additional reaction. It is possible that ScH; is 
formed at higher hydrogen pressures. 
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The vapor pressure data for scandium dihydride are 
shown in Table I. 


TABLE I. Vapor pressure data for ScHp. 








Temp. °C p, mm Hg Temp, °C p, mm Hg 





620 33.40 
41.40 
55.10 
76.80 
105.20 
140.60 
188.20 

262.20 
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A van’t Hoff plot (logp vs 1/7, where T=°K) was 
made of these data. From 300 to about 650°C, the 
IBM 704 linear least-squares equation is logp= 
(2.788+0.069) — (11374+49)/7, and from about 650° 
to 900°C, logp= (5.484+0.103) — (36324+107)/T. If 
one assumes that the latter linear fit represents a two- 
phase (Sc+ScH2) region, then the calculated en- 
thalpy change for the absorption of 1 mole of gaseous 
hydrogen is —16 620+490 cal. If one compares this 
value with corresponding thermodynamic data for the 
lanthanide dihydrides given by Gschneider,‘ this value 
seems low, and therefore the above assumption may not 
be realistic. 

The silica reaction tube was transferred to an inert- 
atmosphere glove box, and this coarse gray powder 
crushed to pass through a 200-mesh screen. A —325 
mesh specimen was taken for x-ray examination and 
sealed in a Lindemann glass capillary (using a hot 
platinum wire within the glove box). A Debye-Scherrer 
pattern was taken with iron-filtered cobalt radiation, 
and the ScHy: lattice was found to be face-centered 
cubic. It is probable that the lattice has space group 
O,'— Fm3m (CaF.-type) with 4 (ScHy) per unit cell. 
Since the hydrogen atoms exhibit a negligible contri- 
bution to the diffracted x-ray intensities, it would be 
necessary to carry out neutron diffraction measure- 
ments in order to define unequivocally the structure as 
CaF.-type. The x-ray data are shown in Table II. 


TABLE II. X-ray powder data for ScHo. 








hkl Tret d,A hkl Tret d,A 





111 100 
200 40 
220 60 
311 70 
222 30 


2.74 

2.378 
1.685 
1.439 
1.378 


400 0 .19 
331 50 ‘ 
420 50 : 
50 
50 


9 
422 63 
511, 333 


.97 
-9210 








The lattice constant and its standard deviation were 
determined on an IBM 704 computer by the method of 
Vogel and Kempter.’ The last four CoKa; reflections 
were used and all systematic errors in Ado/ado assumed 
directly proportional to the Nelson-Riley function, 
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after correction for shrinkage. The lattice constant 
obtained was ao>=4.78309+0,00047 A at 25°C. Correct- 
ing for refraction this becomes a>=4.78315 A. For 4 
(ScHz) per unit cell, the theoretical density is 2.851 
g/cc, and the Sc—8H bond distance is 2.0712 A. 
: Subtracting the metallic radius of a—Sc for Sc—8 Sc 
(1.596 A), one obtains 0.475 A for the tetrahedral 
radius of hydrogen. ScH: contains 7.31 10” hydrogen 
atoms/cm*, and therefore may be useful as a high- 
temperature neutron moderator. 

The authors thank O. R. Simi for the spectrographic 
analysis, C. I. Fairchild, D. D. Bowdish, and A. D. 
Zielinski for preparative help, L. A. Wahman for x-ray 
film reading, and Dorothy L. Cooper for IBM 704 fits. 


1C, E. Lundin, “Rare Earth Metal Phase Diagrams,” pre- 
sented at ASM Rare Earth Symposium, Chicago (November, 
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2C. E. Holley, Jr., R. N. R. Mulford, F. H. Ellinger, W. C. 
Koehler, and W. H. Zachariasen, J. Phys. Chem. 59, 1226 (1955). 

3B. Stalinski, Met. Abstr. 23, 894 (1956). 

4K. A. Gschneidner, Jr., Rare Earth Alloys (to be published). 

5 R. E. Vogel and C. P. ag me Los Alamos Scientific Labora- 
tory, Report LA-2317 (April, 1959). 


Equilibrium Constant for Isotope Exchange 
in Ammonia from Infrared Spectra* 


LLEWELLYN H. Jones 


Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 


(Received July 5, 1960) 


LL isotopic-exchange equilibria among the H and 
D ammonias can be derived from K,(NH3+ 
NHD,.= 2NH.D) and K2(ND3;+ NH,D = 2NHD.) e 

At high temperature, Ki= K2=3, as determined by 
the symmetry numbers of the various species. Kimball 
and Stockmayer! reported that statistical calculations 
from spectroscopic data give K,=2.94 and K,.=2.90 
at 25°C, increasing to 3.00 and 2.98, respectively, at 
300°C. Kemball? found K,:=K,=2.9 at 248°C from 
mass-spectrometer measurements. 

Stedman* used infrared absorption spectra of mix- 
tures of NH; and ND; to study the exchange equilibria. 
His data give K;=0.62 and K,= 1.31, in gross disagree- 
ment with the calculated values. Bigeleisen* suggested 
that Stedman’s results must be subject to large errors. 
As outlined in this note, the apparent discrepancy 
between the infrared measurements and the other 
results has been resolved. 

If the initial and the equilibrium NH; and ND; 
concentrations are known, K; and Ky can be easily 
calculated. Stedman applied Beer’s Law to the optical 
density of the Q branches of », for NH; (967 and 932 
cm) and ND; (745 cm!) to measure the concentra- 
tions of NH; and ND; in mixtures prepared from known 
amounts of pure NH; and ND3. This procedure ap- 
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peared justified, as he previously had determined that 
the NH; and ND; peaks he used obeyed Beer’s Law 
in the pressure range of interest (at constant path 
length). However, as discussed below, this apparent 
obedience to Beer’s Law is a result of mutual cancella- 
tion of two marked deviations from the Lambert-Beer 
Law. 

There are two effects we have observed which clarify 
the situation: (A) Slit width effect at constant pressure: 
If the peaks in question did obey the Lambert-Beer 
Law, the absorption coefficient a= OD/ Pt should be a 
constant as path length ¢ is varied at constant pressure 
P. However, in the pure species at constant pressure of 
15 mm, a@ for the Q branches increased nearly linearly by 
a factor of 2.2 for NH; and 1.7 for ND; as ¢ was de- 
creased from 10 cm to 1.25 cm. Thus, by working at 
constant pressure to eliminate variation in pressure 
broadening, we are confronted with serious deviation 
from the Lambert Law. (B) Pressure broadening: 
A 10-cm cell was filled with 15-mms pressure of NHs3. 
It was found that with this constant partial pressure of 
ammonia at constant path length, a for the NH; Q 
branches doubled when about 45 mm of Ne (or He) 
was added. More foreign gas increased a steadily until it 
reached a maximum (another doubling) at about 1 
atm of Nz (or He). A similar effect is noted for NDs, 
though it is not as large. 

It is easy to show that both of these effects are to 
be expected for absorption bands much narrower than 
the effective spectrometer slit width. The apparent 
obedience to Beer’s Law when the pressure of pure 
NH; (or NDs;) is varied at constant path length 
evidently results from a fortuitous mutual cancellation 
of effects (A) and (B). 

To avoid the above difficulties, we used apparent 
absorption coefficients determined on path lengths of the 
pure species at the same total pressure as in the exchange 
experiment and giving the same optical density for the peak 
measured as in the experiment. For example, in a mix- 
ture of NH;, ND;, NH.D, and NHD, at a fotal am- 
monia pressure of P,; (and no foreign gas) the concen- 
tration of NH; was determined as follows. The optical 
density of the Q branch of v2 was recorded from cells of 
four different path lengths, ranging from 1.25 to 10 
cm, all containing pure NH; at fixed pressure P,. This 
optical density then was plotted vs anu,. The four 
points gave a smooth curve. Then, in our experiment 
with mixed species at the same total pressure P;, we 
observed the optical density of the NH; band, read 
anu, from the OD—anx, plot, and calculated the partial 
pressure of NH;. The ND; was determined in the same 
way. 

Using the above method on 50-50 mixtures of NH; 
and NDs, we arrived at values for Ki and K of 3+0.5. 
Part of the uncertainty arises because the NH,D 
and NHD, P and R branches overlap the NH; and 
ND; Q branches to some extent, and this must be 
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allowed for. Also, the equilibrium constants are quite 
sensitive to small errors in the NH; and ND; concentra- 
tions. No doubt a large number of experiments could 
reduce the uncertainty considerably by sheer force of 
statistics. However, it is doubtful that the result would 
be as accurate as the values calculated by Kimball and 
Stockmayer.! 

Infrared spectra can be used successfully to analyze 
for the various isotopic ammonias, provided one uses 
the proper “apparent absorption coefficient,” as dis- 
cussed previously. For the equilibrium ‘constants Ki 
and Ky at room temperature, one can feel quite secure 
using the calculated values of about 2.9. For the 
analogous constants in NH;—NT; or ND;—NT; 
equilibria one could also feel secure using 2.9. 


* This work was sponsored by the U. S. Atomic Energy Com- 
mission. 

1G. E. Kimball and W. H. Stockmayer, SAM Rept. 100X,-1657, 
Oct. 14, 1942, quoted in “Physical Properties of Heavy Water” 
by Kirschenbaum, NNES ITI-4A. 

2C. Kemball, Trans. Faraday Soc. 48, 254 (1952). 

3D. F. Stedman, J. Chem. Phys. 20, 718 (1952). 

4 J. Bigeleisen, J. Chem. Phys. 20, 1495 (1952). 


Absorption Spectra of Photo-Oxide of 
Mesonaphthodianthrene 


Harvo Kvuropa* 


Division of Pure Chemistry, National Research Council, 
Ottawa, Canada 


(Received August 4, 1960) 


N the previous note! we have shown that the elec- 
trical conductivity of an evaporated film of meso- 
naphthodianthrene increases remarkably as a result of 
oxygen adsorption. This suggests that a charge trans- 
fer is taking place between adsorbed oxygen molecules 
and the surface of the hydrocarbon film. This is in 
accord with the evidence found by Matsunaga,’ using 
the electron spin resonance of mesonaphthodianthrene 
powder, that new spin centers are created when the 
powder is placed in contact with air. The change of the 
electrical conductivity in oxygen is a slow process. It 
was observed that this change can be accelerated if the 
film is illuminated with visible light, which suggests 
that some kind of photooxidation is taking place on the 
surface of the film. Accordingly, the reaction between 
oxygen and mesonaphthodianthrene in benzene solu- 
tion was investigated by observing the changes in 
absorption spectra. 

The hydrocarbon was purified by vacuum sublima- 
tion and sealed in a glass tube in vacuum. Benzene 
was distilled twice under an atmosphere of nitrogen 
to remove oxygen. The solution was made by breaking 
under benzene the glass tube containing the hydro- 
carbon powder. The resulting solution was divided 
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into two parts; one part was kept in nitrogen, and oxy- 
gen was bubbled into the other part. Both solutions 
were illuminated with visible light. Small quantities 
of the solutions were taken out from time to time to 
determine the changes of their absorption spectras. 
Absorption spectra were measured with a Cary Record- 
ing Quartz Spectrometer, model 11M. 

The absorption spectra of the oxygen-containing 
solution changed gradually with time, while that of the 
oxygen-free solution remained unchanged. The results 
are shown in Fig. 1. Curve (1) is the spectrum of the 
oxygen-free solution. The three peaks observed in the 
wavelength region of 500-700 my, have been attributed 
to the p band by Clar.* The intensity of these peaks 
decreases with time when the oxygen-containing solu- 
tion is illuminated with light. At the same time, the 
absorption intensity increases in the region where the 
wavelength is shorter than 400 my. It seems obvious 
that this change is due to a reaction with oxygen, since 
it is observed only with the oxygen-containing solution. 

Using the molecular orbital method, Pullman‘ has 
shown that the free valency of the two mesopositions 
of the mesonaphthodianthrene molecule are very high. 
Hence, we should expect high reactivity toward oxygen. 
On the other hand, however, an oxygen molecule cannot 
bridge between the two reactive positions, since they 
are too far apart. This situation is unfavorable for the 
formation of a stable oxygen addition compound. 
Savage’ attempted to isolate the photo-oxide, but was 
unable to do so. Evidently the oxygen molecule is 
combined loosely with mesonaphthodianthrene. 

The absorption spectrum of the benzene solution of 
mesonaphthodianthrene also changes remarkably when 
a small amount of iodine is added to it. In this case 
again, the p band disappears as shown in Fig. 1 [curve 
(4) ]. Iodine is known to form charge-transfer complexes 
with various polycyclic aromatic hydrocarbons.* Thus, 
the change in the absorption spectra of mesonaphthodi- 
anthrene caused by the addition of iodine is almost 
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Frc. 1. Absorption spectra of mesonaphthodianthrene. (1) 
oxygen-free solution; (2) (3) oxygen-containing solution after 
illumination for $ hr and 2 hr, respectively; (4) iodine complex 
(saturated solution). 
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certainly due to the formation of a charge-transfer 
complex. 

The similarity found between the change in spectra 
resulting from reactions with oxygen and iodine, 
respectively, suggests that the interaction between 
oxygen and mesonaphthodianthrene is also due to a 
charge-transfer force. 

I wish to thank Dr. E. A. Flood for his interest and 
encouragement. 


* National Research Council Postdoctorate Fellow. Present 
address: rtment of Chemistry, Faculty of Science, University 
of Tok: 0, Tokyo, Japan. 

1H. Kuroda and E. A. Flood, J. Chem. Phys. 33, 952 (1960). 

2 Y. Matsunaga, ea Chem. 38, 323 (1960). 

3 E. Clar, Chem. Ber. 82, 55 (1949). 

4B. Pullman, Proc. Third Carbon aaa (1958), p. 3. 

5M. G. Sauvage, Compt. rend. 225, 247 (1947 


*R. S. Mulliken, J. Chem. Soc. 72, 600 (1950); L. T. 
Andrews, Chem. Rev. 54, 713 (1956). 


The Diffusion Theory of Chemical Reaction 


J. L. Woop 
Department of Chemistry, Imperial College, 
London, S.W.7., England 
(Received March 14, 1960) 


ONTROLL and Shuler! have obtained an exact 
equation for the relaxation of a set of harmonic 
oscillators contained in a constant-temperature heat 
bath. If the process of chemical reaction is represented 
by a model in which all oscillators reaching the Nth 
level are removed from the assembly, i.e., as “product” 
of the reaction, they show that after a sufficient time 7 
the number of oscillators in the assembly falls by the 
usual exponential decay law, with a rate constant 


K=[Qnarie(e) VEdoea(0)} 


where fn,w is the induced transition probability for a 
change from the mth to the Nth level, and x,(r) is 
the number of oscillators in this level at time r. 

This result may be compared with that obtained 
from the classical kinetic theory of liquids in the 
following way. 

If the oscillators are immersed in a liquid, the induced 
transition probability ¢,,.~ is determined by the com- 
ponent of frequency (m= Ey—E,) in the random 
fluctuating force § acting on the oscillator. With the 
use of a result of Rice,? the relation is 


et f "(5 (i)5(t4+r) )av cos2averdr, (1) 


where Auy is a parameter independent of the statistical 
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characteristics of the fluctuating force and determined 
by the form of the interaction between the oscillator 
and the liquid. { )av indicates an average over the 
oscillators. The fluctuating force § is related to the 
friction constant by* 


B= (2) 
If a white spectrum for is assumed,‘ the spectral 


density is 48kT, and taw=4AnnBkT. Consequently, 
Montroll and Shuler’s method leads to 


Lt T 
_ (ary I (5(1)5(t+-7) Javdr. 


Tr 


N-1 N-1 
k=[46kT LAnvin(r) VY [doxe(r) A (3) 


Approaching the problem from the classical kinetic 
theory of liquids, the reaction may be represented by a 
steady-state flow in momentum space, systems con- 
sidered to have “reacted” when they attain a momen- 
tum mu,. When an equilibrium exists in coordinate 
space the Planck-Fokker equation reduces to 


(OW /dt) = div.{8(Wu)+ (8kT/m) grad.W}, 
and the steady-state flow 7 in momentum space is 
j=B(Wu)+(BkT/m) grad.W, = constant. (5) 


The symbols are as used by Chandrasekhar.’ From this 
equation the rate constant obtained is 


b=B(24T/xm){ = “exp(mut/28T) du) (6) 


which shows exactly the same dependence on £ as (3). 

Thus a model in which chemical reaction is repre- 
sented by a flow in energy or momentum space gives a 
rate constant directly proportional to the friction 
constant 8, whether one starts from a quantum or 
classical viewpoint. 

However, in the treatment of chemical reaction by 
the diffusion theory,** the model that has been used 
represents the reaction by a flow in position space, and 
in that case, when @ is large, the rate obtained is 
inversely proportional to 8, and when £ is small, it is 
independent of 8. 

I feel that in most cases the rate is determined by the 


acquisition of energy, and that the first model is the 
better one. 


(4) 


1E. W. Montroll and K. E. Shuler, The A pplication of the Theory 
of Stochastic Processes to Chemical Kinetics, (University of Mary- 
land Press, 1957). 

2S. O. Rice, reprinted in Noise wo 3 Sys aeg Processes (Dover 
Publications, New York, 1954), p 

3J.G. Kirkwood, J. Chem. BPs. 1“, 180, 1946. 

*R. Eisenschitz, Statistical Theory of T we Processes 
Sa University Press, New York, 1958), 

henteninhhiiy, Revs. ey Physics B51: 1, 1943. 
on rs: Kramers, Physica 7, 248, 1 
TH. C. Brinkman, P = 22, 29, 149, 1956. 


8J. L. Wood and Suddaby, Trans. Faraday Soc. 53, 
1437, 1957. 
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Paramagnetic Studies of Radiation 
Damage in Silica Gel 


Harotp W. Koun 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received July 5, 1960) 


HE effects of penetrating radiations on solids are 

most readily noted by changes in physical char- 
acteristics such as color, hardness, magnetic properties, 
electrical conductivity, dielectric properties, and crys- 
tallinity.! Such observations are not always feasible or 
even possible in studies of gels, which present special 
problems because of their lack of crystallinity and 
high state of subdivision. Hence, the PMR spectrom- 
eter is a useful tool for studying radiation damage in 
gels. We have now recorded, in addition to the purple 
color center previously treated in irradiated silica 
gel,? several paramagnetic resonances and a new color 
center. 

Irradiations were carried out in a Co® y source of 
about 700 curies strength. Paramagnetic resonance 
measurements were made using a simple paramagnetic 
resonance spectrometer with a rectangular transmission 
cavity operating in the TE, mode with direct oscillo- 
scope presentation of the spectrum. Changes in the 
strength of the resonance were estimated from signal- 
to-noise ratios. Numbers of centers were estimated by 
comparison with a diphenyl picryl hydrazyl crystal. 
The measurements were made by Henry Zeldes of this 
Laboratory. 

At the ambient irradiation temperatures of ~50°C, 
gamma or reactor irradiation of silica gel samples 
previously evacuated at 500°C or above produces 
a very sharp paramagnetic resonance at a spectroscopic 
splitting factor of g=2.0005+-0.0005. This paramagnetic 
resonance is only a few (best estimate, 1.5-2) gauss 
wide, displays some g anisotropy seen as a slight shoul- 
der on the low-field side, is easily saturated at low 
power, and is not greatly changed by cooling to 
—196°C. Samples of differing aluminum content 
(0.001-0.1%) have not shown correspondingly different 
intensities of this paramagnetic resonance. The physical 
characteristics of this line in silica gel are similar to 
those of two resonances induced in quartz and fused 
silica.? The maximum radiation yield for production of 
this line is roughly 0.1 center/100 ev absorbed. 

Under ordinary conditions, the line is stable for 
months at room temperature, but it can be destroyed by 
heating to 250°C, by irradiating with ultraviolet light, 
or by adding O., Hg vapor, or H,0.‘ The addition of 
hydrogen to irradiated samples does not destroy the 
line, but makes it more susceptible to annealing. In 
such samples most of the resonance disappears after 6 
hr at 75°C. 

Irradiation of degassed silica gels at —196°C pro- 
duces a second, somewhat broader line immediately on 


the low-field side of the first line. This line could not be 
saturated with microwave power and, as long as the 
sample is kept cold, is unaffected by added gases such 
as Os, Hy, and No. Brief warming of the sample de- 
stroys this second line. Addition of oxygen to gels 
irradiated at —196°C causes the slow appearance of 
an orange color, but leaves the paramagnetic resonance 
spectrum unaffected. If, however, oxygen is present 
during the low-temperature irradiation, both a marked 
reddish-orange color and a third, very strong, broad 
resonance at g=2.0061+0.001 are developed. The 
radiation yield G is very roughly 0.3 centers/100 ev 
absorbed. Brief warming of the sample will cause the 
color to disappear, but the resonance remains unless 
more extensive annealing, such as removal of the 
sample from the nitrogen bath for 3-5 min, is used. 
Once annealed, this line cannot be produced by re- 
cooling. Samples irradiated in the presence of nitrogen 
have a faint orange cast, but show no resonances differ- 
ent from those irradiated in vacuo. Samples irradiated 
in the presence of hydrogen show the two-line spectrum 
characteristic of those irradiated im vacuo plus the 
resonances characteristic of atomic hydrogen. 

The sharp resonance at g= 2.0005 probably arises from 
an electron trapped at an oxygen vacancy, either at the 
surface or in the lattice.’ Its disappearance upon oxygen 
adsorption at 25°C substantiates this picture, and 
strengthens the postulate of a surface rather than a 
lattice defect. From its manner of formation, the 
reddish-orange color appears to be due to the reaction of 
oxygen (at —196°C), with defects produced in the gel 
by radiation which are not observable by the PMR 
spectrometer. The very broad resonance at g= 2.0061 
appears to be a radiolysis product of a condensed 
oxygen phase stabilized by adsorption on the gel at 
— 196°C. 


* Operated by the Union Carbide Corporation for the U. S. 
Atomic Energy Commission. 

1G, J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 

2H. W. Kohn, Nature 184, 630 (1959). 

3R. A. Weeks and C. M. Nelson, J. Am. Ceram. Soc. (to be 
published). 

4 Samples degassed at 300° or less show no resonance. 


Optical Transparency and Resistance to 
Flash Heating* 


W. F. Lipsy 
Department of Chemistry, University of California, Los Angeles 
(Received April 14, 1960) 


PTICAL transparency when combined with low 
thermal conductivity, as is the case for silica or 
clear plastics, allows very high-temperature gradients 
to be maintained. Thus, the surfaces of such solids can 
be very hot while the bulk solid a short distance away 
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is unperturbed. In this way high-temperature evapora- 
tion, which consumes more energy by breaking chemical 
bonds to form smaller molecules, radicals and even 
atoms, becomes possible, so heats of vaporization 
rivaling those of the highest-boiling solids can be 
achieved. 

Of course, with optical transparency goes low emis- 
sion efficiency, so the radiation heat sink is reduced in 
importance for these materials. This reduction in cooling 
power can be compensated, however, by the evapora- 
tive cooling. In more detail, one would expect that the 
vapor generated at the surface of such a solid would 
have a composition corresponding to its temperature. 
Thus, close to the surface of an organic plastic, the 
monomer probably would predominate, while farther 
out the monomer would be broken into radicals and 
atoms, some of which might be carried away in the air 
and thus serve as a heat sink. 

In contrast, in the case of an opaque body such as 
graphite the heat spreads rapidly throughout the mass, 
destroying the system by spalling due to thermal stress. 
The hot surface skin of a nonconductive optically trans- 
parent solid is not thick enough to spall even though the 
thermal gradient is very large. 

It seems likely that applications of these principles 
can be made in the ballistic-missile nose-cone prob- 
lem!) and in the use of plastic paints to resist flash 
heating. According to these principles the surface 
underlying the plastic or silica layer should have a 
mirror finish to reflect the light, and some attention 
should be paid in design to the matter of optics in 
order to avoid trapping of the light. 


* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

1 (a) M. C. Adams and E. Scala, ‘The Interaction of High 
Temperature Air with Materials During Re-entry,” Proceedings 
of an International Symposium on High Temperature Tech- 
nology, arranged by Stanford Research Institute, Menlo Park, 
California (McGraw-Hill Book Company, Inc., New York, 


1960), pp. 54-60. 

(b) M. C. Adams, Jet Propulsion 29, 625 (1959). 

2 ““New Plastic Coat Shrugs off Heat,”” Chem. Eng. News 38, 54 
(1960) . 


Satellite Lines in Paramagnetic 
Resonance Spectra 


A. vAN ROGGEN 


Polychemicals Department, E. I. du Pont de Nemours & Company, 
Du Pont Experimental Station, Wilmington, Delaware 


(Received June 22, 1960) 


HE paramagnetic resonance (PMR) spectrum of 
p-benzosemiquinone' in dilute solution shows hy- 
perfine structure (hfs) resulting from coupling of the 
unpaired electron spin to the nuclear spins of the four 
equivalent protons in the free radical. The five lines 
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are well resolved, since the spacing (6.64 Mc sec~') is 
much larger than the linewidth (<0.2 Mc séc~). The 
line width in PMR spectra is dependent on instrumental 
factors and on solvent and temperature.‘ The effect of 
instrumental factors was eliminated by using homo- 
geneous magnetic fields, low microwave power, and 
small modulation amplitudes. At room temperature, 
better resolution was obtained in 2-methoxyethanol 
than in ethanol. Each of the spectral lines was found 
to have two small satellite lines displaced symmetrically 
from the main line. These satellites are always found 
under conditions of high resolution and sensitivity, 
independent of the sample source. Since the satellites 
are always present in spectra from pure samples of 
different origin and have a g factor identical to that of 
the main free radical, they appear to be inherent in the 
spectrum. Impurity lines have been observed in other, 
less pure samples, but these lines have a different g 
factor and vary with solution concentration. The 
satellite lines are interpreted as a 10-line spectrum from 
p-benzosemiquinone in which one C® isotope is re- 
placed by C®. The 10 lines arise from a proton quintet 
splitting (a:=6.64 Mc sec™'), identical to that of the 
main quintet, and from an additional doublet splitting 
(@2= 1.54 Mc sec) from C™, Additional lines are ex- 
pected from molecules with two or more C® nuclei. The 
latter molecules are present in concentrations two 
orders of magnitude lower than those with only one 
C, and thus give hfs lines indetectably weak. 

Consider molecules with one C* nucleus. If the hfs 
splitting constant is dependent on ring position, two 
pairs of satellite lines can arise, one pair from C® in 
position 1 or 4, the other pair from C* in position 2, 3, 
5, or 6. The amplitude ratio of satellite line to main 
line will be 1.1 and 2.2%, respectively, for the two 
pairs. However, when the two splitting constants 
differ only slightly, or when the splitting is independent 
of ring position, the two pairs of satellites will overlap, 
and only one pair may be observed with amplitude 
ratio 3.3%. Furthermore, the C™ coupling in positions 
1 and 4, or that in positions 2, 3, 5, and 6 may be such 
that the resultant satellite lines are not resolved from 
the main quintet. This too would lead to one pair of 
observed satellites with amplitude ratios of 2.2 and 
1.1%, respectively. Although the sensitivity during 
several runs was high enough to detect lines with one- 
tenth the intensity of the observed satellites, further 
satellite pairs were not detected. The experimental 
amplitude ratio was found to be 2.5%, but the accuracy 
of measurements is insufficient to determine un- 
equivocally whether the observed splitting constant is 
that of the 1 and 4 position or that of the 2, 3, 5, and 
6 position. 

Unexplained satellite lines were reported* in samples 
of 2, 3, 5, 6-tetramethyl-p-benzosemiquinone. Here, 
two satellite doublets were found, the inner doublet 
with coupling constant a2= 1.90 Mc sec“, and the outer 
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doublet with a,=3.81 Mc sec~!. These sets may arise 
from C" in the ring and methyl groups. Measurements 
on C-enriched materials are needed to verify these 
conclusions. 


1J. E. Wertz and J. L. Vivo, J. Chem. Phys. 23, 2441 (1955). 
2M. Adams, et al., J. Chem. Phys. 28, 774 (1958). 
3B. Venkataraman, ef al., J. Chem. Phys. 30, 1006 (1959). 
4K. H. Hausser, Z. Naturforsch. 14a, 425 (1959). 


Fragmentation Patterns of Halogenated 
Pentaboranes 


I. SHaprro* AND H. LANDESMANT 


Research Laboratory, Olin Mathieson Chemical Cor poration, 
Pasadena, California 


(Received July 28, 1960) 


S part of the spectral study of the boron hydrides 

and their derivatives' the monoisotopic mass 
spectra of pentaborane and several of its monohalo- 
genated derivatives were examined. Chloro-, bromo-, 
and iodo-pentaboranes were prepared by direct halo- 
genation of pentaborane in the presence of aluminum 
chloride in a carbon disulfide medium. Elemental 
analysis of the iodopentaborane (mp 53-54.5°) yielded 
4.27% H and 66.8% I. Calculation for BsHsZ: 4.26% 
H, 67.1% I. Although there was no difficulty in pre- 
paring and purifying the bromo- and iodo-derivatives, 
the chloropentaborane could be prepared only in 
microquantities and was contaminated by carbon 
tetrachloride. Attempts to prepare larger quantities 
of chloropentaborane resulted in explosions. 

The B"-NMR spectra of bromo- and iodopenta- 
boranes indicated that the halogen replaced the hydro- 
gen atom at the apex-boron position of the pyramidal! 
pentaborane molecule.? The relative NMR shifts in 
these spectra have been reported previously.’ 

The mass spectra were obtained with a Consolidated 
Model 21-103 mass spectrometer operating at an 
ionizing potential of 70 v. In order to compare the 
fragmentation patterns, the polyisotopic spectra were 
reduced to monoisotopic spectra and the species 
reported as shown in Fig. 1. For the isotopic reduction 
the following isotopic abundances were used: 20% 
B®, 830% B";* 50.57% Br”, 49.43% Br*. In the case of 
chloropentaborane, the monoisotopic spectrum was 
similar to that of bromopentaborane after the spectrum 
was corrected for the presence of carbon tetrachloride 
and carbon disulfide. 

An examination of the fragmentation patterns in 
Fig. 1 reveals: (1) the relative ease of fragmentation of 
an iodine atom from the pentaborane nucleus; (2) 
the loss of a bromine (or chlorine) atom results in the 
rupture of the pentaborane nucleus, i.e., loss of a 
BBr(Cl) group; (3) the general distribution of species 
in the fragmentation pattern of iodopentaborane is 
similar to that in pentaborane,® viz., prevalent loss of 
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Fra. 1. Monoisotopic mass spectra of monohalogenpentaboranes. 


hydrogen atoms in pairs, etc.; (4) the loss of hydrogen 
atoms from the parent peak group of bromopenta- 
borane also occurs predominantly in pairs. From these 
observations it appears possible to arrange an order of 
relative ease of breaking certain bonds in these com- 
pounds, viz., BI>BH>BB>BBr(Cl). Apparently 
this order does not bear the same relation to CH and 
CX bond energies observed in the mono-halogenated 
benzene series since the reported BH and BX bond 
energies are in the order BI< BBr< BH< BCI<BF.*" 
In the halogenated benzene compounds the fragmenta- 
tion patterns for chloro-, bromo-, and iodobenzenes 
were reported® to be similar to each other but different 
from the patterns of fluorobenzene and benzene. The 
latter two patterns also are reported to be similar to 
each other. The differences in the patterns were corre- 
lated with the CH and CX bond energies, viz., I< 
®Br< @Cl< H< GF. 

Two considerations are offered to account for the 
apparent discrepancy in the order of breaking certain | 
bonds in halogenated pentaboranes and the reported 
order of bond energies. First, the bond energies were 
derived from the boron trihalides. Second, the induc- 
tive effect of the halogen on the pentaborane nucleus 
may be of greater importance than the resonance 
effect. It is observed in the NMR spectra that the 
substitution of iodine for hydrogen in pentaborane 
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induces a greater electron density at the apex-boron 
site, while bromine produces an opposite effect and 
shifts the apex-boron peak to lower magnetic field.* 


* Present address: Hughes Tool Company, Aircraft Division, 
Culver City, California. 

} Present address: National Engineering Science Company, 
Pasadena, California. 


1 Reviews on mass spectra and infrared spectra presented by 


I. Shapiro, J. Ditter, C. O. Wilson, and W. J. Lehmann at the 
133rd Meeting of the American Chemical Society, San Francisco, 
April 1958, will appear shortly in the Advances in Chemistry Series 
under the title From Borax to Boranes. Also see list of references 
in S. G. Gibbins and I. Shapiro, J. Chem. Phys. 30, 1483 (1959). 

2 R. Schaeffer, J. N. Shoolery, and R. Jones, J. Am. Chem. Soc. 
80, 2670 (1958). 

*T. P. Onak, H. Landesman, R. E. Williams, and I. Shapiro, 
J. Phys. Chem. 63, 1533 (1959). 

4 See discussion relative to B“/B" ratio in I. Shapiro and J. F. 
Ditter, J. Chem. Phys. 26, 798 (1957). 

5V. H. Dibeler, F. Mohler, L. Williamson, and R. Reese, J. 
Research Natl. Bur. Standards 43, 97 (1949). 

*D. D. Wagman, T. R. Munson, and W. H. Evans, Natl. Bur. 
Standards Tech. Rept. No. 3456. 

7W. S. Koski, J. J. Kaufman, and C. F. Pachucki, Abstracts 
134th Am. Chem. Soc. Meeting, Chicago (Sept. 1958), 26N. 

8 J. Momigny, Bull. Soc. Chim. Belg. 64, 144 (1955). 


Proton Resonance Shifts in Pyrene 
Mononegative Ion at 4.2°K 


M. E. ANDERSON 


Department of Physics, Stanford University, Stanford, California 
AND 
P. J. ZANDSTRA AND T. R. TuTTLE, JR. 


Department of Chemistry and Chemical Engineering, 
Stanford University, Stanford, California 


(Received August 5, 1960) 


IRROTON resonance shifts measured on solid 
potassium pyrenide! at 4.2°K provide evidence 

for both positive and negative hyperfine coupling 
constants (see Fig. 1). Values for the constants cal- 
culated? from these shifts may be compared with the 
isotropic couplings determined by Hoijtink, Townsend, 
and Weissman’ from the analysis of the ESR absorption 
spectrum of this hydrocarbon ion in dilute solution 
(see Table I). We assume a correspondence between 
the two sets of results which is suggested by the magni- 
tudes of the constants, Although the proton resonances 
are not completely resolved, the areas under the ab- 
sorption curves have been estimated and are consistent 
with this assumption. From this, it appears that the 
positive coupling constant must be attributed to pro- 
tons 2 and 7 and the negative ones to the other protons. 
While our experimental data are precise enough so 
that the magnitudes may be deduced within about 5%, 
and inverse proportionality between shifts and temper- 
ature persists down to 1.9°K, some doubt remains as 
to the meaning of constants so deduced. These doubts 
arise from uncertain factors, among which are the 
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Frc. 1. Proton magnetic resonance spectrum of potassium 
a at 4.2°K. The supporting solvent was tetrahydrofuran-ds. 

erivative of absorption is plotted vs magnetic field increasing 
from left to right. Progressing to higher fields, the second line is 
unshifted. Shifts were measured between absorption maxima. 


contributions of anisotropic interactions and the effect 
of residence in the crystal lattice on the molecular 
wave functions. Considering these uncertainties, we 
conclude that the best analysis of isotropic hyperfine 
interaction in pyrene mononegative ion with the 
available data is a combination of our signs and the 
magnitudes given by Hoijtink, Townsend, and 
Weissman.’ 


TABLE I. Proton-electron hyperfine couplings (in gauss). 





a a—b 





+0.15 
—0.75 
—0.29 


—2.81 
—4.98 








® Proton-electron coupling constants calculated from proton resonance shifts 
at 4.2°K.? 

> Isotropic proton-electron coupling constants from Hoijtink, Townsend, 
and Weissman.* 


It is interesting to consider briefly some possible 
sources for the differences between the two sets of 
data. If our signs are assumed to apply to the spin 
resonance data, then the differences all have signs the 
same as the corresponding coupling. constants (see 
Table I). This fact suggests that these differences arise 
at least in part from the same type of interaction re- 
sponsible for the presence of isotropic proton-electron 
coupling.‘ For example, changes in unpaired z-electron 
distribution in an ion resulting from its lattice sur- 
roundings would be accompanied by corresponding 
changes in the r—o exchange responsible for isotropic 
hyperfine interaction.‘ It is also clear that the proton 
resonance lines are somewhat anisotropic (see Fig. 1). 
This anisotropy could also account for some part of 
the differences. We plan to extend our experimental 
studies to other free radicals in order to determine the 
signs of coupling constants and to learn more about the 
effects which cause the discrepancies between coupling 
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constants calculated from proton shift data and those 
from ESR absorption spectra of dilute solutions of free 
radicals. 


1D. E. Paul, D. Lipkin, and S. I. Weissman, J. Am. Chem. 
Soc. 78, 116 (1956). These authors first used this method of 
naming hydrocarbon anions. We further suggest that poly- 
negative ions be suffixed as polyides. ; 


2M. E. Anderson, G. E. Pake, and T. R. Tuttle, Jr., J. Chem. 
Phys. (to be published). 


3G. J. Hoijtink, J. Townsend, and S. I. Weissman, J. Chem. 
Phys. (to be published). 


*H. M. McConnell, J. Chem. Phys. 28, 1188 (1958). Previous 
references are given in this paper. 


Equilibrium in the Exchange of Tritium 
Between Ammonia and Hydrogen and 
the Zero-Point Energy Difference 
Between NH; and NH.T{* 


Joret R. GutMANN AND MAx Wo LrsBerGt 
Department of Isotope Research, Weizmann Institute of Science, 
Rehovoth, Israel 
AND 
Chemistry Department, Brookhaven National Laboratory, 
Upton, New York 


(Received July 18, 1960) 


HE equilibrium in the exchange of deuterium be- 

tween ammonia and hydrogen has been measured 
over a wide temperature range. Perlman, ef al.! used 
the data to calculate the difference in zero-point energy 
between the NH; and NH.D molecules. 

The corresponding equilibrium in the exchange reac- 
tion involving tritium, NH;(g)-++HT(g) =NH2T(g)+ 
H2(g), was determined in a kinetic investigation per- 
formed on this reaction.? The zero-point energy differ- 
ence between NH; and NH2T may then be obtained. 

An iron catalyst was used to equilibrate ammonia and 
hydrogen with respect to their isotopic composition. 
Ammonia and hydrogen were separately labeled with 
tritium by liberating ammonia from a solution of 
ammonium chloride in tritiated water and by zinc 
reduction of tritiated water vapor, respectively. Their 
specific activities were determined, to 2% accuracy, by 
gas counting of a measured amount of the appropriate 
gas in a small G-M glass counter, with the addition of a 
standard argon-alcohol mixture. Measurement of the 
hydrogen activity is a straightforward procedure; intro- 
duction of ammonia into the counter, however, results in 
too low a counting rate, due to absorption of ammonia 
on the counter wall. The magnitude of the correction 
was estimated from the effect on the counting rate, of 
the addition of normal ammonia. 

The equilibrium distribution of tritium between 
hydrogen and ammonia was measured at 516°K, 538°K, 
and 623°K. At the lower temperatures equilibrium is 
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reached slowly. In this case the most reliable method 
for obtaining K=(NH:T)(H2)/(NH3) (HT), the 
equilibrium constant, is the comparison of the tritium 
transfer rates in the forward and backward direction 
of the reaction in nonequilibrium mixtures. It has been 
shown?* that the ratio of the rates R(—) and R(<) 
as defined below approaches K when the labeling 
isotope is present in trace concentrations. Labeled 
hydrogen and inactive ammonia were mixed and intro- 
duced into the catalyst chamber. The change in the 
specific activity of the hydrogen gas with time was 
measured by extracting samples of the reaction mixture, 
freezing out the ammonia, and determining the hydro- 
gen activity. The rate of decrease of the specific activity 
of the hydrogen at the start of the experiment was 
obtained from the measurements by standard methods.‘ 
The transfer rate R(—) of T from the hydrogen to the 
ammonia (expressed in terms of atom fraction per min) 
is then obtained by dividing by the initial specific 
activity of the hydrogen reactant. The results? were 
R(—) s6= (6.50.3) 10-* min~! and R(—) ss3= (1.50 
0.03) 10-2 min. The rates of T transfer from NH:T 
to hydrogen R(—)s=(1.8+0.1) 10-* min“ and 
R() ss3= (4.4+0.2) 10-* min~ were obtained in an 
analogous fashion from the rate of increase of the speci- 
fic activity of the hydrogen divided by the initial 
specific activity of the ammonia in an experiment where 
labeled ammonia is interacted with normal hydrogen 
under identical experimental conditions. Then Ksis= 
3.640.25 and Kyss= 3.40.2. 

At 623°K the exchange is so fast that the rate cannot 
be measured accurately. A conventional method for 
determining K, i.e., measurement of the specific activity 
of both hydrogen and ammonia at equilibrium, was 
used. Because of the difficulties in the direct determina- 
tion of ammonia activity, the results were checked by a 
material balance calculation based on the activity of 
hydrogen in the equilibrated and unequilibrated mix- 
tures. Both methods gave results in agreement within 
the experimental errors. Six separate determinations 
at 623°K gave a value of Ke3=2.9+0.1. 

Theoretically, K is given by 


f(NH:T/NHs) /f(HT/Hz) ; 


f is the function of Bigeleisen and Mayer.® For the 
pertinent temperature range f(HT/H:) has been 
calculated®: f(HT/H») = 1.633 exp(555.9/T). For cal- 
culating f(NH:T/NHs), one needs, besides symmetry 
numbers, (a) the ratio of products of the frequencies 
of NH:T and NH, (b) the vibrational excitation 
functions [1— exp(—/vc/kT) }', and (c) the zero- 
point energy difference [AHo(NH2T) ] between NH; 
and NHeT. Factor (a) is calculated by the Teller- 
Redlich product rule to be 0.425; the product of mo- 
ments of inertia’ is obtained from the structural data.® 
Contribution from (b), including a small correction for 
the splitting of v2, is evaluated from the tabulation 
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(calculated) of Morgan, e al.® of the vibrational 
frequencies of NH; and NH2T. Their numbers do not 
represent harmonic frequencies, but are calculated 
values for the first vibrational transitions, taking into 
account anharmonicities; they are therefore quite 
suitable for our purpose. The calculated excitation 
factor [1.046-1.073 (over the temperatures concerned) , 
adequately represented by 1.213 exp(76.5/T) ] 

sufficiently small so that small errors in the frequencies 
are not very important compared to errors in the K 
measurements. The only unknown is AE )(NH:T), 
which we now obtain by a comparison between the 


experimental value and the theoretical expression for 
K. We find 


K533= 3.4+0.2=0.817 exp[hc/kT (A Eo(NH2T) 


— AE (HT) ]=0.291 exp(hcAEy(NH2T)/kT), 
and hence 


A Eovexp)(NH2T) =919+21 cm-". 


The resulting expression K =0.947 exp(689.6/T) can 
be used to calculate the expected values of K at other 
temperatures. Ko16¢catc) = 3.60; Keos(catc) = 2.86. The good 
agreement with the experimental values is in part fortu- 
itous, considering the magnitude of the experimental 
error. 

AEvexp)(NH:T) may be compared with the value 
AEocmorgan)(NH2T) =885 cm='!, half the difference 
between NH; and NH,T “frequencies” as given by 
Morgan, ef al.,® although this difference should not 
precisely give a zero-point energy difference for the 
reason pointed out above. Perlman ef al.! found 
AEo(NH:D) =635 cm™! while AFocatorgan) (NH2D) = 
613 cm~. It is interesting that A Eo Morgany(NH2T) may 
be obtained from ALocatorgany)(NH2D) by assuming 
that one is dealing with only one frequency, which 
involves a hydrogen vibrating against a heavy mass 
[i.e., A(T) = (1—1/v3)/(1—1/v2) AEo(D) J. With the 
same reasoning one obtains AEy(NH:T) =916 cm“ from 
the result of Perlman e/ al., in good agreement with the 
value found here. Conversation with Dr. J. Bigeleisen 
is thankfully acknowledged. 


+ Research carried out in part at Brookhaven National Labora- 
tory under the auspices of the U. S. Atomic Energy Commission. 

* The experimental work was performed by Joel R. Gutmann; 
the theoretical work is the joint effort of both the authors. 

t Most of this work was carried out while Max Wolfsberg was 

a visitor at the Weizmann Institute. He is very grateful to the 

Institute for its hospitality. 
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Temperature Dependence of Proton 
Relaxation Times in Aqueous Solution 
of Paramagnetic Ions. II. CrCl;+ 


Tuomas H. Brown,* RosBert A. BERNHEIM, f 
AND H. S. Gutowsky 


Noyes Chemical Laboratory, University of Illinois, Urbana, Illinois 
(Received July 1, 1960) 


N a recent paper,! the temperature dependence of the 
proton relaxation times was reported for aqueous 
solutions of Mnt+, Cot+, Cut+, and Gd***. This 
note describes similar studies made of CrCl; solutions. 
Our results differ from the less extensive, previous work 
of Hausser and Laukien? in that, in addition to the time 
dependence they report for the relaxation times in the 
“green” modification, we find the relaxation times of 
the “blue” modification of the CrCl; solution to depend 
upon its thermal history. In order for the solution to 
exhibit such thermal hysteresis, the “structure” of the 
solvated species must change with temperature. Also, 
the rate at which the solution regains thermodynamic 
equilibrium after a temperature change must be slower 
than the time scale of the experiment.’ 

There are at least two sets of reactions and chemical 
equilibria associated with the thermal hysteresis 
effects, One, above room temperature, involves times 
on the order of days, while the other, at lower temper- 
atures, occurs on the order of minutes. The complexity 
and time scales involved have discouraged us from 
attempting a complete study. However, a report of the 


1 
Fre. 1. Log T; and log T2 measured as a function of reciprocal 
temperature and thermal history for protons at a magnetic 
resonance frequency of 20 Mc/sec in an aqueous solution contain- 
ing 3X10 CrCl; molecules/cm*. The points are “normal” 
values representing the thermodynamic equilibrium state of the 
solution at room temperature a. The vertical lines are the changes 
observed in 7; upon holding the “normal solution” at a fixed 
pe rature for times relatively long compared to the time scales 
e other temperature-dependence studies. The change b—c 
post 3 hr; d—a was on the or ns 8s of weeks; while the times required 
for ef and g—a were on the order of minutes, but a time less 
than a—e and f—g. 
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results obtained may serve as a guide to braver men. 
Moreover, although the Cr++* solutions are perhaps 
an extreme case, their properties prompt the suggestion 
that temperature-dependent equilibria may affect 7; 
and 7; in other solutions. 

The equipment and methods for measuring 7; and 
T2 have been described in I. The solutions used were 
prepared from commercially available cp-grade CrCl. 
In Fig. 1 we give typical results. The time required for 
Cr++* solution to attain thermodynamic equilibrium 
at room temperature depends upon its previous thermal 
treatment and may be days or weeks. However, once 
the solution is equilibrated at room temperature, quite 
reproducible results, as shown by the points in Fig. 1, 
can be obtained for the temperature dependence of 
T; and 7>. These “normal” results represent, or at 
least reflect, the thermodynamic equilibrium of the 
solution at room temperature. 

If a solution having initially a “normal” 7; is kept 
at a given elevated temperature for several hours, the 
T; value changes and approaches a limiting value as 
much as 20-30% larger. This suggests that the con- 
centrations of the species in solution have changed and 
attained thermodynamic equilibrium at the higher 
temperature. When the 7; of this “high-temperature 
solution” is measured rapidly at lower temperatures, 
the values are systematically larger than those of the 
“normal solution,” as shown schematically in Fig. 1. 
The magnitude of this effect depends upon the tempera- 
ture as well as the duration of the high-temperature 
treatment. The 7; of a “low-temperature solution” is 
less than that of the “normal,” and the time scale of the 
hysteresis is on the order of minutes instead of hours. A 
few random observations of the thermal hysteresis of 
T>2 indicated effects similar to those of 71. 

If both the low- and high-temperature effects repre- 
sent solvation equilibria, the low-temperature effect 
could be assigned to the secondary hydration sphere 
and the high temperature effect to the primary. How- 
ever, times on the order of weeks are required for a 
“high-temperature solution” to recover at room temper- 
ature to the “normal” 7), and this is much larger than 
the few days required for the “normal solution” to be 
formed from solid CrCl; and water. Therefore, the 
high-temperature phenomena may represent some 
other reversible reaction, such as the hydrolytic poly- 
merization of the cationic species, as noted by Laswick 
and Plane in their chromatographic studies of boiled 
chromic perchlorate solutions.‘ 

The results for the “normal solution” of Crt+++ are 
similar to those reported in I for Mn++. However, for 
Cr*+*+ the T: values are mainly on the low-tempera- 
ture side of the minimum, and 7; also exhibits a mini- 
mum. The latter can hardly come from the dipolar 
contribution, since 7, is ordinarily much shorter in 
liquids than the 10-8 sec required. Also, the hysteresis 
effects are in the wrong direction to contribute to the 
T; minimum. In the formalism of I, they would give a 
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p which increased with decreasing temperature. This 
leaves the temperature dependence of the exchange 
correlation time r., which includes the electron-spin 
relaxation time 7, and the chemical lifetime of the 
hydration sphere 7. However, a better understanding 
of the thermal hysteresis and of 7, is needed before the 
various effects can be separated quantitatively. 


+ This research was supported in part by the Office of Naval 
Research and by a grant from the National Science Foundation. 


‘ . a at the Union Carbide Research Institute, Tuxedo, New 
ork. 


t Now at the Department of Chemistry, Columbia University, 
New York. 
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Transient Species in the Radiolytic 
Polymerization of Cyanogen 


C. E. MELTOoN anv P. S. Rupoipn 


Chemistry Division, Oak Ridge National Laboratory, 
Oak Ridge, Tennessee* 


(Received July 8, 1960) 


REVIOUS investigators'* have shown that the 

rates of radiolytic polymerization are, in general, 
increased by the admixing of noble gases. This increase 
is approximately proportional to the stopping power of 
the noble gas. In most systems studied, the rare gases 
had higher ionization potentials than the reactant 
gases, and the increased rates of reaction were ex- 
plained on the basis of charge transfer.‘ However, in 
the (CN)2+ Xe system charge transfer to the reactant 
is not energetically possible, since Xe has the lower 
ionization potential (13.6 and 12.1). Thus, in this 
system charge transfer would result in a decreased 
reaction rate. It was found,? however, that Xe in- 
creased rather than diminished the yield of polymeriza- 
tion of cyanogen. The observed increase in yield was 
proportional to the energy absorbed by the Xe, all of 
which appeared to be utilized in the polymerization 
reaction. 

Because of this anomaly, Dr. S. C. Lind suggested 
that we investigate the transient species produced in 
the (CN)2 and (CN)2+ Xe systems. The reactant gas 
was irradiated by 135-ev electrons at a pressure of 1 
mm in the ionization chamber of our research mass 
spectrometer.®* Pure (CN): and various mixtures of 
(CN)2+ Xe were investigated. 

The observed transient polymer species produced in 
the electron-induced radiolysis of (CN)2 as well as 
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Frc. 1. The isotopic pattern of [Xe(CN)2]* observed in a 3.5 
(CN): to 1 Xe mixture at 1 mm pressure. 


the absolute intensity for each species are given in 
Table I.? When Xe was admixed with (CN)s, the total 
intensity of negative ions was markedly increased. For 
example, in a°9 Xe:1(CN)2 mixture the intensity of 
(CN)~ was increased about twenty fold. This increase 
in negative-ion intensity is attributed to two processes: 
(1) ionization by secondary electrons from Xe, and 
(2) a reaction of metastable Xe* (5p°6s) with (CN): 
to form -CN radicals, which are subsequently ionized. 


TABLE I. Polymer-ion mass spectra of (CN): at 1 mm. 





Intensity* (ions/sec) 


Pos. ions 
10-3 


Formula Neg. ions 





2.5X 108 
9.0X 10° 
1.6X108 
5.210” 
6.0X 108 
1.2X10° 
4.7X10 


2.4X108 
1.910" 
1.3X10° 
. 2.0108 
4.5X10 
3.1105 
5.4X 104 

1.1X10° 


3.7X10 
1.0X10 3 
2.2X10 5 





* Intensities higher than 1105 were calculated from the integrated ion 
currents. 


In addition to the increased polymerization due to 
negative ions in the (CN)2+Xe mixtures, the addition 
complex, [Xe(CN)2}*, postulated by Eyring® was 
observed (see Fig. 1). He further postulated that this 
complex would lead to additional polymerization. 
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We believe that the increased rate of polymerization 
of (CN): upon the admixture of Xe observed by 
previous workers’ can now be explained on the basis 
of the reactive addition complex [Xe(CN)2]* and 
the increased intensity of negative-ion polymers 
observed in this study. 


* Operated for the U. S. Atomic Energy Commission by the 
Union Carbide Corporation. 

1§. C. Lind, D. C. Bardwell, and J. H. Perry, J. Am. Chem. 
Soc. 48, 1556 (1926). 
1936)" Lind and D. C. Bardwell, J. Am. Chem. Soc. 48, 1575 

3D. C. Bardwell and D. K. Naylor, Radiation Research 11, 
432 (1959). 

4S. C. Lind and D. C. Bardwell, Science, 62, 593 (1925). 
(1960) Rudolph and C. E. Melton, J. Chem. Phys. 32, 586 
&C. E. Melton, J. Chem. Phys. 33, 647 (1960). 

7 Only integral multiplicities of CN are reported therein. Other 
transient species, both positive and negative, of varying propor- 
tions of C to N were observed and will be reported in a subsequent 


paper. 
leaky Eyring, J. Chem. Phys. 7, 792 (1939). 


Mass Spectrum and Appearance Potentials 
of Tetrafluorohydrazine* 


Joun T. HERRON AND VERNON H. DIBELER 


Mass Spectrometry Section, National Bureau of Standards, 
Washington, D. C. 


(Received July 15, 1960) 


ECENTLY, two brief communications have re- 

ported the mass spectrum! and appearance 
potentials of the NF+ and NF;* ions? of tetrafluoro- 
hydrazine. As these reports include data that are at 
variance with results of a study of light-element 
fluorides currently in progress in this laboratory, we 
wish to present a preliminary report and a brief discus- 
sion of some of our experimental observations. 

Measurements were made on two samples of tetra- 
fluorohydrazine from different sources. The first was 
obtained through Dr. D. E. Mann. The second was a 
portion of a sample supplied to Dr. G. T. Armstrong 
by the Rohm and Haas Company. These materials 
were used without further purification. Most of the 
measurements were made on the first sample, which 
contained several percent nitric oxide and probably 
some nitrous oxide. The only other impurities were 
small amounts of fluorocarbons giving principal ions 
corresponding to CF3;+ and C2F;*. 

Mass spectra were obtained with a conventional 60° 
sector field, 30-cm radius of curvature mass spectrom- 
eter at constant ion accelerating voltage. 

The ion source was designed for free radical studies 
and was more “open” than conventional sources. It 
operated at about 200°C. Ion currents were measured 
with a 16-stage electron multiplier and a vibrating- 
reed electrometer. Appearance potentials were meas- 
ured by techniques described previously.* 
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Column 3 of Table I summarizes relative abundances 
of the principal ions observed in tetrafluorohydrazine. 
Previously reported spectra? include no ions con- 
taining two nitrogen atoms, with the exception of the 
N:+ ion. The accompanying spectrum of silicon tetra- 
fluoride and the isotopic compositions of nitrogen and 
silicon obviate any misassignment of the m/e 47, 66, 85, 
and 104 ions in the NoF,; spectrum due to the possible 
impurity, silicon tetrafluoride. 


TABLE I. Partial mass spectra of tetrafluorohydrazine and silicon 
tetrafluoride. 





Nok’, 
Rel. abundance 
(%) 


(70-v electrons) 


SiFs 
Rel. abundance 
oF 


Ton Ton 


/C 
(70-v electrons) 





Ft 


NS 
wae 


SMmeunono © 
oe 
-SmNwo 


- opond 
nN 


on 
: om. 

S 
SHOWwoSooOwW: Aes 


CONwWUSSoSo: 
4 











Mass spectra obtained at constant magnetic field and 
under various other conditions of focus, ion-repeller 
voltage, and pressure were essentially identical to that 
given in Table I. A spectrum obtained on a 180° 
instrument with a closed ion source operating at 250°C 
was similar, except that the most abundant peak was 
the NF* ion. This suggests that under certain conditions 
of temperature and residence time within the ion source, 
N2F; undergoes dissociation to NF». 

We have measured the ionization potential of NoF, 
and of SiF; and find marked differences: J(NeF,) = 
12.04+0.10 ev and /(SiF,) =15.4+0.4 ev. This gives 
further support to the identity of the N2Fy* ion. 

Loughran and Mader? report A(NF,+) =11.8+0.2 
ev and A(NF*) =15.0+0.2 ev. Using these values and 
their value for A(NF,*+) from NF;, together with 
estimates of N—F bond energies and J(NF) by Reese 
and Dibeler,‘ they conclude that the process leading 
to the formation of NF;+ is N2F;>NF,++NF-+F-, 
and that the N—N bond energy in NF, is 1.3 ev 
(30.0 kcal). 

The heat of formation of tetrafluorohydrazine has 
recently been measured’ as AH;(g)o9=—2.0+2.5 
kcal/mole. This value, together with the necessary 
data on NF; reported by Reese and Dibeler* and by 
Armstrong, Marantz, and Coyle,® permits a calculation 
of D(F,.N—NF:) from the relations AH;(NF,) = 
AH;(NF;)+D(NF.—F) —AH;(F), and D(F:.N—NF,) 
= 2AH;(NF2) — AH;(NoFs) . Thus, D(F.N— NF) = 53 
kcal. This can be compared with D(H;,.N—NH,) =59 
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kcal as calculated from the analogous relationships for 
ammonia and hydrazine. 

The N—N bond energy in N2F; is also estimated to be 
about 62 kcal by means of Fineman’s’ extension of 
Pauling’s electronegativity concepts. 

We have measured the appearance potential of the 
NF;*+ and F- ions of NoFy. We find A(NFy+) =12.74 
0.2 ev. However, the shape of the semilog ionization 
efficiency curve differs somewhat from that of N2Fy* 
and Ar*, so that it is probable that more than one 
process leads to the formation of NF.* ions. 

A dissociative attachment process for F~ is observed 
at about 2 ev and there is some indication of onset oi 
an ion-pair process of very low probability at about 
13 ev. 

The lowest energetic process leading to the formation 
of NF,*+ from NF, is that suggested by Loughran and 
Mader, i.e., NoFi->NF2++-NF+F-. Assuming no ex- 
cess kinetic energy in the ionization and dissociation 
process, A(NF;+) can be calculated from A(NF;*) = 
D(F.N—NF,) +] (NF:) +D(FN—F) — EA(F). Using 
D(F.N—NF,) =2.3 ev, I(NF2)=11.0 ev, D(FN— 
F)=2.9 ev, and EA(F)=3.6 ev,2 we calculate 
A(NF,*) =12.6 ev., in substantial agreement with 
our measured value. 

The low value for A(NF,+) =11.8 ev reported by 
Loughran and Mader, together with the absence of 
heavier ions and the presence of a rather long tail on 
the probability curve near threshold, again suggests 
decomposition of the N2F, and the direct observation of 
NF; radicals. 


* This work was supported in part by the National Bureau of 
Standards Free Radical Research Program supported by the 
ar cer ws of the Army. 
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Lowest Triplet States of Ethylene* 
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RITING the ground state (N) of ethylene as 
***(azt+mz)*, 1Aiy, where wz+7, describes the 
m,-electron bonding MO in LCAO approximation, the 
experimentally known first excited singlet states are a 
Rydberg state (R), probably «++ (42+) (3s), 'Bs, and 
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a V state +++(a.+2:)(a:—mz), ‘Bru. The vertical 
energies of these two states are, respectively, 7.1 and 
7.6 ev. 

The location of the corresponding triplet state (7), 
*°*(a2t+mz)(t:—7:), *By has been uncertain until 
recently. In the methylated ethylenes, absorption 
bands very much weaker than the RN and V+-N 
systems, and at somewhat longer wave lengths (2100- 
2500 A) and distinct from the latter, have long been 
known.! With a decrease in the number of methyl 
groups, these come closer to the singlet bands, and in 
ethylene itself they cannot be seen, presumably being 
covered up by the much stronger, long-wavelength 
tail of the V«—N bands. 

However, extrapolation from the methylated ethy- 
lenes to the case of zero methyl groups indicates a loca- 
tion of the triplet upper level of these bands in ethylene 
itself at a vertical energy of about 6.4 ev, that is, 1.2 
ev below the V state. This location has been generally 
accepted as that of the T state of ethylene, although 
very few people realize that the value was obtained 
in the manner just described. 

In 1950 Reid? examined the absorption spectrum of a 
1.4-m path in liquid ethylene and found a series of 
bands extending from about 3.8 to 4.6 ev, merging 
into much stronger absorption at higher frequencies. 
He attributed the bands to the long-wavelength tail of 
the 7<—N bands, and the stronger absorption to the 
V<—N tail, but concluded that the maximum of the 
TN bands is covered by the stronger V<—N tail, so 
that the vertical energy of the 7 state could not be 
determined. Although Reid did not say so, he may have 
implied that the vertical energy of the T state could 
be at the previously concluded location. 

D. F. Evans‘ has thrown new light on the question by 
his oxygen-intensification technique, with which he 
confirmed in gaseous ethylene the 7<—N bands found 
by Reid. He further concluded (although the basis for 
this conclusion is perhaps not made absolutely clear 
in his paper) that these have an intensity maximum 
corresponding to a vertical energy of 4.6 ev for the T 
state. Evans also pointed out that the Reid-Evans 
bands show a vibrational frequency interval (doubtless 
for C—C stretching) of about 1000 cm~!, comparable 
to that (about 850 cm~) for the V state,‘ whereas the 
2100-2500 A bands (in the methylated ethylenes) 
show much larger intervals! (about 1400 cm~'). For 
these reasons, there seems to be little doubt that the 
TN bands have now been correctly located. 

What, however, then becomes of the bands formerly 
supposed to be 7+—N? It is notable that their vibra- 
tional intervals of about 1400 cm agree well with the 
1375 cm™ spacing found in the RN bands.‘ It then 
seems highly probable that the bands previously identi- 
fied as T<—N have as their upper state the expected 
3B3, state of the same electron configuration as the 
1B3, state R. Let us call this the Tp state. The smaller 
energy separation R—T,p (7.1—6.4=0.7 év) as com- 
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pared with V—T (7.6—4.6=3.0 ev) is entirely reason- 
able, since the exchange interaction of the (7:+7:) MO 
with the large (3s?) Rydberg MO in state Tr should be 
much smaller than that with the (7,—7,) MO in state 
5 

As Evans has pointed out, the newly established 
location of state T agrees with semiempirical, self- 
consistent-field LCAO-MO calculations, such as those 
of Pariser and Parr and Pople, much better than did the 
formerly accepted location. 


* This work was assisted by the Sine = Naval Research in 
conjunction with the University of Chi 

1Cf. W. J. Potts, J. Chem. Phys. 23, 6s. (1955). 

2 C. Reid, J. Chem. Phys. 18, 1299 a 
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1895 (1955). 


C* Chemical Shifts in CO and CO, 
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HE carbon-13 nuclear magnetic resonance spectra 

of various compounds have been previously re- 
ported.'~* These compounds were usually observed as 
pure liquids or concentrated solutions under “rapid- 
passage” sweep conditions in the dispersion mode, such 
conditions complementing the large rf fields required 
(normally 3 to 20 mgauss) and the moderately long 
relaxation times of the C™ nuclei. Although the spec- 
trum of liquid COs, containing C™ in natural abundance, 
has been observed and measured‘ at room temperature, 
that of CO has not. Because of the importance of these 
simple linear molecules to the theory of chemical shifts, 
gas-phase measurements have now been made on C®- 
enriched samples. 

Approximately 5 mmoles of 61% enriched C™O:, 
generated from enriched BaC®O; with benzenesulfonic 
acid, were passed slowly by Toepler pumping over an 
80-mesh zinc column heated to 300-400°C. in a micro- 
analytical combustion oven. The system was evacuated 
prior to the reduction to preclude oxygen contamina- 
tion of the sample, the latter being checked mass 
spectrometrically. The collected gases were passed 
into an evacuated 15-mm-o.d. Pyrex NMR cell, cooled 
to liquid nitrogen temperature, and the cell was sealed 
off. Conversion to the monoxide, about 80%, was suffi- 
ciently high so that the CO, although not condensable, 
would still be present in the cell in significant per- 
centage. It was desirable to have CO: present as an 
internal reference, since its chemical shift in the gas 
phase had been established in experiments on the 
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enriched gas under high pressure. Within experimental 
error, the latter shift is identical with that found for 
liquid CO2, and for enriched CO, dissolved in neutral 
and alkaline aqueous media.®* 

Because of the very short relaxation times in the gas 
phase, the resulting signals were of the “slow-passage” 
dispersion type although they were recorded under 
conditions'* normally suitable for the “rapid-passage” 
dispersion spectra of liquid samples. The shift of CO, 
being known, the low-field signal was identified as 
that of carbon monoxide by employing the substitution 
method* with a sample of CS: whose spectrum was 
modulated at 720 cps. The separation of the CO, 
and CO peaks, determined from the average of seven 
measurements in both increasing and decreasing sweep 
fields, was 57.1+0.3 ppm, and from the known shift of 
carbon dioxide 


5.(CO2) = 68.6 ppm 
5.(CO) = 11.5 


5.(CS2) =0 (reference). 
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Because the partial pressure of each oxide was of the 
order of an atm, the signals were very weak. For future 
experiments, methods have been devised for the prepa- 
ration of pure enriched CO NMR samples under 10 or 
more atm pressure. The preparation of enriched 
carbonyl sulfide, OCS, is also being undertaken. 

A satisfactory approach to the theoretical calculation 
of C® shifts, even in the simple linear molecules just 
cited, has yet to, be formulated, although a varia- 
tional approach’ would appear to hold some promise. 
Within the class of compounds in which carbon has 
approximately sp hybridization, the shifts will range 
from 6i=120 ppm in acetylenes* to 6i=—15 ppm in 
Fe(CO)s‘, about one-third the entire C® spectrum. 


1P. C. Lauterbur, J. Chem. Phys. 26, 217 (1957). 
2C. H. Holm, J. Chem. Phys. 26, 707 (1957). 
3 P. C. Lauterbur, Ann. N. Y. Acad. Sci. 70(4), 841 (1958). 
*P. C. Lauterbur, unpublished work. 
(1960) Patterson, Jr. and R. Ettinger, Z. Elektrochem. 64, 98 
*R. Ettinger, P. C. Lauterbur, and A. Patterson, Jr. (to be 
published). 
™M. J. Stephen, Proc. Roy. Soc. (London), A243, 264 (1957). 





